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Abstract

A stochastic variational multiscale method with explicit s ubgrid modelling is pro-

vided for numerical solution of stochastic elliptic equations that arise while mod-
elling di usion in heterogeneous random media. The exact slition of the governing

equations is split into two components: a coarse-scale solain that can be captured
on a coarse mesh and a subgrid solution. A localized computainal model for the
subgrid solution is derived for a generalized trapezoidalime integration rule for the

coarse-scale solution. The coarse-scale solution is then @ied by solving a modi-
ed coarse formulation that takes into account the subgrid model. The generalized
polynomial chaos method combined with the nite element technique is used for
the solution of equations resulting from the coarse formuléion and subgrid models.
Finally, various numerical examples are considered for evaating the method.

Key words: Variational multiscale, multiscale nite element, operat or upscaling,
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1 Introduction

In this paper, we address a variational multiscale (operatorpscaling) frame-
work for numerical simulation of transient di usion in a randommedium whose
di usion coe cient is characterized by the presence of featugs at multiple
length scales. The potential applications for the problem ihgde heat transfer
in composites [1,2] and ow in porous media [3], wherein, spativariation in

material properties requires a statistical description owin¢gp gappy data and
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assumptions in constitutive models. Fully-resolved transient coputations re-
quire spatial and temporal discretizations that can resolve #gtnsmallest length
scales in the material data (here, the di usion coe cient) andtime scales in
the solution, respectively. However, in practice, a coarse-sealescription of
the solution is deemed adequate. It is thus desirable to devploomputational
techniques that \solve for a coarse-scale solution by de ning aappropriate
coarse-scale problem that captures the e ect of the ne-scalef4]. This forms
the backbone of most upscaling methods (see [5] for a compreheaseview).

Current research on upscaling techniques (more speci cally,uttiscale meth-
ods) aims at the derivation of a coarse-scale formulation thatds the following
characteristics: (i) it contains adequate ne-scale informaon, i.e. the ne-scale
solution can be reconstructed from the coarse solution and sulgjresults, (ii)

the computation cost for the coarse-scale problem should scale duiearly

with respect to the fully-resolved computation, and (iii) it stould avoid as-
sumptions of special problem structures like periodicity and ate separation.
However, when these structures are present, we should be able tplei them

for increasing computation speed.

The most popular techniques developed for upscaling in deteimistic context
fall under the category of multiscale methods viz. the vari@nal multiscale
VMS method (also known as operator upscaling) [6{8], the heteraggus mul-
tiscale method [9,10], and the multiscale nite element methb[11{13]. These
methods typically involve introduction of multiscale basis dnctions at the
coarse-scale. These multiscale basis functions include infotioa about the
ne-scale heterogeneities in the problem. Further relatedechniques involve
the generalized nite element method [14] and the residuatde bubbles [15].

Parallel to the above developments in deterministic upscaljntechniques, there
have been considerable advances in computationally e ciestochastic analy-
sis approaches. Traditionally, stochastic analysis techniquder partial dif-
ferential equations (PDESs) involve Monte-Carlo sampling [16 perturbation
analysis [17] and Neumann expansions [18]. However, these methatke lim-
ited either by the prohibitive computation cost, inability to handle large uc-
tuations and nonlinearity and/or complexity involved in derivation of these
techniques (e.g. deriving perturbation methods for analyag higher-order so-
lution statistics becomes increasingly complex). These shortotngs are al-
leviated by using the generalized polynomial chaos expansi¢8PCE) ap-
proach [19], a technique for representing stochastic elds Wit nite variance
using Wiener-Askey hypergeometric polynomials [20,21]. ThePGE is a sig-
ni cant advancement on the spectral stochastic method [22] thaises Hermite
polynomials for representing Gaussian and allied stochastic pesses (e.g. log-
normal process as an exponential of a Gaussian process). The GP@Rraach
has been used successfully in the context of uid- ow [23,24], id-structure
interactions [19] and natural convection [24]. A survey of maerical challenges



in the implementation of the GPCE approach for the solution ofstochastic
PDEs is provided in [25].

Using deterministic upscaling techniques for statistical analysiof the solution
typically involves the use of computationally expensive Mot Carlo methods.
Recently, there has been a considerable interest in stochastenhogenization,
upscaling methods [26,27]. These methods however employ resitre assump-
tions on the problem structure viz. periodicity and scale sepation. However,
considering the advances in deterministic upscaling methodsd stochastic
analysis approaches, it is time to address direct incorporanoof the inher-
ent randomness in material data and the e ect of modelling assystions in
the design of upscaling methods. In this paper, we combine theriaional
multiscale VMS method, the multiscale nite element method and the GPCE
approach to derive a variationally consistent upscaling teclique for the sto-
chastic transient di usion equation. Since randomness is e eisly seen as
an additional dimension in the problem [28], our method esseatly performs
upscaling for a class of problems corresponding to various fieations of the
random material data (here, the di usion coe cient).

The choice of VMS as the upscaling method and GPCE as the stochasti
analysis method is motivated by a number of reasons. VMS and optoa
upscaling methods have emerged in recent years as computatibparadigms
for development of multiscale analysis [6,29]. The VMS apprdaessentially
involves splitting the variational formulation for the govening equations into
a coarse and a ne-scale part. The ne-scale part is then solved pioximately
to obtain the ne-scale solution model, that is substituted in the coarse-scale
part of the variational formulation to obtain an upscaled prdlem. The authors
have contributed to the development of the stochastic VMS metith wherein,
algebraic models are used for the ne-scales and the GPCE appoh is used for
representing stochastic quantities. The stochastic VMS formulain was tested
against uid ow and natural convection in the presence of unceainty [30,31].

This paper is organized as follows: Section 2 provides somelgability prelim-
inaries followed by a brief discussion on Karhunen-Laeve anageralized poly-
nomial chaos expansions. The transient multiscale stochastic dision problem
is de ned in Section 3. This is followed by the de nition of tre VMS (operator
upscaling approach), wherein, model equations are derivear the ne-scale
solution. Finally, we derive the upscaled coarse formulatioslgorithmic issues
involved in the implementation of the stochastic VMS approachra described
in Section 4. In Section 5, we consider two numerical exampliesorder to in-
vestigate the stochastic VMS approach. Convergence studies arahparisons
with a fully-resolved stochastic nite element solution are preided wherever
possible. We nally conclude with a summary of the paper in Sedn 6.



2 The generalized polynomial chaos approach

In this section, we present some probability preliminaries, and brief discus-
sion on the Karhunen-Lave expansion (KLE) and the generalked polynomial
chaos expansion (GPCE).

2.1 Probability preliminaries

A complete probability space [32] is de ned as the triple (,F, P), where is
the set of outcomesF is the -algebra of subsets of , andP is a probability
measure that maps the -algebra to [0,1]. A random variableX is a function
that maps to a real interval B, with a probability density function

fx(X):= ddXP[X X]:

In this paper, we will denote a random variableX asX (! ), where! 2 . The
mathematical expectation [32] operator with respect tX (! ) is de ned as

Z Z
EX):= XO)dP(1)=  xfy(X)dx: (1)

The complete function spacd.,() can be de ned as the set of all random
variables that are mean-square integrable [32]. Incidentgl L,() is also a
Hilbert space with the inner product

(X;Y):=EfX EMX)gfY EM)g; XY 2Ly(): (2)

Convergence inL,( ) implies convergence in probability and convergence in
distribution. As an extension of the above framework, a spacente stochastic
processW de ned on the spatial domainD and temporal domainT can be
denoted as a functionW (x; t;! ). Theoretically, W(x;t;! ) can be represented
as a random variable at each spatial and temporal location, hee requiring

an in nite number of random variables. For computational regons, we are in-
terested in a reduced-order representation of a stochastic pess using a few
random variables. Here, we brie y look at KLE and GPCE, two poplar ways

of representing arlL, stochastic process as a spectral series expansion in ortho-
normal random variables. For a more detailed description, ceunlt [22,31,33].



2.2 Karhunen-Laeve expansion

The Karhunen-Laeve expansion [20] is a technique for repregmg a L, sto-
chastic process in a series expansion involving the eigenvalaesl eigenfunc-
tions of its covariance kernel as follows:

X g
W(x;t;!)= E(W)+ iWi(x;t) i(!); (3)

i=1

where,E(W) is the mean of the stochastic process ang(! ) are appropriately
de ned orthonormal random variables [22]. The eigenvalues and eigenfunc-
tions W;(x;t) are de ned from the following eigenvalue problem:

Z
Rww (X1 t1; X2; t2) Wi (X2; t2)dXodt, = Wi (Xq;te); 4)
DT

where, Rww (X1;t1; X2; t2) is the covariance function ofW(x;t;! ). The KLE

is the optimal representation in mean-square sense. However, équires the
knowledge about the underlying stochastic process and its conance kernel.
Hence, the KLE is only used for representing the stochastic inputsor more
details, consult the works of Ghanem et al. [28,22] and refeie®s therein. For
computational purposes, the KLE is truncated to a nite number(N + 1) of

expansion terms (including mean). Hence, the space-time stoskia process
W (x;t;! ) can be approximated usingN random variables. In a typical sto-
chastic input-output system with W(x;t;! ) as the input, the KLE is use to
represent the input in a series involvingN orthonormal random variables.N,

here is called the \KLE dimension" or the \input dimensionality”. The output

can now be represented as a function in space, time and tNe orthonormal

random variables. We will now describe the GPCE, a popular teamue for
representing the output.

2.3 Generalized polynomial chaos expansion

The GPCE is a technique for representing &, stochastic process as a sum of
its projections on an appropriately chosen basis af,(). The original poly-
nomial chaos comprised of Hermite polynomials in Gaussian randovari-
ables [34]. Cameron and Martin later proved that the polynoml chaos ex-
pansion converges to any, stochastic process in mean-square sense [21].
Though the convergence rate of the original polynomial chaas exponential
for Gaussian and related processes (e.g. lognormal), the comesice rate is
considerably slower for other types of processes (e.g. unifor@amma) [35].



In order to consider general random inputs, the GPCE uses orthogal poly-
nomials from the Askey scheme as a basis (). Assuming that the sto-
chastic input can be represented in a truncated KLE withN orthonormal
random variables 4,... n, in general, the GPCE of a space-time stochastic
process (output) can be written in the following form

W(x;t!) = * Wi(x;t) i(!); (5)
i=0

from the Askey series such that their weighting functions equahe joint prob-
ability density function of the stochastic input e.qg. if the stobastic input can
be represented as a uniform random variablg(! ), then ;(!) are Legendre
polynomials in (! ) such that

Since each type of polynomial in the Askey scheme forms a compldiasis
of L,(), the convergence theorems of Cameron and Martin can be éanded
to the GPCE as well (consult [21,36] for an extensive overviewAgain, for
computational reasons, we often work with a truncated form ofhe GPCE.

Testing convergence of truncated GPCEThe truncated GPCE expansion of a
stochastic process is characterized by two parameters viz. tdanension and
order of the expansion. The dimension of the expansion is equalthe number
of random variables used in the Karhunen-Laeve expansion ofi¢ stochastic
inputs. The order of the expansion is the highest order of Askey polomials

used in the GPCE. For example, a one-dimensional fourth-orddregendre
chaos expansion implies that all one-dimensional Legendrelypmomials up to

fourth-order are included in the GPCE.

Since the accuracy of the truncated GPCE depends on the ordafrthe expan-
sion, we require techniques to determine the optimal truncetn order. We use
the weak-Cauchy convergence criterion for this purpose. Thechnique can
be described as follows: Assume that the dimension of the GPCE is ko
Let the guess for optimal truncation order beg. Construct an orderm GPCE,
wherem = gq+1, g+ 2. The number of terms (excluding mean) in the GPCE
denoted here byP(q) can be calculated asN + r)!=(N!r!), where N is the
dimension andr is the order of the expansion. Using the above discussion, we
can write the orderq approximation and orderm approximation as follows:

A Rm)
WOt Y= Wix;t) (1), WMt )= Wi(x;t) i(t): (6)

i=0 i=0



In the weak-Cauchy convergence criterion, we require thahé L, norm of the
di erence in the two approximations be negligible, i.e.

E:=jw@ wmj,y <; 0< << 1, m=q+1;q+2: (7)

Note that the error measureE is a space-time function and that the above
convergence should hold point-wise. These checks are made ampin order
to determine the optimal order of the GPCE.

3 Mathematical model and variational multiscale method
3.1 Problem de nition and variational formulation

Let D, T and denote a closed polygonal domain, a time interval and a sti

able probability space, respectively. The transient di usionn a heterogenous
medium with a spatially varying random di usion coe cient k(x;!) can be

written as the following stochastic partial di erential equaion (SPDE):

ur=r (k(x;ru+ f(x;t!); x2D;t2T and! 2 ; (8)

where,u;; denotes the partial time derivative@ u=@Tthe solutionu  u(x;t;!)
and the source termf (x;t;! ) are real-valued space-time stochastic elds. To
simplify the presentation of our method, we further assume thathe di usion
coe cient is isotropic.

For closure, we also assume the following initial and boundary reditions:

ux;t!)=ug(x;t;!); x2@; t2T and! 2 (9)
ux;0;1)=up(x;!); x2D; and! 2 (20)

In order to introduce the variational form for Eqgs. (8){(10), we need to de ne
the following function space:
8 9

< Z 7Z Z =
Vo= Lo(; Lo(T:HYD)) Lf v V3(x:t ! )dPdtdx < 1 :
T D

Using the de nition of V;, the function space for the solutiond and the trial
function spaceV can now be de ned as

U=fu:u2Vou=ug x2 @g; V="Fv:iv2Vyv=0; x2 @g:(11)



The variational formulation for Egs. (8){(10) can now be writen as: Find
u2 U such that forallv2 V

(Use;v) + (kr usr v) = (fyv); 12)
where
ZZ
(u;v) def uvdxdP: (13)

D

3.2 Additive scale decomposition and variational multisealmethod

In the variational multiscale approach, we consider the exadolution u to be
made up of contributions from two di erent scales, namely, thecoarse-scale
solution u®, that can be resolved using a coarse-mesh and a subgrid solution
u. In short, u = u® + u" (consult [15,29,37,38] for further details). This
additive sum decomposition induces a similar decomposition fire function
spaces at) = U® UF andV = V¢ VF respectively. Typically, the coarse-
scale function spacet/© and V° are nite dimensional and are characterized
by piecewise polynomials de ned on a coarse-mesh.

The main idea behind the VMS (operator upscaling) method is to elelop
models for characterizing the e ect of the subgrid solution othe coarse-scale
solution and to subsequently derive a modi ed coarse-scale fortation that
only involvesu® [30,38,39]. In order to do that, we split the variational form-
lation given in Eqg. (12) as the following coarse-scale and sulbdjrequations:
Find u® 2 U® and u™ 2 UF such that

(S5 +uf 5 vE) + (kr u® + kr uFsr vO) = (fv©); 8vE 2 Ve (19)

(U +ufF Vi) + (kr uC + kr uF;r Vi) =(f;vF); 8vF 2 VR (15)
We will now proceed to solve Eqg. (15) by applying localizatiomssumptions
to obtain an approximate model for the subgrid solutioru” . Subsequently, we

will use the model for subgrid solution to eliminateu™ in Eq. (14) to obtain
a modi ed formulation de ned only in terms of u®.

3.3 Subgrid modeling

Assume that the spatial domain is discretized using a coarse-meshardis-

number. We will refer to these sub-domains as \coarse elementd’et each



coarse element be further discretized using a subgrid mesh into \lﬁ;l dis-
joint sub-domains (also referred to as \subgrid elements").

As considered in [3,4,7,8], we will now assume that the subgrid stdun is
a sum of two componentsu® and ut? that obey the following variational
equations:

(U V) + (U5 vE) + (kr u®r v+ (kr 071 vT) =0, (16)
(UF% s vR) + (kr UFO%r VR)=(FvF), @)

where, Ut incorporates entire coarse-scale solution information anaf° is
independent of the coarse-scale solution. The dynamicswf is driven by the
projection of the source termf (x;t;! ) onto the subgrid trial function space
VF.

By Eg. (16), the term & behaves as a mapping from coarse-scale solution
to the subgrid solution. Hence, we refer ta™ as the coarse-to-subgrid (C2S)
map. Owing to the a ne nature of Eq. (17), we shall refer tou™° as the a ne
correction term.

In the current form, Egs. (16) and (17) are de ned over the ente spatial do-

main and are exact. Hence, their numerical simulations possesg tteame com-
putational requirement as the fully-resolved problem ( nemesh, small time-
stepping). In order to localize the calculations of the subgtisolution, we will

consider restrictions of Egs. (16) and (17) to each coarse elem@&{®. This

restriction can be written as follows: Findu¥ 2 U® and uF? 2 U{® such

that for all v 2 V(, Egs. (16) and (17) hold. The function spaced(® and

Uc(,e) are restrictions ofV, to the coarse elemenD(® with suitable boundary

conditions. The derivations in subsequent sections are perfoech for a single
coarse elemenD(®.

3.4 C2S map and multiscale basis functions

Let us assume that in a fully-resolved direct numerical simulatin, the dynam-
ics of the exact solution can be captured using a ne time-step df. Since the
length scales of interest in the coarse solution are far greatdrain the smallest
length scale in the exact solution, we assume that the coarse tim@p tis

much larger in comparison tot [40{42]. Let us consider a coarse time-stept

= [tn;tns1 ). Let t%be the local time coordinate de ned such that at,, t°=0

and att,.,, t°= t.

Let us also assume a piecewise polynomial nite element represaidn for the
coarse solution inside a coarse elemddt® (please note that €) is suppressed



henceforth to simplify notation):

ue(x; ;1) = . uc(tSr)  (x); (18)

=1

where, Nbf denotes the number of nite-element shape functign(piecewise
polynomials) de ned on the coarse element. Let us further assuradruncated
generalized polynomial chaos expansion witRc + 1 terms for each of the
coe cients u®(t%!)

(1) = U (1) S ): (19)
s=0

Thus, the stochastic nite-element (spatial nite-element + GPCE) represen-
tation of the coarse solution can be written using local time cedinate as

uC(x;t!) = o xe u$ (9 o(1) () (20)

=1 s=0

where, u$ (t9 denotes the nodal solution (each node ha®: + 1 degrees of
freedom) and ¢(! ) are polynomials from the hypergeometric Askey series.
The form of Eq. (20) has been used in our earlier works [30,31].

Note - We have represented the left hand side of Egs. (18) and (20) as a
function of the global time coordinatet and the right hand side as a function
of the local time coordinatet® with a tacit understanding that t and t° are
related ast’®=t t, in the interval t 2 [tn;th+1].

For the C2S mapu®, we seek a representation similar to Eg. (20) based on
Green's function theory [8]
Nbf Rc
of (x;t;!) = uG (1% L (x;t%1): (21)

=1 s=0

The ne-scale variational formulation of Eq. (16) can be re-witten after sub-
stitution of Egs. (20) and (21) as follows:

(WS s V(UG S+ uS iV R (kugr firv)
+(kuSr  5rvh)=0; (22)

where the repeated indices and s indicate a summation over 1:::;Nbf and

10



as well). Also, for clarity of presentation, the dependence on t and! is not
shown in the expressions for (x), ('), & (x;t%!)andk(x;!). The above
equation can be further simpli ed as follows:

! !
n o]

(6]
uS (s + ) vi + kr uS(s + R)grvi =0 (23)

n

Without loss of generality, we can assume the following represation for the
coarse-scale nodal solutionsg (t9 inside the coarse time-step

uS (19 = A@9eS + B(tYuS; (24)

where, u$ and u$ denote the nodal coe cients in the GPCE of the coarse
solution at the start and end of the coarse time step (see Fig. 1A(t9 and
B (t9 are special positive functions that obey the following relains:

AtY+ B(tY=1; A0)=1; A( t)=0; B(0)=0; andB( t)=1:(25)

Eq. (24) involves representation of a function as a convex cbmation of two
functions [43].

(A)
1 1
At9 B(t9
c C
Coarse Coarse
solution field solution field
at start of at end of
time step oF time step
—>t¢ Dt

Fig. 1. A. Schematic of the time integration framework: t is the coarse-time step
and t%is the local time coordinate. The integration parametersA(t9 and B (t9 are
shown in the gure. Also, 45 and u§ are identi ed as the coarse solution elds at
the start and end of the coarse time step, respectively. B. Sematic of a typical
coarse element sub-domain: The coordinates normal and tangéal to the element
edges are denoted by the letters n and , respectively.

The representation given in Eg. (24) is quite general and ingonorates several
well-known time integration rules. For example A(t9 = ( t t9= t and
B(t9 = t% t yields a backward-Euler time integration rule.

11



From Egs. (21) and (24), we can write the C2S map as follows:
Mof Re h

of (x;t;1) = #S A9 L xte )+ uSB (Y R (x;t%! )i: (26)
=1 s=0

We can now write Eq. (23) as

( n (0] ! n (0] !)
6 AN s o+ R) oV o+ kr AWY(s o+ R rveo+
( n (0] I n (0] I)
u¢ B(tY( s + R)u;vF + kr B s + R);rvi  =o0:

S

(27)

Note that the above equation is fully characterized based on ¢hvalues taken
by &5 and u§ and the subgrid basis function F, .

We are looking to construct a localized scheme for representatiof the subgrid
solutions. Further, this localized scheme should hold for all gsible values
of the coarse nodal coe cientsu$ and u§. Hence, we equate the terms in
parentheses to zero to obtain the following set of variationadlormulations
de ned for each combination of indices and s, where, = 1;:::;Nbf and

nA(t‘ﬁ(S + FS)O;t;vF + kr nA(t‘ﬁ(S + FS)O;r vi =0; (28)

! !

n (0] n (0]
B(tY( s + R);vF + kr BUY(s + %) ;rvi =0:(29)

Now, by using the relationsA(t9 + B(t% = 1, we can simplify Eq. (29) as
follows:
! !

(s + hsvm + kr(s + T)rvf
! !

n 0] n [0}
A s + §) v kr AMY(s + ) ;rvF =0:(30)
By combining Egs. (28) and (30), we obtain the evolution equatn for

(s + R)svi + kr(s + B)rve =0 (31)

12



Remark 1. The C2S map is completely characterized given the coarse-gcal
nodal solution coe cients u$ (t% and  (x;t%!) (in turn obtained by solving
Eq. (31) for each combination of indices and s).

3.5 Boundary conditions for subgrid basis functions

From Eq. (??), it can be noticed that the restriction of & to a coarse element
involves the speci cation of boundary conditions on the coae element edges.
In this section, we will describe a model for the subgrid boundgarconditions
based on the work by Hou et al. [1,11].

By assuming twice-di erentiability of the subgrid basis functons, we can write
the strong formulation for Eq. (31) as: Find |, forx 2D® andt 2 [t,;ths1]
such that

Thro ke §or o kGDr o (x)s(1) =0 (32)

Notice that the above equation containg (k(x;!)r  (x) s(')) as a source
term, whose computation can be avoided by de ning a new variéd o

sOGt%1)y = (x) s(M)+ Lxtll); (33)

It can be shown that ¢ satis es the following equation

s r (k(x;1)r s)=0: (34)

In order to complete the speci cation of this equation, we nekto specify
boundary conditions for s on the coarse-element boundarie@(®. We ex-
tend ideas from the multiscale nite element method [1] that mdicate that
the behavior of ¢ on the boundaries of the coarse element should retain
the characteristics of Eq. (34). Here, we use the Dirichlet bodary condition

s = ¢ on the coarse element boundary, where, . satis es the follow-
ing reduced partial di erential equation for computation fomt, to t,+; (n =
0,1,..).

@ @,

(Gt g kegh)=g= =0 x2 @Y (35)
S(xthhy= (1) (36)
s(X;O;! ): s(X;tn;! ); X2 @D(e); U= tn; (37)

13



where, is the coordinate used to parameterize the boundary of the asa
element andx denotes the vertex of the coarse elemeB® where the coarse
nite-element basis function  takes the value unity. A schematic showing the
calculation of boundary subgrid basis functions for the case afquadrilateral
coarse element is shown in Fig. 1.

Remark 2: The above speci cation of boundary conditions for the subgrid
basis function is restricted to polygonal coarse element shap@siadrilateral,
triangles and other).

Let us assume that the subgrid function spac¥" can be represented as the
tensor product space obtained by combining the space of nitdesment basis
functions de ned on the subgrid meshN (x); = 1;:::;Nbf] and Askey

required for the GPCE of the subgrid basis functions to conveegcan be
di erent than Pc, the number of terms used in the discretization of the coarse
solution.

We can now express the variational form for Eq. (34) as a matrwector equa-
tion de ned in each coarse element as follows:

MIf g+ [KIf Sg=0; (38)
where, M (1)], [K (t)] are de ned as follows:

[M]=(N &N ), (39)

[KI=(kr N sr N ¢); (40)
andf F, grepresent the nodal values of the subgrid basis function de nezh
the subgrid mesh in each coarse element.
3.6 A ne correction term
The a ne correction term uF° as de ned by Eq. (17) leads to the following
strong form of equations inside each coarse element sub-domain

uF% +r (kr uF%=f; x2D®: (41)
Burn-in time for VMS simulations: Before proceeding to specify boundary
conditions for the a ne correction term, it is necessary to uneérstand its

origin as a sum of two contributions, namely, the e ect of sourseand sinks
at the subgrid level and the e ect of the subgrid component of t initial

14



condition u(x;0;!) = ug(x;!). Typically, the latter e ect is global and the
present algorithm does not allow its treatment. However, the ect of the
subgrid component of the initial condition tends to decay wh time. Thus, in
the VMS simulation, the subgrid basis functions are generated tga cut-o0
time (referred here as theburn-in time) that is chosen such that the e ects
of the subgrid component of the initial condition do not a ect the coarse
solution. This also ensures that the subgrid basis functions cape su cient
information about the heterogeneities at the subgrid scale.lis, whenever
the a ne correction term is mentioned, it implies only the e ects of sources
and sinks at the subgrid level.

Boundary conditions for the a ne correction term: Note that the a ne cor-
rection term does not have any coarse-scale solution dependgngence, the
assumption that this term goes to zero on coarse element bounsr is jus-
tied i.e. ut® = 0 on coarse element boundaries. Furthermore, we assume
that the a ne correction is zero at the start of each coarse timestep i.e.
uto(x;0;!) = 0 (note that the initial conditions here refer to the local time
coordinatet®=0).

Remark 3: If the coarse-time step is large enough or if the source terms dotn
have rapid variations in time, the a ne correction term can be assumed to be
quasi-static (uF%; = 0). This assumption drastically reduces the computation
time with little loss of accuracy. Also, if the source term is zerand the exact
initial conditions do not have excessive ne-scale uctuatios, we can assume
that the a ne correction is identically zero.

3.7 Modi ed coarse-scale formulation

We can now substitute . and uF? in the coarse-scale variational formulation
given in Eq. (14) to obtain the following: In each coarse elemeD(®,

(UG V(UG sivO) +(uSkr 5T Vo)
=(f;v©)  (kr uF%r v&)  (UF%;vO): (42)
Thus, the a ne correction term gures in the modi ed coarse-scde variational

formulation as a sum of two terms: an anti-di usive term and a tem involving
its time derivative [3,4,7].

By choosingV ¢ as the tensor product space obtained by combining the space
of coarse element basis functions [ (x); =1;:::;Nbf] and Askey polynomi-
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on each coarse elememm(®

M (O)Ifu® g+ [K(DIfu®g = ff (t)g; (43)

where, the dependence oM (t)], [K (t)] and ff (t)g on time comes from the
basis functions ¢ and the time varying source termf (x;t;! ), respectively
as follows:

M]= s(X;tO;!) (x) (')

[KI= kOGH)r s OGt5L)r (X)r(!).+ s OG5, (X)r(!)';

ffg= fx;t!);  (x) () um% Gt r) () (1)

KOG uFooGteyr () (! ). ; (44)

and fuCg represent the nodal values of the coarse solution in each coarse
element i.e. the coe cientsu$ de ned in Eq. (20).

Remark 4: Since, each node requiresd*1 generalized polynomial chaos
coe cients for the representation of the coarse solution, we lva Pc+1 degrees
of freedom per node in the coarse-mesh. Also, the matricds (t)], [K (t)] and
the vector ff (t)g have terms that contain dynamics happening at the subgrid
scale, hence, in order to reduce computation time, we need tpmy some
time averaging scheme such that the matrices and force vectarncbe written
exclusively in terms of the coarse time-step. In this paper, wese a backward-
Euler time integration rule for the coarse solution, hence, thfollowing scheme
is adopted in time-stepping fromt,, to t+; (where, t =ty th).

M (thea)]+  t[K (the )]. fuC(tnna)g = tFf (tea)g+ [M (ta)If U (tn)g:(45)

The e ect of using the approximate coarse-scale implementatiogiven in
Eq. (45) is currently determined by comparison with the fullyresolved simu-
lation. Further studies are required in this context.
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4 Computational issues
4.1 Special structure of subgrid problems

According to Eq. (34), in order to generate the subgrid basis fations, we
need to solve NbfPc +1) stochastic PDEs in each coarse element. However, a
close observation of the structure of the subgrid problems revsdhat by just
solving Nbf problems (de ned for the basis function o, =1, ..., Nbf)in
each coarse element, we can generate the remaining subgrid $dsnctions
using the following relations:

OGS = o(x;t51) () (46)

By substituting the above relation, Eq. (34) and Egs. (35)-(37pare satis ed
identically assuming that the governing equations and boundga conditions
for o in each coarse element are as follows

o t%1) 1 (k(x;1)r o(x;t%1)=0; x 2D®; (47)

where,  satis es the following reduced di erential equation on the carse
element boundary (parameterized here by the coordinate see Fig. 1).

Q@ @ o

ot (X% 1) @ k(x;!) @ =0; x2 @;

o(x 19! )= ;
X:01)= (x); x2@®; t=0;
= o(Xitas!); x 2 @9; t =t

Remark 5: As a special case, if the di usion coe cient is periodic with pe-
riod L, we can choose the coarse element width to be a multiple lof It can

be shown that the subgrid basis functions are the same for all csarele-
ments. This enables us to achieve tremendous reduction in mem storage
and computational cost since we can calculate and store the sulehsolution

for a single coarse element and re-use it for element matrix-teiccalculations.

However, we emphasize that our approach does not require pelimty.

4.2 Quasistatic subgrid solution

In many practical problems of interest, the assumption of a quagatic sub-
grid solution is fairly accurate, i.e. in the governing equabns for subgrid basis
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functions o, we assume that ;; 0. This further reduces the computa-
tional cost since, the subgrid basis functions can be computedaenand for
all at the start of the computation and also, the memory require to store
stationary subgrid basis is far less than that for storing subgridyhamics.

4.3 Post processing: Fine-scale solution reconstruction

Let us assume that the coarse-scale solution, the subgrid basis fumas and
the ane-correction at a particular time-step are u®(x;!), o(x;!) and
uto(x;!), respectively. The time dependence is not shown here for dtgr
sake. Also, we emphasize that all calculations in this section gperformed on
the subgrid mesh associated with each coarse elem@&if).

Inside a given coarse elemerd(®, we calculate the reconstructed ne-scale
VMS solution as follows:
Nof Re

u= uS s+ utxt); (48)
=1 s=0

where, ¢ = f + s, IS the sum of coarse and subgrid basis functions
de ned on D®. Let us now consider the GPCE expansions for ¢ (after

substituting Eq. (46)) and uF° as follows:
R R
= uf%,; (49)

r=0 r=0

wherein, P + 1 is the number of terms used in the GPCE expansion of 4
and ut°. Now, we can write Eq. (48) as follows:

0= T e 00 1) S W) (1) x2D@: (50)

=1 s=0 r=0 r=0

The m-th term in the GPCE of the reconstructed ne-scale VMS solubn u
can now be written as follows:

_IReRE o hi () s(1) m(1)i

o =1 s=0 r=0 s o h m(! ) m(! )i + UEO(X); (51)

where, i (! )i is used to denote the mathematical expectation of the random
function f (!).
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Notice that the construction of the fully-resolved ne-scale saition is just a
post-processing step. In actual computation, we just need to stotiee subgrid
basis functions, the a ne correction and the coarse-scale term.

Note { Henceforth, in the numerical example section, we will denof: as the
coarse-scale GPCE order anBr as the ne-scale GPCE order.

Comparison of the reconstructed VMS ne-scale solution with fully-resolved
stochastic FEM solution:Assume that the reconstructed ne-scale VMS solu-
tion (see Eq. (51) ) and the fully-resolved stochastic nite eleent solution be
represented in their respective GPCEs as follows:

vms x vms fem x fem
U = U™ i(t); and UM = usmi): (52)
i=0 i=0

We de ne the upscalingL , error measures with respect to each GPCE coe -
cient as follows:

Ei = jju™ Ui, o) (53)

Note that the error is de ned with respect to spatial domain only The above
error measure is not unique and in certain circumstances, it important to
consider other error measures (consult [44] for a comprehenssugvey).

5 Numerical examples

Unless otherwise speci ed, all computations in this section areegdormed on a
[0;1] [O; 1] square domain. Bilinear quadrilateral elements are used f&patial

nite element interpolation and a Legendre-chaos is used foepresentation of
output in its GPCE (note that Legendre-chaos is the optimal epresentation
for input with a uniform probability distribution) [19,30,3 3].

In this section, we solve two examples with di erent uncertaity models. In
example I, we explicitly consider a scale separation in the mdder di usion
coe cient, such that the coarse length scale is of order 1 and th@e length
scale is a random combination of the parameterg and ;. In the second
example, there is no explicit length scale for the coarse and erscale solu-
tions (di usion in microstructures). In particular, we conside a two phase
microstructure where the uncertainty in the di usion coe cient is due to lack
of precise knowledge of the di usion coe cients of its constitents.

Also, the purpose of each example is di erent. In example I, we siy the be-
havior of the reconstructed ne-scale VMS solution for the dynam subgrid
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assumption, the e ect of quasistatic subgrid assumption on upscatjraccuracy,
and the shortcomings in the dynamic subgrid model with respecbtsubgrid
boundary condition and initial condition models (see Sectin3.6). In example
II, we provide a comparison of the fully-resolved stochastic té element solu-
tion with the reconstructed ne-scale VMS solution with a quasistic subgrid

assumption, and the coarse-scale VMS solution.

We use a fully-resolved GPCE simulation of the di usion equatiorio obtain
the reference solution for comparison with the upscaled VMS solahs. We
note that the GPCE based stochastic nite element implementatn for the
stochastic di usion equation has been implemented and tested @gst Monte
Carlo and other analytical solutions by the authors [45] and o Karniadakis
et al. [36,46].

Remark 6: In both examples, we use an important assumption that the
di usion coe cient can be represented using a few random varidls (one in
Example | and two in example I1). This is crucial to the successf@&PCE for-
mulations wherein, the number of terms required for conveegice in the GPCE
increases exponentially with the number of input random vaables [22,35]. If
the di usion coe cient has short range variability and subsequatly a steeply
decaying covariance kernel, then Monte-Carlo is the only wdor uncertainty
analysis [25,33].

5.1 Example I: Transient di usion in a functionally graded maerial

We consider transient di usion in a functionally graded materal with a dif-
fusion coe cient that has a uniform random distribution with t he following
functional form

k(x;1) = ko(x) + ka(x) (1), (54)

where, (!)is a uniform random variable between -1 and 1, and the coe ents
ko(x) and ky(x) are de ned as

!
2+ Psin(2x= o) N 2+sin(2y= o) !

2+ Pcos(2y= o) 2+ Psin(2x= o) ;
!

2+Psin@x= 1) | 2+sin@y= )

2+ Pcos(2y= 1) 2+ Psin(2x= ;) ’

ko(X)=1+

ki(x)=

where, the parameters o = 0:08 and ; = 0:04 control the periodicity of
k(x;!). The parameterP = 1:8 controls the ratio of maximum to minimum
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value of the di usion coe cient. This speci cation of the diu sion coe cient
can lead to large deviations about the mean solution (of the der of 40%).

Since the di usion coe cient can be represented using one unifm random
variable , the KL dimension of the problem is one. Hence, we use a one-
dimensional GPCE in Legendre chaos polynomials [35]. The lfutesolved
nite element solution is approximated using the following oe-dimensional,
fourth-order Legendre chaos expansion (yielding a 5 term exgsion)

ux;t; )= upg+ ug 1(1)+ up 2(1)+ ug 4(1 )+ ug 4(1);

where, (1= , 2=(3 ? 1)=2,...)[33], and the expansion coe cients (o,
Ui, Uy, ...) are deterministic functions ofx andt. The computational details
for the example are provided in Table 1.

Table 1
Computational parameters used in Example |

Coarse mesh discretization 20 20 and 10 10, respectively
Subgrid mesh discretization 10 10 and 20 20, respectively

GPCE on coarse grid 1-dimensional, 3rd order Legendre chads
GPCE on subgrid 1-dimensional, 3rd order Legendre chaos
Mesh for fully-resolved case 200 200

GPCE for fully-resolved case 1-dimensional, 4th order Legen#& chaos
Coarse time step used & 2 (non-dimensional)

Subgrid time step used E 3 (non-dimensional)

Time step for fully-resolved case & 4 (non-dimensional)

Times for comparison of solutions @05 and Q2

Duration of simulation 0 to 0:2 (non-dimensional)

Burn-in time for VMS simulation 0 :05

As a representative example, we consider the decay of a sine hiithatime.
This example comprises of an initial sinusoidal temperature stribution that
decays with time. It is of interest to study the e ect of upscalirg error on the
solution pro le by comparing the VMS solutions with a fully-resdved nite-
element solution.

The initial and boundary conditions are deterministic and ae chosen as fol-
lows:

u(x;0;!)=sin( x)sin(y); (x;y) 2 [0; 1];
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Ujx=0 = Ujx=1 = Ujy=0 = Ujy=1 = 0:

To assess the accuracy of the upscaling algorithm and to calcidathe prop-
agation of upscaling error with time, we performed three simations: (i) A
fully-resolved stochastic FEM computation, (ii) Stochastic VMScomputation
with dynamic calculation on the subgrid (C2S map and the a ne orrections
are calculated and stored for each coarse time step), and (iijdg8hastic VMS
computation with a quasistatic subgrid assumption (a steady-statsolution is
obtained for the C2S map and the a ne correction at the start ofthe compu-
tation).

Comparison of fully-resolved and stochastic VMS computatisnThe recon-
structed ne-scale solution viz. (i€ + 4F + u"?) is obtained for the stochastic
VMS computations at times 005 and 02, respectively. At time 0.05, the time
level marking the end of burn-in period (see Section 3.6), thest few coe -
cients (Ug, u; and uy) in the GPCE expansion of the fully-resolved stochastic
FEM solution are shown in Figs. 2A, 2B and 2C, respectively. The sanceef-
cients (ug, u; and u,) in the reconstructed ne-scale solution obtained using
a quasistatic subgrid assumption are shown in Figs. 2D, 2E and 2F. Ther-
responding plots for a dynamic subgrid assumption are shown in Big2G, 2H
and 2lI.

The corresponding comparison plots at the nal time level @ are shown
in Figs. 3A through 3l. One striking observation from these plotss that
the quasistatic subgrid assumption seems to yield more accurateesscale
reconstructed solutions when compared with the solutions olteed from the
dynamic subgrid assumptions. We defer the argument for this phemenon
until the end of this section.

L, error between fully-resolved and reconstructed ne-scalelstions: To fur-
ther check the accuracy of the proposed stochastic VMS method Wwitespect
to the coarse and ne-scale discretizations, we perform simulats for two
di erent con gurations: (i) A 20 20 coarse-mesh with a 10 10 subgrid
mesh in each coarse element, and (ii) A 1010 coarse-mesh with a 20 20
subgrid mesh in each coarse element. The error terms for a quadistaub-
grid assumption are plotted as a function of time for the case of B0 10
coarse-mesh with a 20 20 subgrid mesh in Fig. 4A and a 20 20 coarse-mesh
with a 10 10 subgrid mesh in Fig. 4B. The corresponding error plots for the
dynamic subgrid with a burn-in time of 0.05 are given in Figs. 4@Gnd 4D,
respectively. The various error terms in GPCE coe cients arescaled in order
to show them on the same plot.

There are two observations to be made from the error plot:
(1) The error values for the quasistatic subgrid assumption arensistently

lower than those with a dynamic subgrid assumptiofhis is attributed
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Fully-resolved stochastic FEM simulation

A (B) (©) -

1 1 BE 02 7 1E-02 1.2E-01 1.8E-01 2. 3E 01 1 -2 ZE-UZ -7 4E-02 -55E-02 -37E-02 -1 BE-DZ

Reconstructed VMS solutlon with quasistatic subgrid

(D) (E) (F)

18E02 71E-02 1.2E-01 1.8E-01 23E-01 92E02 -7.3E-02 -5.5E-02 -3.7E-02 -1.8E-02 88E04 3.9E-03 7.0E-03 1.0E-02 1.3E-02

1E @ E

Reconstructed VMS solutlon with dynamic subgrld

(G) (H) ()

D 0.25 05
X

05
X X X

Fig. 2. Example | - Decay of a sine hill (results at time = 0:05): A, B and C:
Coe cients ug, u; and u, obtained from the GPCE of the fully-resolved stochastic
nite element solution. D, E and F: Coe cients ug, u; and u, obtained from the
GPCE of the ne-scale reconstruction of the VMS solution with a quasistatic subgrid
assumption. G, H and I: Coe cients ug, u; and u; obtained from the GPCE of the
ne-scale reconstruction of the VMS solution with a dynamic subgrid assumption.

to the insu cient accuracy of the boundary conditions and intial condi-
tions provided for the subgrid C2S map and the subgrid a ne comction
term. It is assumed that at the start of simulation that the subgrid C2S
map and the a ne correction terms are identically zero in edt coarse
element. This implies that the boundary conditions for the @S map are
essentially de ned at the coarse-scale. Hence, until the subgridlgtions
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Fully-resolved stochastic FEM simulation

(©)
| i

1 made=04 13E-03 22E.03 3.2E.03 4.2FE.03

(A)
-

1 mZahE=04 2.0E-03 36E-03 51E-03 6.6E.03

05
X X X

Reconstructed VMS solution with quasistatic subgrid
(D) (E) (F)

Reconstructed VMS solution with dynamic subgrid

(G) (H) ()

> 05

0.25 025

0.5 0.5

X X X

Fig. 3. Example | - Decay of a sine hill (results at time = 0:2): A, B and C: Coe -

cients ug, u1 and u, obtained from the GPCE of the fully-resolved stochastic nite
element solution. D, E and F: Coe cients ug, u; and u, obtained from the GPCE
of the ne-scale reconstruction of the VMS solution with a quasistatic subgrid as-
sumption. G, H and I: Coe cients up, u; and u, obtained from the GPCE of the
ne-scale reconstruction of the VMS solution with a dynamic subgrid assumption.

evolve in time and reach an appreciable value, the coarse-scedriational
formulation will contain a negligible subgrid contribution Further, the ef-
fect of subgrid contribution of initial conditions on the evdution of a ne
correction term is not accounted for. Unless, these shortcomingse re-
solved (as a part of future research), a quasistatic subgrid assungt is
a better alternative to the dynamic subgrid assumption.
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Fig. 4. Example | - Decay of a sine hill: Plot of L, error in GPCE coe cients vs
time: (Quasistatic subgrid case) A. For a 10 10 coarse-mesh with a 20 20 subgrid
mesh, B. For a 20 20 coarse-mesh with a 10 10 subgrid mesh. (Dynamic subgrid
case) C. For a 10 10 coarse-mesh with a 20 20 subgrid mesh, D. For a 20 20
coarse-mesh with a 10 10 subgrid mesh.

(2) The error term E; has a non-monotonic behavioinitially, the solution is
deterministic. As we step in time, the higher-order terms in GPE of the
solution begin to evolve. The maximum rate of evolution is fothe rst-
order term and hence the error increases. However, further allea time,
the error terms stabilize and show pronounced decaying chatagstics.

5.2 Example II: Transient di usion in a two-phase microstructire

A gray scale image of a representative two-phase @nd ) microstructure is
shown in Fig. 5 [47]. The intensities (I) are scaled to [0,1]. Lgiure -phase
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Fig. 5. A gray scale plot of a two-phase (- ) microstructure. The intensities are
scaled to the interval [0,1] with zero representing the pure -phase and one repre-
senting the pure -phase.

and pure -phase be associated with scaled intensitidss= 0 and | = 1,
respectively. Any other intensity value between 0 and 1 is assotgd with a
mixture of and phases.

Probability model { We assume that the pure and pure -phases have the
following uniformly distributed thermal conductivities

k()=Ko+kia(); andk (1)= Ko+ K 1 2(1); (55)

where, 1(! ) and (! ) are two independent uniform random variables de ned
on the interval [-1,1]. We use the following mixture model fode ning the
thermal conductivity at a given location on the microstructue:

kOGt)=(k (1) k({NIx)+ Kk (1), (56)

where, 1 (x) is the scaled intensity at a pointx on the microstructure. Thus,
Eq. (56) yields the following two-dimensional random varidle model for ther-
mal conductivity:

K1) = ko(x) + ki(x) 1(! ) + ka(x) 2(!);
Ko(X)=(k o Kk o)l (X)+ K o;
ki(x)=k 1(1  1(x)); and ka(x) = k 11 (x): (57)

GPCE model { Since the input distribution is uniform (two- dimensional),
a two-dimensional, third-order Legendre chaos expansion &ding a 10 term
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Table 2
Computational parameters used in Example I

Coarse mesh discretization 20 20 and 10 10, respectively

Subgrid mesh discretization 10 10 and 20 20, respectively

GPCE on coarse grid 2-dimensional, 3rd order Legendre chaos
GPCE on subgrid 2-dimensional, 3rd order Legendre chaos
Mesh for fully-resolved case 200 200

GPCE for fully-resolved case 2-dimensional, 4th order Legena chaos
Coarse time step used & 3 (non-dimensional)

Subgrid time step used ® 4 (non-dimensional)

Time step for fully-resolved case & 3 (non-dimensional)
Times for comparison of solutions @05 and Q2
Duration of simulation 0 to 0:2 (non-dimensional)

Burn-in time for VMS simulation 0 :05

expansion) was used for representing the solution. The rst few ties in the
expansion are shown below:

u(X;t )= Uo+ ug 1(1)+ Uz o1 )+ Uz (1) 1)=2
+us 1(1) 200)+ us(B 3(1) 1)=2+:::; (58)

where, it is tacitly assumed that the expansion coe cienta, u; and so forth
are deterministic functions ofx and t.

Here, we choose the following initial condition

Uo(x;!)=0; x=(xy)2[01] [01}! 2 ; (59)

and the following boundary conditions are imposed

kg;:O; aty=0;1; u=0;atx=1; u=1;atx=0: (60)

The computational parameters for the example are providedh iTable 2.

For the rst simulation, we used a 20 20 coarse-mesh with an underlying
10 10 subgrid mesh for each coarse element. The coe cientsy( u; and
u,) in the GPCE expansion of the solution at time 0.05 as obtainechithe
fully-resolved stochastic nite element simulation are shown irFigs. 6A, 6B
and 6C, respectively. The same coe cients obtained by reconsiction of the
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ne-scale solution (from the coarse-scale solution obtained ugitthe stochastic
VMS method) using the quasistatic assumption are shown in Figs. 6D, 6E
and 6F, respectively. The computed upscaled coarse solutiore(ithe coarse-
scale solution obtained from the VMS formulation after the appmtation of
C2S map and the a ne correction term) is shown in Figs. 6G, 6H andbl,
respectively. In order to compare the upscaled coarse solutiam farious coarse
discretizations, we recomputed the coarse solution for a 1010 coarse-mesh
with an underlying 20 20 subgrid mesh. The results are shown in Figs. 6J, 6K
and 6L. It can be observed that the coarse solution is more di usedhis
indicates that the coarse-mesh requires an optimum discretizan level for
maintaining solution accuracy. More research is required imis regard. Finally,
the corresponding coe cients at time 02 are shown in Figs. 7A through 71.

Plots showing comparison of higher-order GPCE coe cients in he fully-
resolved stochastic nite element solution and the reconstructe ne-scale
VMS solution are shown in Figs. 8A through 8F. It can be noticed thathe
GPCE coe cient ug in the reconstructed ne-scale VMS solution exhibits os-
cillations and is consequentially incorrect. This could bettibuted to the L,
nature of the upscaling method. It can be noticed that the scalef the us term
(order of 10 7) is negligible in comparison with the mean solutiomiy (order of
10 1) or the rst-order GPCE coe cients u; and u, (order of 10 # and 10 3,
respectively). As a result, the contribution of error inus to the L, error in the
upscaled solution is negligible. To improve the solution quai for such small
GPCE terms, we would require a weighted upscaling technique.his would
be a part of our future research.

6 Conclusions

A stochastic variational multiscale formulation was proposedof addressing
transient di usion problems in random heterogeneous media thithe di usion
coe cient having multiple length scales. The main idea was to apture the
di usion dynamics on a highly coarse-mesh by including locakdl solutions
to subgrid problems. For this, the variational formulation forthe governing
di usion equation was decomposed into a coarse-scale and a subtgscale
part. The subgrid part was then localized in each coarse elentesub-domain
and a class of subgrid models was derived for one-step geneedirapezoidal
time integration rules. The generalized polynomial chaos rnied was used for
representation and solution of all the resulting stochastic PDE&he coarse
variational formulations and the localized subgrid problers).

The algorithms presented do not yet consider the e ect of resonee error
in linking the coarse and ne/subgrid scales in any rigorous datl. Further
requirements include developing a mathematically consisteadaptive algo-
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Fully-resolved stochastic FEM simulation
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Fig. 6. Example Il - Di usion in a microstructure (results at time 0:05): Coe cients
Ug, Uz and u in the GPCE of the solution for the following: A, B and C: Fully -re-
solved stochastic nite element solution, D, E and F: Fine-s@le reconstruction of the
VMS solution with a quasistatic subgrid assumption (20 20 coarse-mesh, 10 10
subgrid mesh), G, H and I: Coarse-scale solution (20 20 coarse-mesh), J, K and
L: Coarse-scale solution (10 10 coarse-mesh).
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Fully-resolved stochastic FEM simulation

(A) (B) (©€)

Reconstructed VMS solution with quasistatic subgrid

(D) (E) F

Coarse VMS solution (20 20 coarse-mesh)

(G) (H) (N
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J) (K) L)

Fig. 7. Example Il - Di usion in a microstructure (results at time 0:2): Coe cients
Uo, U; and u, in the GPCE of the solution for the following: A, B and C: Ful-
ly-resolved stochastic nite element solution, D, E and F: Fine-scale reconstruction
of the VMS solution with a quasistatic subgrid assumption (20 20 coarse-mesh,
10 10 subgrid mesh), G, H and I: Coarse-scale solution (20 20 coarse-mesh), J,
K and L: Coarse-scale solution (10 10 coarse-mesh).
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Fully-resolved stochastic FEM simulation

(A) (B) (©)

Reconstructed VMS solution with quasistatic subgrid

(D) (E) (F)

Fig. 8. Example Il - A, B and C: Fully-resolved stochastic FEM simulation: Coe -
cients us, us and us in the GPCE expansion of the solution. D, E and F: Fine-scale
reconstruction of the stochastic solution using a quasistdc subgrid assumption in
the VMS simulation: Coe cients us, us and us in the GPCE expansion of the
solution obtained at time 0:2 (non-dimensional).

rithm for selecting the number of element sub-divisions in eache-scale mesh,
adaptive generation of subgrid bases and other. Also to be consie in fu-

ture works are the issues of improving ne-scale reconstructioof the sto-
chastic solution using a weighted subgrid model. These issues arerently

being addressed for extending the current VMS algorithms to theolution of
advection-dominant problems in heterogeneous media.
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