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Abstract

A stochastic variational multiscale method with explicit s ubgrid modelling is pro-
vided for numerical solution of stochastic elliptic equations that arise while mod-
elling di�usion in heterogeneous random media. The exact solution of the governing
equations is split into two components: a coarse-scale solution that can be captured
on a coarse mesh and a subgrid solution. A localized computational model for the
subgrid solution is derived for a generalized trapezoidal time integration rule for the
coarse-scale solution. The coarse-scale solution is then obtained by solving a modi-
�ed coarse formulation that takes into account the subgrid model. The generalized
polynomial chaos method combined with the �nite element technique is used for
the solution of equations resulting from the coarse formulation and subgrid models.
Finally, various numerical examples are considered for evaluating the method.

Key words: Variational multiscale, multiscale �nite element, operat or upscaling,
stochastic di�usion, subgrid modelling, generalized polynomial chaos

1 Introduction

In this paper, we address a variational multiscale (operator upscaling) frame-
work for numerical simulation of transient di�usion in a randommedium whose
di�usion coe�cient is characterized by the presence of features at multiple
length scales. The potential applications for the problem include heat transfer
in composites [1,2] and 
ow in porous media [3], wherein, spatial variation in
material properties requires a statistical description owingto gappy data and
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assumptions in constitutive models. Fully-resolved transient computations re-
quire spatial and temporal discretizations that can resolve the smallest length
scales in the material data (here, the di�usion coe�cient) andtime scales in
the solution, respectively. However, in practice, a coarse-scale description of
the solution is deemed adequate. It is thus desirable to develop computational
techniques that \solve for a coarse-scale solution by de�ning anappropriate
coarse-scale problem that captures the e�ect of the �ne-scales"[4]. This forms
the backbone of most upscaling methods (see [5] for a comprehensive review).

Current research on upscaling techniques (more speci�cally, multiscale meth-
ods) aims at the derivation of a coarse-scale formulation that has the following
characteristics: (i) it contains adequate �ne-scale information, i.e. the �ne-scale
solution can be reconstructed from the coarse solution and subgrid results, (ii)
the computation cost for the coarse-scale problem should scale sub-linearly
with respect to the fully-resolved computation, and (iii) it should avoid as-
sumptions of special problem structures like periodicity and scale separation.
However, when these structures are present, we should be able to exploit them
for increasing computation speed.

The most popular techniques developed for upscaling in deterministic context
fall under the category of multiscale methods viz. the variational multiscale
VMS method (also known as operator upscaling) [6{8], the heterogenous mul-
tiscale method [9,10], and the multiscale �nite element method [11{13]. These
methods typically involve introduction of multiscale basis functions at the
coarse-scale. These multiscale basis functions include information about the
�ne-scale heterogeneities in the problem. Further related techniques involve
the generalized �nite element method [14] and the residual-free bubbles [15].

Parallel to the above developments in deterministic upscaling techniques, there
have been considerable advances in computationally e�cientstochastic analy-
sis approaches. Traditionally, stochastic analysis techniquesfor partial dif-
ferential equations (PDEs) involve Monte-Carlo sampling [16], perturbation
analysis [17] and Neumann expansions [18]. However, these methods are lim-
ited either by the prohibitive computation cost, inability t o handle large 
uc-
tuations and nonlinearity and/or complexity involved in derivation of these
techniques (e.g. deriving perturbation methods for analyzing higher-order so-
lution statistics becomes increasingly complex). These shortcomings are al-
leviated by using the generalized polynomial chaos expansion(GPCE) ap-
proach [19], a technique for representing stochastic �elds with �nite variance
using Wiener-Askey hypergeometric polynomials [20,21]. The GPCE is a sig-
ni�cant advancement on the spectral stochastic method [22] that uses Hermite
polynomials for representing Gaussian and allied stochastic processes (e.g. log-
normal process as an exponential of a Gaussian process). The GPCE approach
has been used successfully in the context of 
uid-
ow [23,24], 
uid-structure
interactions [19] and natural convection [24]. A survey of numerical challenges
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in the implementation of the GPCE approach for the solution ofstochastic
PDEs is provided in [25].

Using deterministic upscaling techniques for statistical analysis of the solution
typically involves the use of computationally expensive Monte Carlo methods.
Recently, there has been a considerable interest in stochastic homogenization,
upscaling methods [26,27]. These methods however employ restrictive assump-
tions on the problem structure viz. periodicity and scale separation. However,
considering the advances in deterministic upscaling methods and stochastic
analysis approaches, it is time to address direct incorporation of the inher-
ent randomness in material data and the e�ect of modelling assumptions in
the design of upscaling methods. In this paper, we combine the variational
multiscale VMS method, the multiscale �nite element method and the GPCE
approach to derive a variationally consistent upscaling technique for the sto-
chastic transient di�usion equation. Since randomness is e�ectively seen as
an additional dimension in the problem [28], our method essentially performs
upscaling for a class of problems corresponding to various realizations of the
random material data (here, the di�usion coe�cient).

The choice of VMS as the upscaling method and GPCE as the stochastic
analysis method is motivated by a number of reasons. VMS and operator
upscaling methods have emerged in recent years as computational paradigms
for development of multiscale analysis [6,29]. The VMS approach essentially
involves splitting the variational formulation for the governing equations into
a coarse and a �ne-scale part. The �ne-scale part is then solved approximately
to obtain the �ne-scale solution model, that is substituted in the coarse-scale
part of the variational formulation to obtain an upscaled problem. The authors
have contributed to the development of the stochastic VMS method, wherein,
algebraic models are used for the �ne-scales and the GPCE approach is used for
representing stochastic quantities. The stochastic VMS formulation was tested
against 
uid 
ow and natural convection in the presence of uncertainty [30,31].

This paper is organized as follows: Section 2 provides some probability prelim-
inaries followed by a brief discussion on Karhunen-Lo�eve and generalized poly-
nomial chaos expansions. The transient multiscale stochastic di�usion problem
is de�ned in Section 3. This is followed by the de�nition of the VMS (operator
upscaling approach), wherein, model equations are derived for the �ne-scale
solution. Finally, we derive the upscaled coarse formulation.Algorithmic issues
involved in the implementation of the stochastic VMS approach are described
in Section 4. In Section 5, we consider two numerical examplesin order to in-
vestigate the stochastic VMS approach. Convergence studies and comparisons
with a fully-resolved stochastic �nite element solution are provided wherever
possible. We �nally conclude with a summary of the paper in Section 6.
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2 The generalized polynomial chaos approach

In this section, we present some probability preliminaries, anda brief discus-
sion on the Karhunen-Lo�eve expansion (KLE) and the generalized polynomial
chaos expansion (GPCE).

2.1 Probability preliminaries

A complete probability space [32] is de�ned as the triple (
,F , P), where 
 is
the set of outcomes,F is the � -algebra of subsets of 
, andP is a probability
measure that maps the� -algebra to [0,1]. A random variableX is a function
that maps 
 to a real interval B, with a probability density function

f X (x) :=
d

dx
P[X � x]:

In this paper, we will denote a random variableX asX (! ), where! 2 
. The
mathematical expectation [32] operator with respect toX (! ) is de�ned as

E(X ) :=
Z




X (! )dP(! ) =
Z

B

xf X (x)dx: (1)

The complete function spaceL2(
) can be de�ned as the set of all random
variables that are mean-square integrable [32]. Incidentally, L2(
) is also a
Hilbert space with the inner product

(X; Y ) := E
�
f X � E(X )gf Y � E(Y)g

�
; X; Y 2 L2(
) : (2)

Convergence inL2(
) implies convergence in probability and convergence in
distribution. As an extension of the above framework, a space-time stochastic
processW de�ned on the spatial domainD and temporal domainT can be
denoted as a functionW(x; t; ! ). Theoretically, W(x; t; ! ) can be represented
as a random variable at each spatial and temporal location, hence requiring
an in�nite number of random variables. For computational reasons, we are in-
terested in a reduced-order representation of a stochastic process using a few
random variables. Here, we brie
y look at KLE and GPCE, two popular ways
of representing anL2 stochastic process as a spectral series expansion in ortho-
normal random variables. For a more detailed description, consult [22,31,33].
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2.2 Karhunen-Lo�eve expansion

The Karhunen-Lo�eve expansion [20] is a technique for representing a L2 sto-
chastic process in a series expansion involving the eigenvaluesand eigenfunc-
tions of its covariance kernel as follows:

W(x; t; ! ) = E(W) +
1X

i =1

q
� i Wi (x; t)� i (! ); (3)

where,E(W) is the mean of the stochastic process and� i (! ) are appropriately
de�ned orthonormal random variables [22]. The eigenvalues� i and eigenfunc-
tions Wi (x; t) are de�ned from the following eigenvalue problem:

Z

D�T

RW W (x1; t1; x2; t2)Wi (x2; t2)dx2dt2 = � i Wi (x1; t1); (4)

where, RW W (x1; t1; x2; t2) is the covariance function ofW(x; t; ! ). The KLE
is the optimal representation in mean-square sense. However, it requires the
knowledge about the underlying stochastic process and its covariance kernel.
Hence, the KLE is only used for representing the stochastic inputs.For more
details, consult the works of Ghanem et al. [28,22] and references therein. For
computational purposes, the KLE is truncated to a �nite number(N + 1) of
expansion terms (including mean). Hence, the space-time stochastic process
W(x; t; ! ) can be approximated usingN random variables. In a typical sto-
chastic input-output system with W(x; t; ! ) as the input, the KLE is use to
represent the input in a series involvingN orthonormal random variables.N ,
here is called the \KLE dimension" or the \input dimensionality". The output
can now be represented as a function in space, time and theN orthonormal
random variables. We will now describe the GPCE, a popular technique for
representing the output.

2.3 Generalized polynomial chaos expansion

The GPCE is a technique for representing aL2 stochastic process as a sum of
its projections on an appropriately chosen basis ofL2(
). The original poly-
nomial chaos comprised of Hermite polynomials in Gaussian random vari-
ables [34]. Cameron and Martin later proved that the polynomial chaos ex-
pansion converges to anyL2 stochastic process in mean-square sense [21].
Though the convergence rate of the original polynomial chaos is exponential
for Gaussian and related processes (e.g. lognormal), the convergence rate is
considerably slower for other types of processes (e.g. uniform,Gamma) [35].
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In order to consider general random inputs, the GPCE uses orthogonal poly-
nomials from the Askey scheme as a basis inL2(
). Assuming that the sto-
chastic input can be represented in a truncated KLE withN orthonormal
random variables� 1,. . . � N , in general, the GPCE of a space-time stochastic
process (output) can be written in the following form

W(x; t; ! ) =
1X

i =0

Wi (x; t)� i (! ); (5)

where, � i (! ) are hypergeometric orthogonal polynomials in� 1(! ); : : : ; � N (! )
from the Askey series such that their weighting functions equal the joint prob-
ability density function of the stochastic input e.g. if the stochastic input can
be represented as a uniform random variable� (! ), then � i (! ) are Legendre
polynomials in � (! ) such that

� 0 = 1; � 1 = �; � 2 = 1
2(3� 2 � 1); : : : :

Since each type of polynomial in the Askey scheme forms a complete basis
of L2(
), the convergence theorems of Cameron and Martin can be extended
to the GPCE as well (consult [21,36] for an extensive overview). Again, for
computational reasons, we often work with a truncated form of the GPCE.

Testing convergence of truncated GPCE:The truncated GPCE expansion of a
stochastic process is characterized by two parameters viz. thedimension and
order of the expansion. The dimension of the expansion is equal to the number
of random variables used in the Karhunen-Lo�eve expansion of the stochastic
inputs. The order of the expansion is the highest order of Askey polynomials
used in the GPCE. For example, a one-dimensional fourth-orderLegendre
chaos expansion implies that all one-dimensional Legendre polynomials up to
fourth-order are included in the GPCE.

Since the accuracy of the truncated GPCE depends on the orderof the expan-
sion, we require techniques to determine the optimal truncation order. We use
the weak-Cauchy convergence criterion for this purpose. Thetechnique can
be described as follows: Assume that the dimension of the GPCE is known.
Let the guess for optimal truncation order beq. Construct an orderm GPCE,
wherem = q+ 1, q+ 2. The number of terms (excluding mean) in the GPCE
denoted here byP(q) can be calculated as (N + r )!=(N !r !), where N is the
dimension andr is the order of the expansion. Using the above discussion, we
can write the orderq approximation and orderm approximation as follows:

W (q)(x; t; � ) =
P (q)X

i =0

Wi (x; t)� i (! ); W (m)(x; t; � ) =
P (m)X

i =0

Wi (x; t)� i (! ): (6)
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In the weak-Cauchy convergence criterion, we require that the L2 norm of the
di�erence in the two approximations be negligible, i.e.

E := jjW (q) � W (m) jj L 2 (
) < �; 0 < � << 1; m = q+ 1; q+ 2: (7)

Note that the error measureE is a space-time function and that the above
convergence should hold point-wise. These checks are made a priori in order
to determine the optimal order of the GPCE.

3 Mathematical model and variational multiscale method

3.1 Problem de�nition and variational formulation

Let D, T and 
 denote a closed polygonal domain, a time interval and a suit-
able probability space, respectively. The transient di�usion in a heterogenous
medium with a spatially varying random di�usion coe�cient k(x; ! ) can be
written as the following stochastic partial di�erential equation (SPDE):

u;t = r � (k(x; ! )r u) + f (x; t; ! ); x 2 D ; t 2 T and ! 2 
 ; (8)

where,u;t denotes the partial time derivative@u=@t. The solutionu � u(x; t; ! )
and the source termf (x; t; ! ) are real-valued space-time stochastic �elds. To
simplify the presentation of our method, we further assume that the di�usion
coe�cient is isotropic.

For closure, we also assume the following initial and boundary conditions:

u(x; t; ! ) = ug(x; t; ! ); x 2 @D; t 2 T and ! 2 
 ; (9)
u(x; 0; ! ) = u0(x; ! ); x 2 D ; and ! 2 
 : (10)

In order to introduce the variational form for Eqs. (8){(10), we need to de�ne
the following function space:

V0 = L2(
; L2(T ; H 1(D))) def=
8
<

:
v :

Z




Z

T

Z

D

v2(x; t; ! )dPdtdx < 1

9
=

;
:

Using the de�nition of V0, the function space for the solutionU and the trial
function spaceV can now be de�ned as

U = f u : u 2 V0; u = ug; x 2 @Dg; V = f v : v 2 V0; v = 0; x 2 @Dg:(11)
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The variational formulation for Eqs. (8){(10) can now be written as: Find
u 2 U such that for all v 2 V

(u;t ; v) + ( kr u; r v) = ( f; v ); (12)

where

(u; v) def=
Z




Z

D

uvdxdP: (13)

3.2 Additive scale decomposition and variational multiscale method

In the variational multiscale approach, we consider the exactsolution u to be
made up of contributions from two di�erent scales, namely, thecoarse-scale
solution uC , that can be resolved using a coarse-mesh and a subgrid solution
uF . In short, u = uC + uF (consult [15,29,37,38] for further details). This
additive sum decomposition induces a similar decomposition forthe function
spaces asU = UC � UF and V = V C � V F , respectively. Typically, the coarse-
scale function spacesUC and V C are �nite dimensional and are characterized
by piecewise polynomials de�ned on a coarse-mesh.

The main idea behind the VMS (operator upscaling) method is to develop
models for characterizing the e�ect of the subgrid solution onthe coarse-scale
solution and to subsequently derive a modi�ed coarse-scale formulation that
only involvesuC [30,38,39]. In order to do that, we split the variational formu-
lation given in Eq. (12) as the following coarse-scale and subgrid equations:
Find uC 2 UC and uF 2 UF such that

(uC ;t + uF ;t ; vC ) + ( kr uC + kr uF ; r vC ) = ( f; v C ); 8 vC 2 V C ; (14)

(uC ;t + uF ;t ; vF ) + ( kr uC + kr uF ; r vF ) = ( f; v F ); 8 vF 2 V F : (15)

We will now proceed to solve Eq. (15) by applying localizationassumptions
to obtain an approximate model for the subgrid solutionuF . Subsequently, we
will use the model for subgrid solution to eliminateuF in Eq. (14) to obtain
a modi�ed formulation de�ned only in terms of uC .

3.3 Subgrid modeling

Assume that the spatial domain is discretized using a coarse-mesh into dis-
joint sub-domains D (e) ; e = 1; : : : ;Nel, where, (e) denotes the sub-domain
number. We will refer to these sub-domains as \coarse elements".Let each
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coarse element be further discretized using a subgrid mesh into \NelF(e)" dis-
joint sub-domains (also referred to as \subgrid elements").

As considered in [3,4,7,8], we will now assume that the subgrid solution is
a sum of two components ^uF and uF 0 that obey the following variational
equations:

(uC ;t ; vF ) + ( ûF ;t ; vF ) + ( kr uC ; r vF ) + ( kr ûF ; r vF ) = 0 ; (16)

(uF 0;t ; vF ) + ( kr uF 0; r vF ) = ( f; v F ); (17)

where, ûF incorporates entire coarse-scale solution information anduF 0 is
independent of the coarse-scale solution. The dynamics ofuF 0 is driven by the
projection of the source termf (x; t; ! ) onto the subgrid trial function space
V F .

By Eq. (16), the term ûF behaves as a mapping from coarse-scale solution
to the subgrid solution. Hence, we refer to ^uF as the coarse-to-subgrid (C2S)
map. Owing to the a�ne nature of Eq. (17), we shall refer touF 0 as the a�ne
correction term.

In the current form, Eqs. (16) and (17) are de�ned over the entire spatial do-
main and are exact. Hence, their numerical simulations possess the same com-
putational requirement as the fully-resolved problem (�ne-mesh, small time-
stepping). In order to localize the calculations of the subgrid solution, we will
consider restrictions of Eqs. (16) and (17) to each coarse element D (e) . This
restriction can be written as follows: FindûF 2 U(e) and uF 0 2 U(e)

0 such
that for all v 2 V (e) , Eqs. (16) and (17) hold. The function spacesU(e) and
U(e)

0 are restrictions ofV0 to the coarse elementD (e) with suitable boundary
conditions. The derivations in subsequent sections are performed for a single
coarse elementD (e) .

3.4 C2S map and multiscale basis functions

Let us assume that in a fully-resolved direct numerical simulation, the dynam-
ics of the exact solution can be captured using a �ne time-step of�t . Since the
length scales of interest in the coarse solution are far greater than the smallest
length scale in the exact solution, we assume that the coarse time-step � t is
much larger in comparison to�t [40{42]. Let us consider a coarse time-step �t
= [ tn; tn+1 ]. Let t0 be the local time coordinate de�ned such that attn, t0 = 0
and at tn+1 , t0 = � t.

Let us also assume a piecewise polynomial �nite element representation for the
coarse solution inside a coarse elementD (e) (please note that (e) is suppressed
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henceforth to simplify notation):

uC (x; t; ! ) =
NbfX

� =1

uC
� (t0; ! )	 � (x); (18)

where, Nbf denotes the number of �nite-element shape functions (piecewise
polynomials) de�ned on the coarse element. Let us further assumea truncated
generalized polynomial chaos expansion withPC + 1 terms for each of the
coe�cients uC

� (t0; ! )

uC
� (t0; ! ) =

PCX

s=0

uC
�s (t0)� s(! ): (19)

Thus, the stochastic �nite-element (spatial �nite-element + GPCE) represen-
tation of the coarse solution can be written using local time coordinate as

uC (x; t; ! ) =
NbfX

� =1

PCX

s=0

uC
�s (t0)� s(! )	 � (x); (20)

where, uC
�s (t0) denotes the nodal solution (each node hasPC + 1 degrees of

freedom) and � s(! ) are polynomials from the hypergeometric Askey series.
The form of Eq. (20) has been used in our earlier works [30,31].

Note - We have represented the left hand side of Eqs. (18) and (20) as a
function of the global time coordinatet and the right hand side as a function
of the local time coordinatet0 with a tacit understanding that t and t0 are
related ast0 = t � tn in the interval t 2 [tn ; tn+1 ].

For the C2S mapûF , we seek a representation similar to Eq. (20) based on
Green's function theory [8]

ûF (x; t; ! ) =
NbfX

� =1

PCX

s=0

uC
�s (t0)� F

�s (x; t0; ! ): (21)

The �ne-scale variational formulation of Eq. (16) can be re-written after sub-
stitution of Eqs. (20) and (21) as follows:

(uC
�s ;t � s	 � ; vF ) + ( uC

�s ;t � F
�s + uC

�s � F
�s ;t ; vF ) + ( kuC

�s r � F
�s ; r vF )

+ ( kuC
�s r 	 � � s; r vF ) = 0 ; (22)

where the repeated indices� and s indicate a summation over 1; : : : ;Nbf and
0; : : : ;PC, respectively (with similar notation applied to subsequent equations
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as well). Also, for clarity of presentation, the dependence onx, t and ! is not
shown in the expressions for 	� (x), � s(! ), � F

�s (x; t0; ! ) and k(x; ! ). The above
equation can be further simpli�ed as follows:

 
n
uC

�s (� s	 � + � F
�s )

o
;t ; vF

!

+

 

kr
n
uC

�s (� s	 � + � F
�s )

o
; r vF

!

= 0: (23)

Without loss of generality, we can assume the following representation for the
coarse-scale nodal solutionsuC

�s (t0) inside the coarse time-step

uC
�s (t0) = A(t0)~uC

�s + B(t0)�uC
�s ; (24)

where, ~uC
�s and �uC

�s denote the nodal coe�cients in the GPCE of the coarse
solution at the start and end of the coarse time step (see Fig. 1).A(t0) and
B(t0) are special positive functions that obey the following relations:

A(t0) + B(t0) = 1 ; A(0) = 1 ; A(� t) = 0 ; B(0) = 0 ; and B(� t) = 1 : (25)

Eq. (24) involves representation of a function as a convex combination of two
functions [43].

(A) (B)

� C � C

ûF

( )A t¢ ( )B t¢

1 1

t¢ tD

Coarse 
solution field 
at start of 
time step

Coarse 
solution field 
at end of 
time step

g
n

n

g
g

g

n

n

Fig. 1. A. Schematic of the time integration framework: � t is the coarse-time step
and t0 is the local time coordinate. The integration parametersA(t0) and B (t0) are
shown in the �gure. Also, ~uC

�s and �uC
�s are identi�ed as the coarse solution �elds at

the start and end of the coarse time step, respectively. B. Schematic of a typical
coarse element sub-domain: The coordinates normal and tangential to the element
edges are denoted by the letters n and
 , respectively.

The representation given in Eq. (24) is quite general and incorporates several
well-known time integration rules. For example,A(t0) = (� t � t0)=� t and
B(t0) = t0=� t yields a backward-Euler time integration rule.
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From Eqs. (21) and (24), we can write the C2S map as follows:

ûF
�s (x; t; ! ) =

NbfX

� =1

PCX

s=0

h
~uC

�s A(t0)� F
�s (x; t0; ! ) + �uC

�s B(t0)� F
�s (x; t0; ! )

i
: (26)

We can now write Eq. (23) as

~uC
�s

( 
n
A(t0)( � s	 � + � F

�s )
o
;t ; vF

!

+

 

kr
n
A(t0)( � s	 � + � F

�s )
o
; r vF

!)

+

�uC
�s

( 
n
B(t0)( � s	 � + � F

�s )
o
;t ; vF

!

+

 

kr
n
B(t0)( � s	 � + � F

�s )
o
; r vF

!)

= 0:

(27)

Note that the above equation is fully characterized based on the values taken
by ~uC

�s and �uC
�s and the subgrid basis function� F

�s .

We are looking to construct a localized scheme for representation of the subgrid
solutions. Further, this localized scheme should hold for all possible values
of the coarse nodal coe�cients ~uC

�s and �uC
�s . Hence, we equate the terms in

parentheses to zero to obtain the following set of variationalformulations
de�ned for each combination of indices� and s, where, � = 1; : : : ;Nbf and
s = 0; : : : ;PC:

 
n
A(t0)( � s	 � + � F

�s )
o
;t ; vF

!

+

 

kr
n
A(t0)( � s	 � + � F

�s )
o
; r vF

!

= 0; (28)
 

n
B(t0)( � s	 � + � F

�s )
o
;t ; vF

!

+

 

kr
n
B(t0)( � s	 � + � F

�s )
o
; r vF

!

= 0: (29)

Now, by using the relationsA(t0) + B(t0) = 1, we can simplify Eq. (29) as
follows:

 

(� s	 � + � F
�s );t ; vF

!

+

 

kr (� s	 � + � F
�s ); r vF

!

�
 

n
A(t0)( � s	 � + � F

�s )
o
;t ; vF

!

�

 

kr
n
A(t0)( � s	 � + � F

�s )
o
; r vF

!

= 0: (30)

By combining Eqs. (28) and (30), we obtain the evolution equation for � F
�s

 

(� s	 � + � F
�s );t ; vF

!

+

 

kr (� s	 � + � F
�s ); r vF

!

= 0: (31)
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Remark 1: The C2S map is completely characterized given the coarse-scale
nodal solution coe�cients uC

�s (t0) and � F
�s (x; t0; ! ) (in turn obtained by solving

Eq. (31) for each combination of indices� and s).

3.5 Boundary conditions for subgrid basis functions

From Eq. (??), it can be noticed that the restriction of û to a coarse element
involves the speci�cation of boundary conditions on the coarse element edges.
In this section, we will describe a model for the subgrid boundary conditions
based on the work by Hou et al. [1,11].

By assuming twice-di�erentiability of the subgrid basis functions, we can write
the strong formulation for Eq. (31) as: Find� F

�s for x 2 D (e) and t 2 [tn ; tn+1 ]
such that

� F
�s ;t �r �

�
k(x; ! )r � F

�s

�
� r �

�
k(x; ! )r 	 � (x)� s(! )

�
= 0: (32)

Notice that the above equation containsr � (k(x; ! )r 	 � (x)� s(! )) as a source
term, whose computation can be avoided by de�ning a new variable � �s

� �s (x; t0; ! ) = 	 � (x)� s(! ) + � F
�s (x; t0; ! ); (33)

It can be shown that � �s satis�es the following equation

� �s ;t �r � (k(x; ! )r � �s ) = 0 : (34)

In order to complete the speci�cation of this equation, we need to specify
boundary conditions for � �s on the coarse-element boundaries@D (e) . We ex-
tend ideas from the multiscale �nite element method [1] that indicate that
the behavior of � �s on the boundaries of the coarse element should retain
the characteristics of Eq. (34). Here, we use the Dirichlet boundary condition
� �s = � �

�s on the coarse element boundary, where, ��
�s satis�es the follow-

ing reduced partial di�erential equation for computation from tn to tn+1 (n =
0,1,. . . ).

� �
�s ;t (x; t0; ! ) �

@
@


 

k(x; ! )
@� �

�s

@


!

= 0; x 2 @D (e) ; (35)

� �
�s (x � ; t0; ! ) = � �� � s(! ); (36)

� �
�s (x; 0; ! ) = � �

�s (x; tn; ! ); x 2 @D (e) ; t = tn; (37)
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where, 
 is the coordinate used to parameterize the boundary of the coarse
element andx � denotes the vertex of the coarse elementD (e) where the coarse
�nite-element basis function 	 � takes the value unity. A schematic showing the
calculation of boundary subgrid basis functions for the case ofa quadrilateral
coarse element is shown in Fig. 1.

Remark 2: The above speci�cation of boundary conditions for the subgrid
basis function is restricted to polygonal coarse element shapes(quadrilateral,
triangles and other).

Let us assume that the subgrid function spaceV F can be represented as the
tensor product space obtained by combining the space of �nite-element basis
functions de�ned on the subgrid mesh [N � (x); � = 1; : : : ;Nbf] and Askey
polynomials [� r (! ); r = 0; : : : ;PF ]. We emphasize that the number of terms
required for the GPCE of the subgrid basis functions to converge can be
di�erent than PC , the number of terms used in the discretization of the coarse
solution.

We can now express the variational form for Eq. (34) as a matrix-vector equa-
tion de�ned in each coarse element as follows:

[M ]f � F
�s ;t g + [ K ]f � F

�s g = 0; (38)

where, [M (t)], [K (t)] are de�ned as follows:

[M] = ( N � � s; N � � r ); (39)
[K] = ( kr N � � s; r N � � r ); (40)

and f � F
�s g represent the nodal values of the subgrid basis function de�nedon

the subgrid mesh in each coarse element.

3.6 A�ne correction term

The a�ne correction term uF 0 as de�ned by Eq. (17) leads to the following
strong form of equations inside each coarse element sub-domain

uF 0;t + r � (kr uF 0) = f; x 2 D (e) : (41)

Burn-in time for VMS simulations: Before proceeding to specify boundary
conditions for the a�ne correction term, it is necessary to understand its
origin as a sum of two contributions, namely, the e�ect of sources and sinks
at the subgrid level and the e�ect of the subgrid component of the initial
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condition u(x; 0; ! ) = u0(x; ! ). Typically, the latter e�ect is global and the
present algorithm does not allow its treatment. However, the e�ect of the
subgrid component of the initial condition tends to decay with time. Thus, in
the VMS simulation, the subgrid basis functions are generated upto a cut-o�
time (referred here as theburn-in time) that is chosen such that the e�ects
of the subgrid component of the initial condition do not a�ect the coarse
solution. This also ensures that the subgrid basis functions capture su�cient
information about the heterogeneities at the subgrid scale. Thus, whenever
the a�ne correction term is mentioned, it implies only the e�ects of sources
and sinks at the subgrid level.

Boundary conditions for the a�ne correction term: Note that the a�ne cor-
rection term does not have any coarse-scale solution dependence, hence, the
assumption that this term goes to zero on coarse element boundaries is jus-
ti�ed i.e. uF 0 = 0 on coarse element boundaries. Furthermore, we assume
that the a�ne correction is zero at the start of each coarse time-step i.e.
uF 0(x; 0; ! ) = 0 (note that the initial conditions here refer to the local time
coordinate t0=0).

Remark 3: If the coarse-time step is large enough or if the source terms do not
have rapid variations in time, the a�ne correction term can be assumed to be
quasi-static (uF 0;t = 0). This assumption drastically reduces the computation
time with little loss of accuracy. Also, if the source term is zeroand the exact
initial conditions do not have excessive �ne-scale 
uctuations, we can assume
that the a�ne correction is identically zero.

3.7 Modi�ed coarse-scale formulation

We can now substitute � �s and uF 0 in the coarse-scale variational formulation
given in Eq. (14) to obtain the following: In each coarse element D (e) ,

(uC
�s ;t � �s ; vC ) + ( uC

�s � �s ;t ; vC ) + ( uC
�s kr � �s ; r vC )

= ( f; v C ) � (kr uF 0; r vC ) � (uF 0;t ; vC ): (42)

Thus, the a�ne correction term �gures in the modi�ed coarse-scale variational
formulation as a sum of two terms: an anti-di�usive term and a term involving
its time derivative [3,4,7].

By choosingV C as the tensor product space obtained by combining the space
of coarse element basis functions [	� (x); � = 1; : : : ;Nbf] and Askey polynomi-
als [� r (! ); r = 0; : : : ;PC], we can express Eq. (42) as a matrix-vector equation
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on each coarse elementD (e)

[M (t)]f uC ;t g + [ K (t)]f uCg = f f (t)g; (43)

where, the dependence of [M (t)], [K (t)] and f f (t)g on time comes from the
basis functions � �s and the time varying source termf (x; t; ! ), respectively
as follows:

[M ] =

 

� �s (x; t0; ! )	 � (x)� r (! )

!

;

[K ] =

 

k(x; ! )r � �s (x; t0; ! ); r 	 � (x)� r (! )

!

+

 

� �s ;t (x; t0; ! ); 	 � (x)� r (! )

!

;

f f g=

 

f (x; t; ! ); 	 � (x)� r (! )

!

�

 

uF 0;t (x; t0; ! ); 	 � (x)� r (! )

!

�

 

k(x; ! )r uF 0(x; t0; ! ); r 	 � (x)� r (! )

!

; (44)

and f uCg represent the nodal values of the coarse solution in each coarse
element i.e. the coe�cientsuC

�s de�ned in Eq. (20).

Remark 4: Since, each node requires PC+1 generalized polynomial chaos
coe�cients for the representation of the coarse solution, we have PC+1 degrees
of freedom per node in the coarse-mesh. Also, the matrices [M (t)], [K (t)] and
the vector f f (t)g have terms that contain dynamics happening at the subgrid
scale, hence, in order to reduce computation time, we need to apply some
time averaging scheme such that the matrices and force vector can be written
exclusively in terms of the coarse time-step. In this paper, we use a backward-
Euler time integration rule for the coarse solution, hence, the following scheme
is adopted in time-stepping fromtn to tn+1 (where, � t = tn+1 � tn).

 

[M (tn+1 )] + � t[K (tn+1 )]

!

f uC (tn+1 )g = � tf f (tn+1 )g + [ M (tn)]f uC (tn)g:(45)

The e�ect of using the approximate coarse-scale implementation given in
Eq. (45) is currently determined by comparison with the fully-resolved simu-
lation. Further studies are required in this context.
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4 Computational issues

4.1 Special structure of subgrid problems

According to Eq. (34), in order to generate the subgrid basis functions, we
need to solve Nbf(PC +1) stochastic PDEs in each coarse element. However, a
close observation of the structure of the subgrid problems reveals that by just
solving Nbf problems (de�ned for the basis function �� 0, � = 1, . . . , Nbf) in
each coarse element, we can generate the remaining subgrid basis functions
using the following relations:

� �s (x; t0; ! ) = � � 0(x; t0; ! )� s(! ): (46)

By substituting the above relation, Eq. (34) and Eqs. (35)-(37)are satis�ed
identically assuming that the governing equations and boundary conditions
for � � 0 in each coarse element are as follows

� � 0(x; t0; ! ) � r � (k(x; ! )r � � 0(x; t0; ! )) = 0 ; x 2 D (e) ; (47)

where, � � 0 satis�es the following reduced di�erential equation on the coarse
element boundary (parameterized here by the coordinate
 , see Fig. 1).

� �
� 0;t (x; t0; ! ) �

@
@


 

k(x; ! )
@� �

� 0

@


!

= 0; x 2 @D (e) ;

� �
� 0(x � ; t0; ! ) = � �� ;

� �
� 0(x; 0; ! ) = 	 � (x); x 2 @D (e) ; t = 0;

= � �
� 0(x; tn; ! ); x 2 @D (e) ; t = tn:

Remark 5: As a special case, if the di�usion coe�cient is periodic with pe-
riod L, we can choose the coarse element width to be a multiple ofL. It can
be shown that the subgrid basis functions are the same for all coarse ele-
ments. This enables us to achieve tremendous reduction in memory storage
and computational cost since we can calculate and store the subgrid solution
for a single coarse element and re-use it for element matrix-vector calculations.
However, we emphasize that our approach does not require periodicity.

4.2 Quasistatic subgrid solution

In many practical problems of interest, the assumption of a quasistatic sub-
grid solution is fairly accurate, i.e. in the governing equations for subgrid basis
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functions � � 0, we assume that �� 0;t � 0. This further reduces the computa-
tional cost since, the subgrid basis functions can be computed once and for
all at the start of the computation and also, the memory required to store
stationary subgrid basis is far less than that for storing subgrid dynamics.

4.3 Post processing: Fine-scale solution reconstruction

Let us assume that the coarse-scale solution, the subgrid basis functions and
the a�ne-correction at a particular time-step are uC (x; ! ), � � 0(x; ! ) and
uF 0(x; ! ), respectively. The time dependence is not shown here for clarity
sake. Also, we emphasize that all calculations in this section areperformed on
the subgrid mesh associated with each coarse elementD (e) .

Inside a given coarse elementD (e) , we calculate the reconstructed �ne-scale
VMS solution as follows:

u =
NbfX

� =1

PCX

s=0

uC
�s � �s + uF 0(x; ! ); (48)

where, � �s = � F
�s + 	 � � s, is the sum of coarse and subgrid basis functions

de�ned on D (e) . Let us now consider the GPCE expansions for ��s (after
substituting Eq. (46)) and uF 0 as follows:

� �s = � � 0� s =
PFX

r =0

� � 0r � s� r ; uF 0 =
PFX

r =0

uF 0
r � r ; (49)

wherein, PF + 1 is the number of terms used in the GPCE expansion of �� 0

and uF 0. Now, we can write Eq. (48) as follows:

u =
NbfX

� =1

PCX

s=0

PFX

r =0

uC
�s � � 0r (x)� r (! )� s(! ) +

PFX

r =0

uF 0
r (x)� r (! ); x 2 D (e) : (50)

The m-th term in the GPCE of the reconstructed �ne-scale VMS solution u
can now be written as follows:

um =
NbfX

� =1

PCX

s=0

PFX

r =0

uC
�s � � 0r

h� r (! )� s(! )� m (! )i
h� m (! )� m (! )i

+ uF 0
m (x); (51)

where,hf (! )i is used to denote the mathematical expectation of the random
function f (! ).
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Notice that the construction of the fully-resolved �ne-scale solution is just a
post-processing step. In actual computation, we just need to storethe subgrid
basis functions, the a�ne correction and the coarse-scale term.

Note { Henceforth, in the numerical example section, we will denotePC as the
coarse-scale GPCE order andPF as the �ne-scale GPCE order.

Comparison of the reconstructed VMS �ne-scale solution with afully-resolved
stochastic FEM solution:Assume that the reconstructed �ne-scale VMS solu-
tion (see Eq. (51) ) and the fully-resolved stochastic �nite element solution be
represented in their respective GPCEs as follows:

Uvms =
PX

i =0

Uvms
i � i (! ); and Ufem =

PX

i =0

Ufem
i � i (! ): (52)

We de�ne the upscalingL2 error measures with respect to each GPCE coe�-
cient as follows:

E i := jjUvms
i � Ufem

i jj L 2 (D ) : (53)

Note that the error is de�ned with respect to spatial domain only. The above
error measure is not unique and in certain circumstances, it is important to
consider other error measures (consult [44] for a comprehensivesurvey).

5 Numerical examples

Unless otherwise speci�ed, all computations in this section are performed on a
[0; 1]� [0; 1] square domain. Bilinear quadrilateral elements are used for spatial
�nite element interpolation and a Legendre-chaos is used forrepresentation of
output in its GPCE (note that Legendre-chaos is the optimal representation
for input with a uniform probability distribution) [19,30,3 3].

In this section, we solve two examples with di�erent uncertainty models. In
example I, we explicitly consider a scale separation in the model for di�usion
coe�cient, such that the coarse length scale is of order 1 and the�ne length
scale is a random combination of the parameters� 0 and � 1. In the second
example, there is no explicit length scale for the coarse and �ne-scale solu-
tions (di�usion in microstructures). In particular, we consider a two phase
microstructure where the uncertainty in the di�usion coe�cient is due to lack
of precise knowledge of the di�usion coe�cients of its constituents.

Also, the purpose of each example is di�erent. In example I, we study the be-
havior of the reconstructed �ne-scale VMS solution for the dynamic subgrid
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assumption, the e�ect of quasistatic subgrid assumption on upscaling accuracy,
and the shortcomings in the dynamic subgrid model with respect to subgrid
boundary condition and initial condition models (see Section 3.6). In example
II, we provide a comparison of the fully-resolved stochastic �nite element solu-
tion with the reconstructed �ne-scale VMS solution with a quasistatic subgrid
assumption, and the coarse-scale VMS solution.

We use a fully-resolved GPCE simulation of the di�usion equationto obtain
the reference solution for comparison with the upscaled VMS solutions. We
note that the GPCE based stochastic �nite element implementation for the
stochastic di�usion equation has been implemented and tested against Monte
Carlo and other analytical solutions by the authors [45] and by Karniadakis
et al. [36,46].

Remark 6: In both examples, we use an important assumption that the
di�usion coe�cient can be represented using a few random variables (one in
Example I and two in example II). This is crucial to the success of GPCE for-
mulations wherein, the number of terms required for convergence in the GPCE
increases exponentially with the number of input random variables [22,35]. If
the di�usion coe�cient has short range variability and subsequently a steeply
decaying covariance kernel, then Monte-Carlo is the only way for uncertainty
analysis [25,33].

5.1 Example I: Transient di�usion in a functionally graded material

We consider transient di�usion in a functionally graded material with a dif-
fusion coe�cient that has a uniform random distribution with t he following
functional form

k(x; ! ) = k0(x) + k1(x)� (! ); (54)

where,� (! ) is a uniform random variable between -1 and 1, and the coe�cients
k0(x) and k1(x) are de�ned as

k0(x) = 1 +

 
2 + P sin(2�x=� 0)
2 + P cos(2�y=� 0)

+
2 + sin(2�y=� 0)

2 + P sin(2�x=� 0)

! � 1

;

k1(x) =

 
2 + P sin(2�x=� 1)
2 + P cos(2�y=� 1)

+
2 + sin(2�y=� 1)

2 + P sin(2�x=� 1)

! � 1

;

where, the parameters� 0 = 0:08 and � 1 = 0:04 control the periodicity of
k(x; ! ). The parameter P = 1:8 controls the ratio of maximum to minimum
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value of the di�usion coe�cient. This speci�cation of the di�u sion coe�cient
can lead to large deviations about the mean solution (of the order of 40%).

Since the di�usion coe�cient can be represented using one uniform random
variable � , the KL dimension of the problem is one. Hence, we use a one-
dimensional GPCE in Legendre chaos polynomials [35]. The fully-resolved
�nite element solution is approximated using the following one-dimensional,
fourth-order Legendre chaos expansion (yielding a 5 term expansion)

u(x; t; � ) = u0 + u1� 1(! ) + u2� 2(! ) + u4� 4(! ) + u4� 4(! );

where, (� 1 = � , � 2 = (3 � 2 � 1)=2, . . . ) [33], and the expansion coe�cients (u0,
u1, u2, . . . ) are deterministic functions ofx and t. The computational details
for the example are provided in Table 1.
Table 1
Computational parameters used in Example I

Coarse mesh discretization 20� 20 and 10� 10, respectively

Subgrid mesh discretization 10� 10 and 20� 20, respectively

GPCE on coarse grid 1-dimensional, 3rd order Legendre chaos

GPCE on subgrid 1-dimensional, 3rd order Legendre chaos

Mesh for fully-resolved case 200� 200

GPCE for fully-resolved case 1-dimensional, 4th order Legendre chaos

Coarse time step used 1e � 2 (non-dimensional)

Subgrid time step used 1e � 3 (non-dimensional)

Time step for fully-resolved case 5e � 4 (non-dimensional)

Times for comparison of solutions 0:05 and 0:2

Duration of simulation 0 to 0 :2 (non-dimensional)

Burn-in time for VMS simulation 0 :05

As a representative example, we consider the decay of a sine hill with time.
This example comprises of an initial sinusoidal temperature distribution that
decays with time. It is of interest to study the e�ect of upscaling error on the
solution pro�le by comparing the VMS solutions with a fully-resolved �nite-
element solution.

The initial and boundary conditions are deterministic and are chosen as fol-
lows:

u(x; 0; ! ) = sin( �x ) sin(�y ); (x; y) 2 [0; 1];
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ujx=0 = ujx=1 = ujy=0 = ujy=1 = 0:

To assess the accuracy of the upscaling algorithm and to calculate the prop-
agation of upscaling error with time, we performed three simulations: (i) A
fully-resolved stochastic FEM computation, (ii) Stochastic VMScomputation
with dynamic calculation on the subgrid (C2S map and the a�ne corrections
are calculated and stored for each coarse time step), and (iii) Stochastic VMS
computation with a quasistatic subgrid assumption (a steady-statesolution is
obtained for the C2S map and the a�ne correction at the start ofthe compu-
tation).

Comparison of fully-resolved and stochastic VMS computations: The recon-
structed �ne-scale solution viz. (uC + ûF + uF 0) is obtained for the stochastic
VMS computations at times 0:05 and 0:2, respectively. At time 0.05, the time
level marking the end of burn-in period (see Section 3.6), the�rst few coe�-
cients (u0, u1 and u2) in the GPCE expansion of the fully-resolved stochastic
FEM solution are shown in Figs. 2A, 2B and 2C, respectively. The samecoef-
�cients ( u0, u1 and u2) in the reconstructed �ne-scale solution obtained using
a quasistatic subgrid assumption are shown in Figs. 2D, 2E and 2F. Thecor-
responding plots for a dynamic subgrid assumption are shown in Figs. 2G, 2H
and 2I.

The corresponding comparison plots at the �nal time level 0:2 are shown
in Figs. 3A through 3I. One striking observation from these plotsis that
the quasistatic subgrid assumption seems to yield more accurate �ne-scale
reconstructed solutions when compared with the solutions obtained from the
dynamic subgrid assumptions. We defer the argument for this phenomenon
until the end of this section.

L2 error between fully-resolved and reconstructed �ne-scale solutions: To fur-
ther check the accuracy of the proposed stochastic VMS method with respect
to the coarse and �ne-scale discretizations, we perform simulations for two
di�erent con�gurations: (i) A 20 � 20 coarse-mesh with a 10� 10 subgrid
mesh in each coarse element, and (ii) A 10� 10 coarse-mesh with a 20� 20
subgrid mesh in each coarse element. The error terms for a quasistatic sub-
grid assumption are plotted as a function of time for the case of a10 � 10
coarse-mesh with a 20� 20 subgrid mesh in Fig. 4A and a 20� 20 coarse-mesh
with a 10� 10 subgrid mesh in Fig. 4B. The corresponding error plots for the
dynamic subgrid with a burn-in time of 0.05 are given in Figs. 4Cand 4D,
respectively. The various error terms in GPCE coe�cients arescaled in order
to show them on the same plot.

There are two observations to be made from the error plot:

(1) The error values for the quasistatic subgrid assumption are consistently
lower than those with a dynamic subgrid assumption:This is attributed
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Fully-resolved stochastic FEM simulation
(A) (B) (C)

   
 Reconstructed VMS solution with quasistatic subgrid

(D) (E) (F)

   

Reconstructed VMS solution with dynamic subgrid
(G) (H) (I)

 
 

 
 

 
Fig. 2. Example I - Decay of a sine hill (results at time = 0:05): A, B and C:
Coe�cients u0, u1 and u2 obtained from the GPCE of the fully-resolved stochastic
�nite element solution. D, E and F: Coe�cients u0, u1 and u2 obtained from the
GPCE of the �ne-scale reconstruction of the VMS solution with a quasistatic subgrid
assumption. G, H and I: Coe�cients u0, u1 and u2 obtained from the GPCE of the
�ne-scale reconstruction of the VMS solution with a dynamic subgrid assumption.

to the insu�cient accuracy of the boundary conditions and initial condi-
tions provided for the subgrid C2S map and the subgrid a�ne correction
term. It is assumed that at the start of simulation that the subgridC2S
map and the a�ne correction terms are identically zero in each coarse
element. This implies that the boundary conditions for the C2S map are
essentially de�ned at the coarse-scale. Hence, until the subgrid solutions
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Fully-resolved stochastic FEM simulation
(A) (B) (C)

   
Reconstructed VMS solution with quasistatic subgrid

(D) (E) (F)

   

Reconstructed VMS solution with dynamic subgrid
(G) (H) (I)

   
Fig. 3. Example I - Decay of a sine hill (results at time = 0:2): A, B and C: Coe�-
cients u0, u1 and u2 obtained from the GPCE of the fully-resolved stochastic �nit e
element solution. D, E and F: Coe�cients u0, u1 and u2 obtained from the GPCE
of the �ne-scale reconstruction of the VMS solution with a quasistatic subgrid as-
sumption. G, H and I: Coe�cients u0, u1 and u2 obtained from the GPCE of the
�ne-scale reconstruction of the VMS solution with a dynamic subgrid assumption.

evolve in time and reach an appreciable value, the coarse-scale variational
formulation will contain a negligible subgrid contribution. Further, the ef-
fect of subgrid contribution of initial conditions on the evolution of a�ne
correction term is not accounted for. Unless, these shortcomingsare re-
solved (as a part of future research), a quasistatic subgrid assumption is
a better alternative to the dynamic subgrid assumption.
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Fig. 4. Example I - Decay of a sine hill:Plot of L 2 error in GPCE coe�cients vs
time: (Quasistatic subgrid case) A. For a 10� 10 coarse-mesh with a 20� 20 subgrid
mesh, B. For a 20� 20 coarse-mesh with a 10� 10 subgrid mesh. (Dynamic subgrid
case) C. For a 10� 10 coarse-mesh with a 20� 20 subgrid mesh, D. For a 20� 20
coarse-mesh with a 10� 10 subgrid mesh.

(2) The error term E1 has a non-monotonic behavior:Initially, the solution is
deterministic. As we step in time, the higher-order terms in GPCE of the
solution begin to evolve. The maximum rate of evolution is forthe �rst-
order term and hence the error increases. However, further ahead in time,
the error terms stabilize and show pronounced decaying characteristics.

5.2 Example II: Transient di�usion in a two-phase microstructure

A gray scale image of a representative two-phase (� and � ) microstructure is
shown in Fig. 5 [47]. The intensities (I) are scaled to [0,1]. Letpure � -phase
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Fig. 5. A gray scale plot of a two-phase (� -� ) microstructure. The intensities are
scaled to the interval [0,1] with zero representing the pure� -phase and one repre-
senting the pure � -phase.

and pure � -phase be associated with scaled intensitiesI = 0 and I = 1,
respectively. Any other intensity value between 0 and 1 is associated with a
mixture of � and � phases.

Probability model { We assume that the pure� and pure � -phases have the
following uniformly distributed thermal conductivities

k� (! ) = k� 0 + k� 1� 1(! ); and k� (! ) = k� 0 + k� 1� 2(! ); (55)

where,� 1(! ) and � 2(! ) are two independent uniform random variables de�ned
on the interval [-1,1]. We use the following mixture model forde�ning the
thermal conductivity at a given location on the microstructure:

k(x; ! ) = ( k� (! ) � k� (! )) I (x) + k� (! ); (56)

where, I (x) is the scaled intensity at a pointx on the microstructure. Thus,
Eq. (56) yields the following two-dimensional random variable model for ther-
mal conductivity:

k(x; ! ) = k0(x) + k1(x)� 1(! ) + k2(x)� 2(! );
k0(x) = ( k� 0 � k� 0)I (x) + k� 0;
k1(x) = k� 1(1 � I (x)) ; and k2(x) = k� 1I (x): (57)

GPCE model { Since the input distribution is uniform (two- dimensional),
a two-dimensional, third-order Legendre chaos expansion (yielding a 10 term
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Table 2
Computational parameters used in Example II

Coarse mesh discretization 20� 20 and 10� 10, respectively

Subgrid mesh discretization 10� 10 and 20� 20, respectively

GPCE on coarse grid 2-dimensional, 3rd order Legendre chaos

GPCE on subgrid 2-dimensional, 3rd order Legendre chaos

Mesh for fully-resolved case 200� 200

GPCE for fully-resolved case 2-dimensional, 4th order Legendre chaos

Coarse time step used 1e � 3 (non-dimensional)

Subgrid time step used 5e � 4 (non-dimensional)

Time step for fully-resolved case 1e � 3 (non-dimensional)

Times for comparison of solutions 0:05 and 0:2

Duration of simulation 0 to 0 :2 (non-dimensional)

Burn-in time for VMS simulation 0 :05

expansion) was used for representing the solution. The �rst few terms in the
expansion are shown below:

u(x; t; � ) = u0 + u1� 1(! ) + u2� 2(! ) + u3(3� 2
1(! ) � 1)=2;

+ u4� 1(! )� 2(! ) + u5(3� 2
2(! ) � 1)=2 + : : : ; (58)

where, it is tacitly assumed that the expansion coe�cientsu0, u1 and so forth
are deterministic functions ofx and t.

Here, we choose the following initial condition

u0(x; ! ) = 0 ; x = ( x; y) 2 [0; 1] � [0; 1]; ! 2 
 ; (59)

and the following boundary conditions are imposed

k
@u
@y

= 0; at y = 0; 1; u = 0; at x = 1; u = 1; at x = 0: (60)

The computational parameters for the example are provided in Table 2.

For the �rst simulation, we used a 20� 20 coarse-mesh with an underlying
10 � 10 subgrid mesh for each coarse element. The coe�cients (u0, u1 and
u2) in the GPCE expansion of the solution at time 0.05 as obtained in the
fully-resolved stochastic �nite element simulation are shown inFigs. 6A, 6B
and 6C, respectively. The same coe�cients obtained by reconstruction of the
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�ne-scale solution (from the coarse-scale solution obtained using the stochastic
VMS method) using the quasistatic assumption are shown in Figs. 6D, 6E
and 6F, respectively. The computed upscaled coarse solution (i.e. the coarse-
scale solution obtained from the VMS formulation after the application of
C2S map and the a�ne correction term) is shown in Figs. 6G, 6H and6I,
respectively. In order to compare the upscaled coarse solution for various coarse
discretizations, we recomputed the coarse solution for a 10� 10 coarse-mesh
with an underlying 20� 20 subgrid mesh. The results are shown in Figs. 6J, 6K
and 6L. It can be observed that the coarse solution is more di�used. This
indicates that the coarse-mesh requires an optimum discretization level for
maintaining solution accuracy. More research is required in this regard. Finally,
the corresponding coe�cients at time 0:2 are shown in Figs. 7A through 7I.

Plots showing comparison of higher-order GPCE coe�cients in the fully-
resolved stochastic �nite element solution and the reconstructed �ne-scale
VMS solution are shown in Figs. 8A through 8F. It can be noticed that the
GPCE coe�cient u6 in the reconstructed �ne-scale VMS solution exhibits os-
cillations and is consequentially incorrect. This could be attributed to the L2

nature of the upscaling method. It can be noticed that the scaleof the u5 term
(order of 10� 7) is negligible in comparison with the mean solutionu0 (order of
10� 1) or the �rst-order GPCE coe�cients u1 and u2 (order of 10� 4 and 10� 3,
respectively). As a result, the contribution of error inu5 to the L2 error in the
upscaled solution is negligible. To improve the solution quality for such small
GPCE terms, we would require a weighted upscaling technique. This would
be a part of our future research.

6 Conclusions

A stochastic variational multiscale formulation was proposed for addressing
transient di�usion problems in random heterogeneous media with the di�usion
coe�cient having multiple length scales. The main idea was to capture the
di�usion dynamics on a highly coarse-mesh by including localized solutions
to subgrid problems. For this, the variational formulation for the governing
di�usion equation was decomposed into a coarse-scale and a subgrid scale
part. The subgrid part was then localized in each coarse element sub-domain
and a class of subgrid models was derived for one-step generalized trapezoidal
time integration rules. The generalized polynomial chaos method was used for
representation and solution of all the resulting stochastic PDEs(the coarse
variational formulations and the localized subgrid problems).

The algorithms presented do not yet consider the e�ect of resonance error
in linking the coarse and �ne/subgrid scales in any rigorous detail. Further
requirements include developing a mathematically consistent adaptive algo-
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Fully-resolved stochastic FEM simulation
(A) (B) (C)

   

Reconstructed VMS solution with quasistatic subgrid
(D) (E) (F)

   
 
 
 
 

Coarse VMS solution (20� 20 coarse-mesh)
(G) (H) (I)

   

Coarse VMS solution (10� 10 coarse-mesh)
(J) (K) (L)

   

Fig. 6. Example II - Di�usion in a microstructure (results at time 0:05): Coe�cients
u0, u1 and u2 in the GPCE of the solution for the following: A, B and C: Fully -re-
solved stochastic �nite element solution, D, E and F: Fine-scale reconstruction of the
VMS solution with a quasistatic subgrid assumption (20� 20 coarse-mesh, 10� 10
subgrid mesh), G, H and I: Coarse-scale solution (20� 20 coarse-mesh), J, K and
L: Coarse-scale solution (10� 10 coarse-mesh).
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Fully-resolved stochastic FEM simulation
(A) (B) (C)

   

Reconstructed VMS solution with quasistatic subgrid
(D) (E) (F)

 
 

  
 

Coarse VMS solution (20� 20 coarse-mesh)
(G) (H) (I)

   

Coarse VMS solution (10� 10 coarse-mesh)
(J) (K) (L)

   

Fig. 7. Example II - Di�usion in a microstructure (results at time 0:2): Coe�cients
u0, u1 and u2 in the GPCE of the solution for the following: A, B and C: Ful-
ly-resolved stochastic �nite element solution, D, E and F: Fine-scale reconstruction
of the VMS solution with a quasistatic subgrid assumption (20 � 20 coarse-mesh,
10� 10 subgrid mesh), G, H and I: Coarse-scale solution (20� 20 coarse-mesh), J,
K and L: Coarse-scale solution (10� 10 coarse-mesh).
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Fully-resolved stochastic FEM simulation
(A) (B) (C)

   
 
 

Reconstructed VMS solution with quasistatic subgrid
(D) (E) (F)

   
 

Fig. 8. Example II - A, B and C: Fully-resolved stochastic FEM simulation: Coe�-
cients u3, u4 and u5 in the GPCE expansion of the solution. D, E and F: Fine-scale
reconstruction of the stochastic solution using a quasistatic subgrid assumption in
the VMS simulation: Coe�cients u3, u4 and u5 in the GPCE expansion of the
solution obtained at time 0:2 (non-dimensional).

rithm for selecting the number of element sub-divisions in each�ne-scale mesh,
adaptive generation of subgrid bases and other. Also to be considered in fu-
ture works are the issues of improving �ne-scale reconstructionof the sto-
chastic solution using a weighted subgrid model. These issues are currently
being addressed for extending the current VMS algorithms to thesolution of
advection-dominant problems in heterogeneous media.
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