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ABSTRACT

This paper presents a finite element solution to an
inverse solidification design problem. In particular, we
consider solidification with natural convection in a fixed
mold of an initially superheated liquid material. The
boundary heat flux ¢, in the mold wall is designed
such that a desired growth velocity and heat fluxes are
achieved in the isothermal solidification front. From
growth and stability analyses of solidification, it is well
known that the above interface quantities define the
type and scale of the obtained solidification microstruc-
tures. As such the control of interface quantities has a
paramount importance in the eventual design of cast
materials with desired mechanical properties.

The inverse problem is mathematically posed as the
optimization problem of minimizing the square error be-
tween the calculated temperature at the interface and
the given melting temperature. The gradient of this
cost functional is calculated via the solution of an ap-
propriate adjoint problem. The minimization is per-
formed by the conjugate gradient method via the solu-
tion of the direct, adjoint and sensitivity problems.

In this paper, the inverse methodology is demon-
strated with the following design solidification problem.
Let us suppose that we know the solution of a direct Ste-
fan problem (conduction based solidification). We will
then calculate the required modifications to the bound-
ary heat flux such that the growth velocity and interface
heat fluxes in solidification in the presence of natural
convection remain the same as those in the Stefan prob-
lem. In principle this design problem will demonstrate
a technique that eliminates the effects of convection on
the freezing interface morphology.

INTRODUCTION

Inverse and design solidification problems are the
subject of intense research. Here, we concentrate on
design solidification problems where the objective is
to control the cooling boundary conditions in order to
achieve desired growth velocities and freezing interface
heat fluxes ([1]-[4]). It is known from a microstruc-
ture development analysis that control of the freezing

interface fluxes and of the growth velocity can lead to
desired cast structures and mechanical properties in the
final cast product [5].

Most of the examined design solidification problems
take the form of an inverse problem where one calculates
the heat flux conditions in part of the boundary from
over-specified boundary conditions at another part of
the boundary. Inverse convection problems were ad-
dressed earlier by Cuvelier [6] and more recently by
Gunzburger and colleagues [7]-[8]. In the definition of
their problem, the flow field was assumed known and
it was not dynamically coupled with the heat transfer
analysis.

The main features of the present work is the dynamic
coupling of the fluid flow and heat transfer analysis in
the inverse and direct analyses. The design problem is
stated as a functional optimization problem in the Lo
space. The gradient of the cost functional is obtained
via the solution of an adjoint continuous problem. Tem-
perature and fluid velocity sensitivity fields are also de-
fined and used in the implementation of the conjugate
gradient method.

A streamline upwind /Petrov-Galerkin finite element
method is used to solve the direct, sensitivity and ad-
joint problems. An example problem is finally presented
to demonstrate the potential applications of the present
methodology.

INVERSE FORMULATION

Let us consider that the domain (2 is occupied by the
liquid melt of a pure substance and that solidification
starts at time ¢ = 0. Let us denote the temperature
and velocity fields as T'(x,t), and v(x,t), respectively.
Let T’ be the boundary of 2. Based on the type of the
applied thermal boundary conditions, I' is divided into
the solid-liquid freezing interface 'y that is at the melt-
ing temperature Ty,, the boundary I'; where essential
boundary conditions are applied, the boundary I';, of
natural (flux) boundary conditions, and the boundary
I', where an unknown flux ¢, is applied.

Let us introduce a length scale [ and a time scale [* /«
where « is the thermal diffusivity of the liquid melt.
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The dimensionless temperature is defined as 8 =

Sptuve = V-V (1)

%—?—FU-VU = V-0 — RaPrbe, (2)
o = —pI+Pr[Vu+ (Vu)l] (3)

V-u = 0 (4)

0(x,0) = bOin(x),z €N (5)

u(xz,0) = 0,z e (6)
w(@,t) = 0,(2,t) €T x [0, bmas] (7)

Oz, t) = 6,4, (z,t) €Ty x[0,tmaz] (8)

@) = a0, @0 €T x [0, tna] (9)
@t = e, (o0 €T x 0, hmas] (10
@) = alet), (.)€ Ty x 0 far] (1)

Here, Pr is the Prantdl number (ratio of kinematic vis-

cosity v and «), Ra = W is the Rayleigh num-
ber with 8 the thermal expansion coefficient, o is the
dimensionless stress tensor, p is the dimensionless pres-
sure, I is the unit tensor and eq is the unit vector in
the direction of gravity. Here 6(x,t;q,) and u(x,t;q,)
are solutions of the direct problem for each boundary
heat flux condition ¢, at T',.

In the design problem of interest, the temporal po-
sition of I'y is known. The main goal is to calculate
the heat flux ¢, that is imposed on I',. This can be
done by minimizing S(g,) which measures the discrep-
ancy between the calculated temperature T'(z,t;q,),
(z,t) € 1 X [0, tmaz] and the given interface tempera-
ture 8§ =0 (T = Ty,):

1
S(g.) = §||9(m,t)||%2(r,x[0,tmw])
1 fimes
= —/ O(x,t)*dldt (12)
2 0 I'r
It can be shown [9] that the derivative S’(g,) of the cost
functional in the Lo(T'; X [0, timaee]) space is:
S'(qo(x,t)) = U(x,t), (x,t) €Ty X (0,tmaz) (13)

The ¥(x,t) is the adjoint temperature, which is coupled
with an adjoint velocity field ¢(x,t). They are calcu-
lated from the following well-posed adjoint problem [9]

%—‘eru-w = -V +¢p-e, (14)
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56_‘? +u-Vo—(Vu)'¢p = -V C+PrRa¥Ve
(15)
((x,t)=—nI + Pr[Ve¢+ (V)] (16)
V-¢p = 0 (17)
U(x,tmaz) = 0, TN (18)
¢(m;tmaz) = 0, e (19)
¢(m7t) = 0, (mvt) el x [O)tmam] (20)
U (x,t) 0, (x,t) €Ty x[0,tmaz] (21)
g—:(w,t) = 0, (x,t) € (Th+T,) xI0,tmaz]
(22)

g—: —(vp-n)¥ = 0, (x,t) €1 x[0,tmaz]

(23)

where ( is the adjoint stress tensor, m is the adjoint
pressure, 1 is the normal pointing out of I'y and vy is
the dimensionless known velocity of I';.

To perform the optimization procedure and min-
imize S(g,), we will also need to define a sen-
sitivity problem. The sensitivity temperature field
O(z,t;¢0,Aq) = Dag,b(x,t;49,), and the sensitivity
velocity field U (z,t; 90, Ago) = Dag,u(z,t;q,) are de-
fined as the linear in Ag, parts of 8(x, t; ¢, + Ag,) and
u(x,t; qo + Ag,) calculated at gy, i.e.

0(x,t;q0 + Ago) = 0(z,t;q0) + O(x, 1560, Ago)
+ O(|| Ago ||%2(FDX[O,tmam])) (24)
u(x,t;qo + Ago) = u(x,t;9,) + Uz, 1590, Ago)

+ O(|| Ago ||%2(FDX[O,tmam])) (25)

The governing equations for the sensitivity problem are
as follows:

aa—(;)+u-ve)+U-vo = V-VO (26)
oU
W‘FUVU‘FUVU = V'Z—PTRG,G)QQ
(27)
Y =-_MI+ Pr [VU+ (VU")] (28)
V.U = 0 (29)
O(x,0) 0, e (30)
Uz,0) = 0, weQ (31)
U(z,t) = 0, (x,t) €T x[0,tmaz (32)
O(x, t) 0, (@,t) €T, x[0,tmar]  (33)
D@t = 0, @0) € Mu+Tr) 0, bnas]
(34)
DOw.t) = Ag(e),(@.1) € Ty x [0, hac)
(35)



where ¥ is the sensitivity stress tensor and II is the
sensitivity pressure.

We have outlined the definition of the continuous
direct, adjoint and sensitivity problems. The conjugate
gradient method (CGM) is used for the minimization
of the cost functional S(g,). It constructs a sequence:
¢, qt, ..., ¢*,..., to approach the optimal minimizer
o [10]. The procedure is the following:

Step A: Make an initial guess of ¢2(z,t) € L2(T, x
[0, tmaz]) and set k=0

Step B: Calculate the conjugate search direction
pk(m,t)’ (m7t) 6 FO X [Oytmaz‘]

1. Solve the direct problem for #(z,t;q*) and

u(x, t;q})

2. Compute the residual §(z,t; ¢*) for (z,t) € [y x
[07 tmaz]

3. Solve the adjoint problem backwards in time for
U(z,t;q)

4. Set S'(qh) = ¥(x,t;qf)

5. Set v¥ = 0, if k = 0; otherwise:

b (5'(11'5),5’(%’3) — 545 ™")) Lo(T x[0,t mae])

H SI( ) ”LZ(F x|

0,tmax])

6. Define p*(z,t), If k = 0, p° = —S'(¢*); Other-
wise, pb = —§'(qk) (@, 1) + 7"~

Step C: Calculate the optimal step size a*

1. Solve the sen51t1v1ty problem for O(z,t;q",p*)
and U (z, 1, p)

2. Calculate o* by

k_ _(Sl(qg)apk)Lz(FoX[O,tm”])
1O, 2505, 0%) 117, (1, %[0, 6]

Step D: Update ¢tti(z,t) =
(z,t) € Ty X [0, timaz]

Step BE: If ||g8™ — ¢¥||1o(r. x(0,tme.] < € (specified
tolerance), stop;  Otherwise, set k = k + 1 and go to
Step B.

gk (z,t) + ofpF(x,t),

The inner product in the Lo space involved in the
CGM procedure is defined as:

tmaaz
(. 9) Lot 0tl) = / / fgddt  (36)

NUMERICAL IMPLEMENTATION
Let us consider liquid aluminum at a uniform ini-
tial temperature T;(7; > T,,), that is confined in a
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rectangular mold. The top and bottom walls are al-
ways kept adiabatic. The schematic configuration is
shown in Figure 1. From ¢t = 07, the left vertical wall
(zx = 0) is dropped to a temperature To(To < Tn),
and maintained at that temperature for ¢ > 0. We
have taken the thermo-physical properties as: con-
ductivity ks = k; = 0.0548 kcal/ms°C, specific heat
cs = ¢ = 0.2526 keal /kg°C, density p = 2650 kg/m?,
latent heat L = 95.0 kcal/kg, thermal expansion coeffi-
cient 3 = 3.84 x 107°°C~', Pr =0.0149, T}, = 660°C.
Also, T; = 697.5°C, Ty = 472.5°C. The dimensions
of the enclosure are chosen as 5 e¢m x 10 em. The
length scale is chosen as [ = 5 ¢m. The above prop-
erties correspond to an inverse Stefan number in the
liquid of € = ¢(T; — Tn)/L = 0.1, a constant di-
mensionless solid boundary cooling temperature 6, =
(To — Tn)/(T; — Tp,) = —5.0, and Ra = 10*.

If there is no convection in the liquid region (Ra = 0)
and the right vertical wall z = 1 is kept adiabatic,
the direct problem is reduced to a one-dimensional two
phase Stefan problem. A singular perturbation solution
[11] is available which describes the solid-liquid inter-
face s(t) as follows:

s(t) €2 (—200t)% + € Z{

- \/ﬂ-_/t er ™ 2
G+ hpeflUTs )f]} O(e?) (37)

With this position (Figure 2), one can perform a di-
rect moving/deforming FEM heat conduction analysis.
The left boundary of the liquid region is moving with
vy = §(t) and a fixed dimensionless melting tempera-
ture @, = 0, while on the right boundary = = 1, the
heat flux is given as ¢, = 0. From the above direct anal-
ysis with the initial mesh shown in Figure 3, a uniform
heat flux qr(¢) along the moving interface x = s* can
be obtained (Figure 4).

In the presence of natural convection(Ra # 0), the
flat solid-liquid interface will be distorted and q;(y,t)
will not be uniform along the interface.

As such we pose the following question: Can we ad-
just the boundary cooling conditions g, = 0 such that,
in the presence of convection, solidification results in
a flat interface moving as described by equ. (37) and
with the uniform heat flux ¢;(¢) as given in Figure 47

Here, we assume that there is a non-zero g, (y, t) that
will compensate for the convection induced geometrical
and thermal deviation of the solid-liquid interface from
the state corresponding to the pure conduction case.
In the remaining of the section, only the inverse design
problem in the liquid region needs to be solved. Similar
inverse problems in the solid phase have been addressed
elsewhere [4].

A fixed constant number of 20 x 20 non-uniform

e LG+t



quadrilateral elements is used, as shown in Figure 3
for ¢ = 0. Bilinear shape functions are used for both
temperature and velocity. The penalty number for the
incompressibility condition is 108. A moving finite ele-
ment approach is taken to handle the shrinking of the
liquid region. A streamlined upwind Petrov-Galerkin
scheme is used for the direct, adjoint and sensitivity
problems [12]. The details of the matrix formulation
and time integration for the direct, adjoint and sensi-
tivity problems can be found in [9]. The time steps are
At = 2x107* up to t = 0.01 and At = 0.001 after-
wards. A total of 800 steps was used until ¢4, = 0.76
when solidification proceeds up to s(¢maez) ~ 0.85. The
inverse calculation is computationally intensive, each
global iteration with solutions of direct, adjoint and sen-
sitivity problems requiring about 102.4 minutes CPU
time on a DEC alpha 200 workstation with double pre-
cision arithmetic.
Adiabatic

Known N
q|(t) L% o |
I 1’ “ . L—|Unknown
—:rl | II qo(ylt)
Solid | L"iq'\ui# :
9 =9,_ | vy
x=s® |~ [
IRy
y ] \\ //
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FIGURE 1: Schematic of the Example Problem.

RESULTS AND DISCUSSION

The CGM iterations start with an initial guess
¢ (y,t) = 0 and go up to 150 iterations when ||g5*+* —
¢*|| < 10~*. The optimal temporal and spatial varia-
tions of the heat flux ¢,(y,t) at the right vertical wall
x = 1 are shown in Figure 5. Figure 6 shows ¢,(y,t)’s
spatial variation at different fixed time levels. Figure 7
presents the objective function’s values versus the iter-

ation steps of the conjugate gradient method.

The temperature and flow fields in the liquid cor-
responding to this optimal heat flux are displayed in
Figure 8 for different time levels. Each (a) of Figure
8 draws 15 levels of isotherms in the liquid region that
are equally spaced in terms of temperature value. The
lowest level # = 0 is at the solid-liquid interface x = s(t)
and the highest level touches x = 1 with its value indi-
cated as 6,4, on top of each figure.
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Part (b) of Figure 8 displays the contours of the
stream function . For each (b), there are 10 levels
of contours with equal spaced 1 values. The 9,4, =0
contour is just the boundary of the liquid melt: x =
s(t),1 and y = 0,1. As we can see, there is only one
major convection melt flow cell (anti-clockwise). The
flow field doesn’t have a top-bottom symmetry. The
magnitude of the x-component velocity |%| is larger

at the lower rather than the upper parts of the cavity.
This creates different strength of thermal advection be-
tween the upper and lower positions of the cavity. It
also explains why the initially vertical isotherms will get
distorted. In Figure 8 (a)’s, isotherms are touching the
right vertical wall: it is heated stronger at the lower cor-
ner than the middle part, while the upper corner gen-
erally gets cooled as shown in Figure 6. This boundary
heating or cooling distribution in the y-direction, ad-
justs the shapes of the isotherms by conduction and
balances the convection effects. Note that the vertical
isotherm # = 0 at the solid-liquid interface z = s(t) was
part of the design solution as becomes obvious by the
definition of the cost functional S(g,).

The temporal characteristics show a strong growth
of convective flow first, a maximum of flow at about
t = 0.15 ~ 0.25 before the flow eventually starts to die
out.

Similar trends exist for the thermal input q,(y,t) at
the boundary x = 1. However, as can be seen from Fig-
ures 5 and 6, the corner boundary heating and cooling
are maximum at the very beginning of the solidification
process. This is due to the whole time domain min-
imization process and can be easily understood. The
boundary heat flux ¢, is adjusted early in time so that
at later times it can influence the convection effects on
the freezing interface.!

The solution ¢,(y,t) is close to zero when t > 0.45
because the temperature field is already nearly uniform
and convection is very weak. This rules out the possi-
bility that our solution is suffering from the end time
condition induced by the initial guess of ¢,(y, tmaz) =0
[9], i.e. timae = 0.76 is large enough to overcome the end
condition difficulty characteristics of adjoint formula-
tions.

CONCLUSIONS

In this work an infinite dimensional formulation is
presented for the design of solidification processes with
desired freezing front heat fluxes and growth velocity.
Consistent direct, sensitivity and adjoint differential
(continuum) natural convection problems were defined
and solved using a streamline-upwind/ Petrov-Galerkin
FEM algorithm. It is the first time that such formula-
tions have been possible for convection based solidifi-

I There is a certain amount of time before heat flux changes in y
and time can be felt in the calculated temperature T'(x,¢; ¢o) at the
freezing interface. The required time is higher at earlier times when
the interface is at a considerable distance from the fixed wall (z = 1).



cation design and the success of the preliminary results
points to a number of significant applications in casting
process design. In addition to a further rigorous testing
of the proposed algorithms, we plan to extend the pre-
sented methodology to alloy solidification and examine
design problems related with the freezing interface sta-
bility and growth (control of the cast microstructures)
and with macrosegregation and porosity development
in castings.
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