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ABSTRACT
A methodology for the solution of an ill-posed inverse

magneto-convection problem is proposed. In particular, an in-
compressible, viscous, electrically conducting liquid material oc-
cupying a domain Ω is considered. Convection is driven by buoy-
ancy effects and an applied magnetic field. Thermal boundary
conditions are only prescribed in the part (Γ�Γh0) of the bound-
ary Γ. In addition, the temperature distribution is also prescribed
in the part ΓI of the boundary Γh1 where the heat flux is known,
i.e. ΓI is a boundary with overspecified thermal boundary con-
ditions. The inverse problem is posed as a functional optimiza-
tion problem for the calculation of the boundary heat flux qo(x; t),
with (x; t)2 (Γh0� [0; tmax]). To account for random errors in the
given temperature data, a H1 type regularization is introduced.
The gradient of the cost functional is obtained from appropriately
defined adjoint fields. The optimization algorithm is solved us-
ing the conjugate gradient method. The method is demonstrated
through the solution of an inverse problem with known results.
Finally, some potential applications are identified.

NOMENCLATURE
English:
Bo Applied magnetic field
c Specific heat
eg Unit vector in the direction of gravity
eB Unit vector in the direction of Bo
E Electric field intensity��∇ϕ

�Address all correspondence to this author.

Ha Hartmann number �

��
σe
ρν

�1=2
BoL

�
I Unit second order tensor
J Electric current density
J Cost functional
J 0 Gradient of the cost functional
k Conductivity
L Length scale
L2 Square integrable function space
nsd Space dimension (1;2;3)
p Dimensionless pressure
Pr Prandtl number � ν=α
q Dimensionless heat flux
ℜ nsd Real vector space
Ra Rayleigh number � gβ(Tin�Tre f )L3

=να
t Dimensionless time
T Actual temperature
Tin Initial temperature
Tre f Reference temperaturebv Fluid velocity vector
v Dimensionless fluid velocity vector
V The sensitivity velocity field �D∆qo v(x; t;qo)
x Dimensionless spatial coordinates in Ω
Greek:
α Thermal diffusivity� k=ρc
β Thermal expansion coefficient
Γ Boundary of the domain Ω
Γg Dirichlet boundary of the domain
Γh Neumann boundary of the domain
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Γh0 Boundary with unknown heat flux
Γh1 Boundary with known heat flux
ΓI Boundary with prescribed temperature and heat flux
θ Dimensionless temperature � (T �Tre f )=(Tin�Tre f )

θm Prescribed temperature in ΓI

Θ Sensitivity temperature field �D∆qo θ(x; t;qo)

η Adjoint electric potential field
Π Sensitivity pressure field �D∆qo p(x; t;qo)

ρe Electric charge density
σ Dimensionless stress tensor
σe Electrical conductivity
Σ Sensitivity stress tensor �D∆qoσ(x; t;qo)

π Adjoint pressure
ζ Adjoint stress tensor
φ Adjoint velocity field
ψ Adjoint temperature fieldbϕ Electric field potential
ϕ Dimensionless electric field potential� bϕ=αBo

Φ Sensitivity electric potential field � D∆qoϕ(x; t;qo)

Ω Domain
ωn Uniformly distributed random numbers in [�1;1]

INTRODUCTION
Many design problems can be posed as inverse problems

in which incomplete information is prescribed on one part of
the boundary, whereas overspecified boundary conditions are
supplied on another part of the boundary or inside the do-
main. These problems are ill-posed in the sense that their so-
lution (if it exists) is unstable to perturbations in the given data
[1;21;22]. Applications to convection problems can be found in
[4;6;7;13;15;20;21;22].

In recent years, considerable research efforts have been di-
rected towards the design of fluid flow systems in the presence
of a magnetic field. Examples include the design of self-cooled
liquid-metal blanket of a magnetically confined fusion reactor [9]
and a number of applications in materials processing including
electro-magnetic stirring of continuous castings and control of
microstructures in semiconductor crystal growth [16;20]. In this
paper, a free convecting, incompressible, electrically conducting,
viscous fluid in the presence of a strong applied magnetic field is
considered. The design problem of interest refers to the calcula-
tion of the heat flux history in part of the boundary that results in a
desired temperature distribution in another part of the boundary,
where the heat flux is prescribed. This inverse problem is of rele-
vance to many engineering systems involving fluid flow and heat
transfer in a strong magnetic field (e.g. see [15] for an application
to the design of solidification processes).
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Figure 1. SCHEMATIC OF THE INVERSE MAGNETO-CONVECTION

PROBLEM.

FORMULATION
Let Ω be a closed bounded region in ℜ nsd , with a piecewise

smooth boundary Γ (Fig. 1). The region is occupied by an incom-
pressible electrically conducting fluid and is subject to an external
constant magnetic field Bo in a non-isothermal environment. The
motion of this fluid is initiallydriven by temperature induced den-
sity gradients. Motion in the presence of a magnetic field B will
give rise to a Lorentz force F acting on the fluid:

F = ρeE+J�B (1)

The electric current density is governed by Ohm’s law:

J = ρebv+σe(�∇ bϕ+bv�B) (2)

We assume that the walls of the cavity are electric insulators and
that the induced magnetic field is negligible with respect to the
imposed constant magnetic field Bo. This condition generally
holds good in liquid metal and semiconductor melts due to the
small magnetic Reynolds number in these systems. We assume
that the conducting fluid is approximately grossly neutral and
hence the charge density ρe is actually the excess charge density,
which is very small in liquid metal melts. Hence, the terms ρeE
and ρebv in Eqs. (1) and (2), respectively, are neglected [3;12].
The conservation of electric current ∇ �J = 0 can then be used to
eliminate J and to write the governing equations in terms of bϕ.
The governing equation for bϕ is as follows:

∇ 2bϕ = ∇ � (bv�B) (3)

Thus, Eq. (3) gives the potential function and this function along
with Bo determines F in Eq. (1). The resulting induced flow is
modeled using the Navier-Stokes equations employing a Boussi-
nesq approximation to handle density change due temperature
variations in the fluid. Note that only dimensionless quantities
will be used in the rest of this paper (see the Nomenclature for
the definition of the various dimensionless quantities).
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In the part Γh of the boundary Γ, we assume that a heat flux
boundary condition is applied, whereas in the remaining part of
the boundary, Γg, a temperature boundary condition is consid-
ered (Fig. 1). However, the distributionof the boundary heat flux
on Γh0 � Γh is not known (Γh0[ Γh1 = Γh;Γh0\ Γh1 = /0). The
known flux and temperature distributions are given below:

θ(x; t) = θg(x; t); (x; t) 2 Γg � [0; tmax]; (4)

q(x; t)� ∇θ (x; t) �n = q1(x; t); (x; t) 2 Γh1� [0; tmax]; (5)

and the unknown flux distribution on Γ h0 is

q(x; t)� ∇θ (x; t) �n= qo(x; t); (x; t)2 Γh0� [0; tmax]: (6)

Box I
DIRECT PROBLEM TO DEFINE θ(x; t;qo), v(x; t;qo) AND

ϕ(x; t;qo)

∂θ(x; t)
∂t

+v(x; t) � ∇θ (x; t)= ∇ 2θ(x; t); (x; t) 2 Ω� [0; tmax] (7)

∂v(x; t)

∂t
+(∇ v(x; t))v(x; t) = ∇ �σ(x; t)�RaPrθ(x; t)eg

+ Ha2Pr [�∇ϕ (x; t)+ v(x; t)� eB]� eB; (x; t) 2 Ω� [0; tmax] (8)

σ(x; t) =�p(x; t)I+Pr[∇ v(x; t)+ (∇ v(x; t))T]; (x; t) 2 Ω� [0; tmax] (9)

∇ � v(x; t) = 0; (x; t) 2Ω� [0; tmax] (10)

∇ 2ϕ(x; t) = ∇ � (v(x; t)� eB); (x; t) 2Ω� [0; tmax] (11)

θ(x;0) = θi(x); v(x;0) = vi(x); x 2 Ω (12)

v(x; t) = 0; (x; t) 2 Γ� [0; tmax] (13)

θ(x; t) = θg; (x; t) 2 Γg� [0; tmax] (14)

∂θ
∂n

(x; t) = q1(x; t); (x; t) 2 Γh1� [0; tmax] (15)

∂θ
∂n

(x; t) = qo(x; t); (x; t) 2 Γh0� [0; tmax] (16)

∂ϕ
∂n

(x; t) = 0; (x; t) 2 Γ� [0; tmax] (17)

The objective is to calculate the unknown heat flux
qo(x; t); (x; t) 2 Γh0 � [0; tmax] given Eqs. (4–5) and some
additional temperature data. In this work, it is assumed that the
temperature field is known in ΓI � Γh1, i.e.

θ(x; t) = θm(x; t); (x; t)2 Γ I � [0; tmax]; (18)

The overspecified thermal boundary conditions on ΓI are
used to define an ill-posed inverse problem that can be solved
to calculate qo on Γh0. Once qo is computed, a direct magneto-
convection problem can be solved for the calculation of the tem-
perature, velocity and electric field potential for each (x; t)2Ω�

[0; tmax].

In this work, it is assumed that a solution to the inverse
problem exists in the sense of Tikhonov [19]. A quasi-solution
q̄o(x; t) 2 L2(Γh0 � [0; tmax]) is needed such that J(q̄o) � J(qo),
8 qo 2 L2(Γh0� [0; tmax]), where:

J(qo) =
1
2
k θ(x; t;qo)�θm(x; t) k2

L2(ΓI�[0;tmax])

=
1
2

Z tmax

0

Z
ΓI

[θ(x; t;qo)�θm(x; t)]
2 dΓdt: (19)

In Eq. (19), θ(x; t;qo) is defined as the solution of a direct
magneto-convection problem with thermal boundary conditions
given by Eqs. (4) and (5) and with qo(x; t) applied on Γh0. The
direct problem that defines θ, v and ϕ is shown in Box I.

To solve the above optimizationproblem, one needs to calcu-
late the gradient J 0(qo(x; t)) of J(qo). Introducing the directional
derivative D∆qo J(qo)� (J 0(qo);∆qo)L2(Γh0�[0;tmax]) and using Eq.
(19), one can write the following:

D∆qo J(qo) � (J 0(qo);∆qo)L2(Γh0�[0;tmax])

= (θ(x; t;qo)�θm(x; t);Θ(x; t;qo;∆qo))L2(ΓI�[0;tmax]); (20)

where the sensitivity fields Θ, V and Φ, are defined as the linear
in ∆qo parts of θ(x; t;qo+∆qo), v(x; t;qo+∆qo) and ϕ(x; t;qo+
∆qo), respectively, calculated at qo.

Based on Eq. (20), the calculation of the gradient J 0(qo) re-
quires the evaluation of the adjoint to the sensitivity of the tem-
perature operator. The definition of the sensitivity problem is
given in Box II followed by the corresponding adjoint problem
in Box III.

The Eqs. of Box II are derived by taking the directional
derivatives of the governing equations of Box I, in the direction
of ∆qo and calculated at the direct fields θ(x; t;qo), v(x; t;qo) and
ϕ(x; t;qo) corresponding to the boundary flux qo. The solution of
the linear sensitivity magneto-convection problem of Box II can
be used to evaluate the fields Θ(x; t;qo;∆qo), V(x; t;qo;∆qo) and
Φ(x; t;qo;∆qo).

After some lengthy calculations [11], the equations of Box
III can be derived to define the adjoint fields ψ, φ and η. With
this definition of the adjoint magneto-convection problem, it can
be shown that J 0(qk

o) is given as:

J 0(qk
o) = ψ(x; t;qk

o) for (x; t)2 Γh0� [0; tmax] (21)

NUMERICAL IMPLEMENTATION
With the analytical expression for the exact gradient of Eq.

(21), any of the standard functional minimization techniques can
be used for solving the above defined optimization problem.
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Here, the nonlinear conjugate gradient method (NCG) [10;14] is
used to minimize the cost functional J(qo). The Polak-Ribière
version of the nonlinear CG algorithm is adopted and the optimal
step size corresponding to a quadratic approximation of the ob-
jective function is used.

Box II
SENSITIVITY PROBLEM TO DEFINE Θ(x; t;qo;∆qo),

V(x; t;qo;∆qo) AND Φ(x; t;qo;∆qo)

∂Θ(x; t)
∂t

+v(x; t) � ∇Θ (x; t)+V(x; t) � ∇θ (x; t)= ∇ 2Θ(x; t);

(x; t) 2 Ω� [0; tmax] (22)

∂V(x; t)
∂t

+(∇ V(x; t))v(x; t)+ (∇ v(x; t))V(x; t) = ∇ �Σ(x; t)

�PrRaΘ(x; t)eg+Ha2Pr [�∇Φ (x; t)+V(x; t)� eB]� eB;

(x; t) 2 Ω� [0; tmax] (23)

Σ(x; t) =�Π(x; t)I+Pr[∇ V(x; t)+(∇ V(x; t))T];

(x; t) 2Ω� [0; tmax] (24)

∇ �V(x; t) = 0; (x; t) 2Ω� [0; tmax] (25)

∇ 2Φ(x; t) = ∇ � (V(x; t)� eB); (x; t) 2 Ω� [0; tmax] (26)

Θ(x;0) = 0; x 2 Ω; V(x;0) = 0; x 2 Ω (27)

V(x; t) = 0; (x; t) 2 Γ� [0; tmax] (28)

Θ(x; t) = 0; (x; t) 2 Γg� [0; tmax] (29)

∂Θ
∂n

(x; t) = 0; (x; t) 2 Γh1 � [0; tmax] (30)

∂Θ
∂n

(x; t) = ∆qo(x; t); (x; t) 2 Γho � [0; tmax] (31)

∂Φ
∂n

(x; t) = 0; (x; t) 2 Γ� [0; tmax] (32)

The stabilized FEM using an equal-order velocity-pressure
interpolation method [17;18] is adopted here for the fluid flow
sub-problem. This method achieves stabilization by adding
two terms to the standard Galerkin formulation of the prob-
lem. The first term is the well-known SUPG (streamline-
upwind/Petrov-Galerkin) term, whereas the second PSPG term
(pressure stabilizing/Petrov-Galerkin) was introduced in [17;18]
to accommodate equal-order-interpolation velocity-pressure ele-
ments. The above formulation for the fluid flow sub-problem is
combined with the SUPG formulation for the heat equation and a
classical Galerkin formulation for the electric potential equation.
The numerical methodology developed for the direct problem has
been tested extensively and is found to compare well with other
implementations [3]. The time integration scheme for the sensi-
tivity and adjoint equations is the same as that used in the direct
analysis. Due to the backward in time solutionof the adjointprob-
lem, the entire history of the solution of the direct problem needs
to be stored [21].

The gradient of the cost functional in the nonlinear optimiza-
tion problem is computed in this paper using a ‘differentiate-then-

discretize’ approach, i.e., the sensitivities and adjoint fields are
first defined in the function space framework and then are dis-
cretized. In general, the gradient of the cost functional com-
puted using this technique differs from that obtained with the
‘discretize-then-differentiate’ approach (see e.g. [4]), in which
the discretized state equations are differentiated and adjoint fields
are computed from those derivatives.

Box III
ADJOINT PROBLEM TO DEFINE ψ(x; t;qo), φ(x; t;qo) AND

η(x; t;qo)

∂ψ(x; t)
∂t

+v(x; t) � ∇ψ (x; t)=�∇ 2ψ(x; t)+φ(x; t) � eg;

(x; t) 2 Ω� [0; tmax] (33)

∂φ(x; t)

∂t
+
�

∇ φ(x; t)
�

v(x; t)� (∇ v(x;t))Tφ(x; t) =�∇ �ζ(x; t)

+PrRaψ(x; t)∇θ (x; t)�Ha2Pr[eB(φ(x; t) � eB)�φ(x; t)]

+Ha2Pr[∇η (x; t)� eB]; (x; t) 2 Ω� [0; tmax] (34)

ζ(x; t) =�π(x; t)I+Pr[∇ φ(x; t)+ (∇ φ(x; t))T ];

(x; t) 2 Ω� [0; tmax] (35)

∇ �φ(x; t) = 0; (x; t) 2 Ω� [0; tmax] (36)

∇ 2η(x; t) = ∇ � (φ(x; t)� eB); (x; t) 2Ω� [0; tmax] (37)

ψ(x; tmax) = 0; x 2Ω; φ(x; tmax) = 0; x 2 Ω (38)

φ(x; t) = 0; (x; t) 2 Γ� [0; tmax] (39)

ψ(x; t) = 0; (x; t) 2 Γg� [0; tmax] (40)

∂ψ
∂n

(x; t) = 0; (x; t) 2 (Γh�ΓI)� [0; tmax] (41)

∂ψ
∂n

(x; t) = θ(x; t)�θm(x; t); (x; t) 2 ΓI� [0; tmax] (42)

∂η
∂n

(x; t) = 0; (x; t) 2 Γ� [0; tmax] (43)

H1 REGULARIZATION
To deal with the ill-posedness introduced in problems with

random errors in the data θm, a H1 type regularization is consid-
ered. In particular, the cost functional is modified as follows:

J(qo) =
1
2
k θ(x; t;qo)�θm(x; t) k2

L2(ΓI�[0;tmax])

+
γ
2
k qo k

2
L2(Γh0�[0;tmax])

+
γ
2
k ∇ qo k

2
L2(Γh0�[0;tmax])

; (44)

where γ2 ℜ + is an appropriate regularization parameter [2;5].
The directional derivative of the cost functional becomes:

D∆qo J(qo) � (ψ(x; t;qo);∆qo)L2(Γh0�[0;tmax])
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+ γ(qo(x; t);∆qo)L2(Γh0�[0;tmax])

+ γ(∇ qo(x; t); ∇ (∆qo))L2(Γh0�[0;tmax])
: (45)

Let us denote with z(x; t) the solution to the following vari-
ational equation:

(z(x; t);w)L2(Γh0)
+ (∇ z(x; t); ∇ w)L2(Γh0)

= (ψ(x; t;qo);w)L2(Γh0)
(46)

8 w 2H1(Γh0) and for t 2 [0; tmax]. Setting w = ∆qo, the deriva-
tive of the cost functional can now be written as follows:

D∆qo J(qo) = (z(x; t)+γqo(x; t);∆qo)L2(Γh0�[0;tmax])

+(∇ z(x; t)+γ∇ qo(x; t); ∇ (∆qo))L2(Γh0�[0;tmax])
: (47)

The gradient of J(qo) with respect to the scalar product (:; :)Q �
(:; :)L2(Γh0�[0;tmax])

+(∇ :; ∇ :)L2(Γh0�[0;tmax])
is therefore given by

J 0(qo) = z+γqo (48)

Thus, to calculate the gradient of the cost functional in the case
of regularization, the solutioncomponent ψ(x; t;qo) of the adjoint
equations listed in Box III has to be first computed. An additional
variational equation has to be solved on Γh0, in particular:

�∆z(x; t)+ z(x; t) = ψ(x; t;qo) (49)

In the solution of the above equation, Neumann boundary condi-
tions are applied on ∂Γh0 (boundary of Γh0).

Note that, since the gradient of the objective functional is cal-
culated with respect to the scalar product (:; :)Q, the same scalar
product/norm has to be used in the conjugate gradient algorithm
(see Box IV).

NUMERICAL EXAMPLE
Let us consider a two-dimensional square cavity filled with

a fluid of Prandtl number equal to 0.01, a value characteristic of
liquid metals and semiconductors [3]. The fluid is initially at a
dimensionless homogeneous temperature θi = 1:0. The top and
bottom walls of the cavity are insulated (Fig. 2). The left wall
(x = 0) is maintained at a constant temperature of θm = 0 for
times t > 0 while a linear heat flux profile qo(y; t) = 1� t is ap-
plied on the right wall (x = 1:0). The Rayleigh number of the
system is 20000. The fluid contained in the cavity is subject to
a magnetic field directed at an angle 45o to the x-axis. The Hart-
mann number corresponding to this field is 75. The solutionof the

direct magneto-convection problem corresponding to the above
data with a uniform 20�20 mesh and ∆t = 0:0025 results in the
heat flux history qI(y; t) on the left wall (Fig. 3). The asymp-
totic estimate [3] for the Hartmann boundary layer thickness is
as 1=Ha � 0:01. Despite this fact, it was found through mesh-
related studies that the 20�20 mesh used here was sufficient to
accurately capture the main flow field.

Box IV
THE NONLINEAR CONJUGATE GRADIENT ALGORITHM

Step I : Make an initial guess of q0
o 2H1(Γh0� [0;tmax]), calculate

∇ q0
o and set k = 0.

Step II : Calculate the conjugate search direction pk(x;t); (x;t) 2
Γh0� [0;tmax ]:

1. Solve the coupled direct problem for θ(x;t;qk
o), v(x;t;qk

o) and
ϕ(x;t;qk

o).
2. Evaluate J(qk

o) from Eq. (44); If J(qk
o)< tolerance, set q̄o =

qk
o and stop.

3. Solve the coupled adjoint problem backwards in time for
ψ(x;t;qk

o), φ(x;t;qk
o) and η(x;t;qk

o).
4. Solve Eq. (49) for z(x;t;qk

o) for (x;t)2 Γh0� [0;tmax ] and cal-
culate ∇ z(x;t;qk

o).
5. Set J 0(qk

o) = z(x;t;qk
o)+γqk

o for (x;t)2Γh0� [0;tmax] and cal-
culate ∇ J 0(qk

o).
6. Set γk = 0, if k = 0; otherwise:

γk = (J 0(qk
o);J 0(qk

o)�J 0(qk�1
o ))Q

kJ 0(qk�1
o )k2

Q
.

7. Define pk(x;t): If k = 0, p0 =�J 0(qk
o), ∇ p0 =�∇ J 0(qk

o) ;

Otherwise:
pk =�J 0(qk

o)+γk pk�1;
∇ pk =�∇ J 0(qk

o)+γk ∇ pk�1
:

Step III : Calculate the optimal step size αk:

1. Solve the coupled sensitivity problem for Θ(x;t;qk
o; pk),

V(x;t;qk
o; pk) and Φ(x;t;qk

o; pk).
2. Calculate αk:

αk =
�

h
(J 0(qk

o);p
k)L2(Γh0�[0;tmax ])

+γ(qk
o;pk)Q

i
h
kΘ(x;t;qk

o;pk)k2
L2(ΓI�[0;tmax ])

+γkpkk2
Q

i .

Step IV : Update qk+1
o (x;t) = qk

o(x;t)+αk pk(x;t);
∇ qk+1

o (x;t) = ∇ qk
o(x;t)+αk ∇ pk(x;t); (x;t) 2 Γh0� [0;tmax].

Step V : Set k = k+1 and return to Step II.

The following inverse problem is posed:

With the bottom and top cavity walls insulatedand a known
heat flux history qI(y; t); t 2 [0;1]applied at x = 0, find the
heat flux history, qo(y; t), at the right side wall, in order to
maintain a temperature θm(y; t)� 0; t 2 [0;1], at x = 0 and
y 2 [0;1].

Note that both temperature and flux are prescribed on the left ver-
tical wall, whereas no boundary conditions are available at x = 1.
The exact solution is q̄o(y; t) = 1� t.
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Figure 3. GIVEN HEAT FLUX HISTORY qI(y; t) ON THE LEFT VERTI-

CAL WALL OF THE CAVITY.

20�20 bilinear uniform rectangular elements are used in the
analysis of the direct, sensitivity and adjoint problems, with time
step ∆t = 0:0025 for all of them. The maximum time is taken
as tmax = 1. The total number of time steps for the solution of
each direct, sensitivity and adjoint problems in one global NCG
iteration is 400.

The initial guess for the heat flux is taken as q0
o � 0. The cal-

culated solution at three intermediate iteration steps without any
regularization (and exact temperature input data) is shown in Fig.
4. Figure 5(a) shows the optimal heat flux solution (correspond-
ing to 35 iterations) for a tolerance of ε= 3:5�10�9. Figure 5(b)
shows the monotonic reduction of the cost functional J(qk

o) with
the number of NCG iterations k. The L2 norm jjJ 0(qk

o)jj of the
gradient of the cost functional is also shown in Fig. 5(b). It is de-

fined as jjJ 0(qk
o)jj �

�
ψ(x; t;qk

o);ψ(x; t;qk
o)
�1=2

L2(Γh0�[0;tmax])
. Note

that the norm jjJ 0(qk
o)jj decreases with the number of iterations,

but not monotonically. Similar behavior has been observed in re-
lated optimization processes [21].
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Figure 5. (a) THE OPTIMAL HEAT FLUX DISTRIBUTION CALCU-

LATED AT THE 35th NCG ITERATION (b) VARIATION OF THE COST

FUNCTION J(qk
o) AND OF THE NORM OF THE GRADIENT k J0(qk

o) k
WITH NCG ITERATION COUNTER k (CASE I, q0

o = 0, EXACT DATA θm,

NO REGULARIZATION).

To study the effects of the initial guess heat flux on the con-
vergence behavior of the proposed NCG algorithm, the above ex-
ample without regularization was repeated with a different start-
ing point. In particular, an initial guess of q0

o = 1� t4 was used to
start the NCG iterations. Figure 6 shows the variation of the cal-
culated heat flux profiles for some intermediate iterations. Figure
7(a) shows the optimal heat flux solution calculated after 60 NCG
iterations with the same tolerance as in the earlier example. Note
the prominent deviation of the above flux distribution from the
exact solution q̄o � 1� t at times close to t = tmax. This is mainly
due to the fact that the solution qk

o(y; tmax) at all iterations k is con-
strained such that qk

o(y; tmax) = q0
o(y; tmax) and ∂qk

o(y; tmax)=∂t =
∂q0

o(y; tmax)=∂t, for all y 2 [0;1]. Indeed, from the equations
of Box III at time tmax, one can show that ψ(1;y; tmax) = 0 and
∂ψ(1;y; tmax)=∂t = 0. These equations together with the update
formula in the Step IV of Box IV, lead to the above constraints
on qk

o(y; tmax) and ∂qk
o(y; tmax)=∂t. As can be seen from Fig. 6,

the NCG algorithm approaches the exact solution q̄o = 1� t with
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Figure 6. INITIAL AND INTERMEDIATE FLUXES qko(y; t) AT ITERA-

TIONS 1, 5, 20 (CASE II, q0
o = 1� t4, EXACT DATA θm, NO REGU-

LARIZATION).
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the constraint that qk
o(y; tmax) and ∂qk

o(y; tmax)=∂t retain the values
of q0

o(y; tmax) and ∂q0
o(y; tmax)=∂t, respectively (Fig. 6). The im-

portance of the end conditions of the adjoint problem is reviewed
in [1].

Figure 7(b) shows the variation of the cost functional J(qk
o)

and the norm of the gradient jjJ 0(qk
o)jj with the NCG iteration

counter k. The prominent effect of qk
o on the convergence of the

NCG is apparent (compare Figs. 5(b) and 7(b)).
We next study the effects of large fluctuating temperature

measurement errors on the convergence and stability of the
proposed methodology. The objective of the inverse problem is
now defined as the calculation of the heat flux history qo(y; t)
on the right side wall using a known heat flux history qI(y; t)
(see Fig. 3) and a fluctuating temperature data θ(y; t) � θ̃m(y; t)
provided on the left hand side wall for t 2 [0;1]. The top and
bottom cavity walls are insulated as before. The fluctuating
temperature data is taken as θ̃m(y; t) = θm(y; t) + ε ωn, where

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0.0
0.2

0.4
0.6

0.8
1.0

.0

0.2

0.4

0.6

0.8

qo(y,t)

t

y

Figure 8. THE CALCULATED HEAT FLUX SOLUTION AT THE 30th IT-

ERATION (CASE III, q0
o = 0, INEXACT DATA θm, NO REGULARIZA-

TION).

θm(y; t) � 0, ε = 0:05 and ωn are uniformly distributed random
numbers in the interval [-1, 1]. In the first few iterations, the
NCG algorithm reveals the basic structural features of the
unknown solution and the calculated solution at around the
3rd NCG iteration is quite close to the actual exact solution
with exact data (i.e. to q̄o = 1� t). However, after around 7
or 8 NCG iterations, the computations show that an oscillating
nature of the solution develops gradually and a “build-up” of the
amplitude of oscillations unfolds slowly. The calculated solution
at the end of 30 NCG iterations is shown in Fig. 8. Clearly the
solution obtained is unacceptable. This implies that in problems
involving sufficiently large amplitude noise in the input data,
the “viscous” properties (i.e. slow convergence of the method
while nearing the minima, see chapter 6 in [1]) of the CG method
are not sufficient to damp oscillations in the solution. Figure 9
shows the calculated flux using the H1 regularized formulation.
The regularization parameter γ is set to be 2� 10�4. As can be
clearly seen the obtained solution is much smoother and has no
significant oscillations.

CONCLUSIONS AND FURTHER APPLICATIONS
Functional optimization methods were presented for the de-

sign of thermo-magnetically driven flows. The work presented
here is currently being extended to the solution of inverse prob-
lems in thermal transport systems with simultaneous coupled mo-
mentum, heat and mass transfer mechanisms as well as elec-
tromagnetics. We mainly address inverse problems with over-
specified boundary conditions in one part of the boundary and
unknown thermal conditions in another part of the boundary.
Our particular interest and motivation for examining such cou-
pled transport systems arise from the design of solidification pro-
cesses that lead to desired microstructures in the final product.
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Figure 9. THE CALCULATED HEAT FLUX SOLUTION AT THE 30th IT-

ERATION (CASE IV, q0
o = 0, INEXACT DATA θm, H1 REGULARIZA-

TION).

In particular, we address the calculation of the mold/furnace heat
flux conditions such that a desired solidification state (growth
rate at which solidification occurs and temperature field near
the solid/melt interface) is achieved at the freezing interface.
Changes in growth rate and thermal gradient at the freezing in-
terface are known to alter the relative importance of thermal/mass
transport and interfacial energy effects, and the magnitude of this
partitioning of available driving forces dictates the formation of
specific microstructures [8].
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