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Abstract

The air-gap nucleation time, the stressevolution and the solid shell growth pattern are
examinedfor di�eren t mold topographiesto illustrate the potential control of aluminum
cast surfacemorphologiesduring the early stagesof solidi�cation using proper designof
mold topographies. The interaction between heat transfer and deformation during the
early stagesof solidi�cation is consideredin this work. Simulation results show that a
sinusoidalmold surfacewith a smallerwavelengthleadsto an earlier nucleationof air-gaps.
In addition, the unevennessin the solid-shellgrowth pattern decreasesfaster for a smaller
wavelength. Such studies can be used to tune mold surfacesfor control of cast surface
morphologies.

In tro duction

Study of thermal stressand deformationdevelopment during aluminum castingin the early
stagesof solidi�cation can be an important tool for understandingthe formation of cracks,
liquation or other defects in the ingot surface. Since the main driving force of thermal
stressdevelopment in a solidifying body is the temperaturereduction process,control of the
heat extraction through the mold-shell interfaceduring the early stagesof solidi�cation is
oneof the most challengingand important problemsassociated with aluminum casting. In
current practicessurfacedefectsareremovedthrough expensivesurfacemilling and scalping
processes.Understandingthe e�ect of mold topography on the heat extraction processand
the resulting shell growth may allow certain control of cast surfacemorphologiesand thus
leadto a reduction of unnecessarypost-castingoperationsneededto removesurfacedefects.

The analysisof the deformation of a solidifying body is signi�cantly di�eren t from that
of a standard �xed body. This was �rst discussedby Richmond [1] and implemented in
[2, 3] and in two-dimensionalplane stressand axisymmetric applications by Zabaraset
al. [4, 5]. Thesee�orts emphasizethe needto incorporate both the initial stressesat the
instant of solidi�cation as well as the fact that the growing nature of a solidifying body
leadsto an incompatibilit y of the strain tensor [4, 5]. Theoretical studiesof gap nucleation
in directional solidi�cation werecarried out by Hector [6] et al. using perturbation theory
with a small amplitude sinusoidalmold topography. With this analytical solution, the gap
nucleation time wascalculatedfor di�eren t wavelengthsof the sinusoidalmold topography
and conclusionswere drawn as to the e�ect of mold material and mold topology on the
air-gap nucleation process. However, the solid-shell deformation subsequent to air-gap
formation was not analyzed.



The main focus of this paper is the numerical study of the e�ects of mold topography
on the stressdevelopment, gapnucleation time and solid-shellgrowth pattern in aluminum
solidi�cation. A study of the stressdevelopment andgrowth pattern after air-gapnucleation
is also presented to demonstratethe time neededfor reduction of the surfaceunevenness
resulting from the non-uniform heat extraction at the mold/solid shell interface.

Thermal and deformation problem de�nition

Problem description

�

Figure 1: The solidi�cation processwith a sinusoidal mold.

Solidi�cation with sinusoidal molds of wavelength � and amplitude A is considered
as shown in Fig. 1. Let us consider that initially the mold cavit y is �lled with molten
aluminum with a superheat of � � . Heat is being extracted from the bottom of the cavit y
and a solid shell is formed above the upper mold surface.This solid shell is in equilibrium
under the action of the melt pressureand of the contact stressesat the sinusoidal mold
surface.As temperature drops in the solid shell, thermal stresseswould develop. Therefore
gapsbetweenthe mold and the shellmay be generatedresulting in a non-uniform heat 
ux
at the mold/shell interface. In our work, we are interestedto compute the e�ects of mold
topography described by wavelength � and amplitude A on the stressdevelopment, gap
nucleation and growth pattern during the early stagesof solidi�cation.

De�nition of the thermal problem

1. Governing equations: Heat conduction is assumedfor the solid, liquid melt and
mold thus neglecting any e�ects of 
uid 
o w. Varying material properties for the
solid/liquid phasesand the mold are introduced.

2. Initial conditions: No solid shellexistsat the start of the process,the cavit y is initially
�lled with superheatedliquid metal and the initial temperature of the mold is at the
temperature of the environment.

3. Boundary conditions: There is no heat 
ux at the left side and right side for the
molten metal, solid shell and the mold, the temperature at the solid-liquid interface
is at the melting point � m , the heat 
ux at the solid-liquid interface satis�es the
Stefanequation [7] and the temperature at the bottom of the mold is at the ambient
temperature. In addition, the heat 
ux at the solid-mold interface is determinedby
the air-gap [8] or contact pressure[6] as follows:
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wheren is the normal direction of the interfacepointing in the liquid melt, P is the
contact pressureand � gap is the distancebetweenthe solid shell and mold. h0, k0, R0

and R0 are constants relating air-gap or pressurewith the heat 
ux.

De�nition of the deformation problem

1. Governingequations: We treat the growing solid body asa continuum under equilib-
rium during each time interval. The governing equationsfor the deformation of the
solidifying body are as follows:

r � � = 0 (3)

where� is the Cauchy stress.
The rate of the Cauchy stressis constructed following a hypo-elastic law as follows
[9]:

_� = Le[_� e] (4)

where Le are the isotropic elastic moduli. The selectionof a hypoelastic model is
allowing us to easily account by integration of Eq. (4) for the initial stressof each
particle at the time of its solidi�cation [5]. We alsoassumethat the total strain is a
combination of thermal strain, elastic strain and plastic strain with the total strain
related to the rate of deformation r _u. The thermal strain rate tensor is evaluated
using:

_� � = _� � I (5)

Plastic strain evolution obeysthe normality law as follows:

_� p =
3
2

_~�
p

~�
� 0 (6)

where _~�
p

is the equivalent plastic strain. Its evolution is speci�ed via uniaxial exper-
iments as:

_~�
p

= f (~� ; s; � ) (7)

where f is a scalar function of equivalent stress~� , state variable s and temperature
� . � 0 is usedhere to denote the deviatoric part of the Cauchy stress. The evolution
of the state variable is obtained from experiments and has the form

_s = g(~� ; s; � ) (8)

2. Initial conditions: The Cauchy stressfor each particle starts from an initial stressof
� = � Pl I , wherePl is the liquid melt pressure.Once the solid shell beginsto grow
above the mold surface,it is in contact with the mold (assumingthat no air-gapsare
formed at time t = 0).

3. Boundary conditions: The horizontal displacement of the shell and the mold is �xed
to zero at the left and right vertical boundaries. As discussedearlier, at the solid-
liquid freezinginterface,the molten metal appliesa normal traction at the top of the
solid shell with Pl = � lgH l , where H l is the height of the liquid melt. Finally, at
the solid-mold interface, the solid shell may be in contact with the mold, which in
this work is assumedto be frictionless, t tang ent = 0, unormal = 0, where t tangent is the



tangent traction and unormal is the relative normal displacement between the mold
and the shell. When air-gap is formed between the solid shell and the mold, the
boundary conditions are modi�ed as tnormal = t tangent = 0 wheretnormal is the normal
traction.

Numerical algorithm

The coupledthermal/deformation problem is solved in a time-incremental fashion. In this
section, we provide somehighlights of the algorithms used to perform the thermal and
deformation analysis.

1. Algorithm for solving the thermal problem: A deforming �nite element analysis is
used to compute the temperature �eld in the solid and liquid phasesas well as to
evaluate the velocity of the solidifying freezingfront in an energyconservingmanner.
The approach implemented follows that discussedearlier in Sampath and Zabaras
[10]. A meshmotion is introduced compatible with the freezing front velocity and
this motion leadsto modi�cations of the classical�nite element formulation for heat
conduction problems.

2. Algorithm for solving the deformation problem: Considering the incompatibilit y of
the strain tensor for growing (here solidifying) bodies,a rate form of the principle of
virtual work is adopted in conjunction with the hypoelastic formulation. The �nal
weak form consideredis summarizedbelow (using standard �nite element notation
as in [5]):
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To improve convergenceof the algorithm, a radial-return schemeis usedto update
the stress,plastic strain and state using the computed strain rate _� . The algorithm
is similar to the onereported in [11] for hyperelasticmaterials.

In practice, each particle in the solid becomespart of the solid shell at di�eren t
nucleation times, i.e. it has a deformation history which starts from the time when
phasechangeoccurs. So � t in Eq. (9) is replacedwith � t � (time interval for which
a particle is in its solid state) for all the integration Gausspoints under phasechange
during the time step considered.

3. Calculation of the air-gap and contact pressure: Sincethe valuesof the air-gap and
contact pressuredeterminethe thermal boundary conditions at the mold-shell inter-
face, it is necessaryto calculate them. The exact sizeof the air-gap can be simply
computed from geometry. The contact pressurecan be computed from the weak
form (after the displacement rate calculation) for each of the contact nodes where
displacement boundary conditions wereapplied in the vertical direction.



Numerical examples

Example 1: E�ect of mold topography on gap nucleation time

At the very early stageof solidi�cation, the solid shell is in equilibrium under the forces
from the liquid pressureand mold contact. Gap nucleation is assumedto occur when the
contact pressurefalls to zero. In Hector's analytical study [6, 12], the conceptof critical
wavelengthwasintroduced. When the mold topography wavelengthis lessthan this critical
wavelength, gap nucleation would develop very soon at the mold trough (seeFig. 1). In
order to study the gap nucleation time, the evolution of contact pressureat the trough,
P tr , is examined. The parametersusedin the present simulation are shown in Table 1.

Table 1: Material properties in simulation (following Hector [12])

Material k (W=m � K ) � (kg=m3) Tm (oC)
Copper 345.4 7938

Iron 36.2 7265 1536
Lead 32.7 10665

Aluminum 229.4 2650 660

Becauseno gap is formed, the heat 
ux is calculated from the contact pressureusing
Eq. (2). To allow comparisonwith the analytical results in [6, 12], we assumethat no
plastic deformation is developed. Unlessotherwise speci�ed, the amplitude of the mold
topography A = 1 � m, the liquid pressurePl = 10000Pa, and the mold is rigid (i.e. the
mold is not deformableand temperature is zerowithin the whole mold).

Fig. 2 shows the P tr evolution with the parameters� = 2 mm, R0 = 10� 5m2sec� K =J
and R0 = 10� 12m2sec� K =(J � Pa) for di�eren t molds. The mold thicknessis 0:5 mm and
the temperature at the bottom of the mold is assumedto be zero and constant. Notice
that the mold in this particular caseis not rigid. From the curves in this �gure, we can
seethat the higher the mold thermal conductivity, the quicker gapswill nucleatealong the
mold shell surface.

Fig. 3 shows the P tr evolution with R0 = 10� 3 for di�eren t wavelengths. Though the
exact valuesare di�eren t from Hector and Yigit's analytical solution, the trends at early
times are the same. Indeedthe pressureat the trough drops fast towards gap nucleation.

Figs. 4 and 5 show the evolution of P tr for pure aluminum and pure iron, respectively,
using the sameprocessconditions. It can be noticed that the time for pure iron to gap
nucleation is much smaller than that for pure aluminum.

Figs. 6 and 7 show a linear relationship between the mean shell thicknessat gap
nucleation time and wavelength � for any given liquid pressurePl . For a given material,
the value of shell thicknessat gap nucleation time is of great importance. The thicker the
shell, the moreits abilit y to resistdistortion or warping. From thesetwo �gures, we cansee
that high liquid pressureis preferredto obtain largeshell thicknessat gap nucleation time.
Notice that under the sameprocessconditions, the mean shell thicknessis much smaller
for pure iron than for pure aluminum. However iron is much sti�er than aluminum and it
hasmore abilit y to resist distortion or warping even with a much thinner shell.

Example 2: E�ect of mold topography on stressdevelopment and growth pattern

In the previouscasesexamined,no plastic deformation wasassumedand the solidi�cation
processwas examinedonly beforegap nucleation. We took thesesimpli�cations to make
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Figure 2: P tr evolution for di�eren t molds.
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Figure 3: Evolution of P tr at selected � for pure aluminum (Pl=8000 Pa, R0 =
10� 3m2secK=J).

our resultscomparablewith the semi-analyticalsolutionsavailable in the literature. In this
example,a sinh plastic strain evolution model is usedas in [5]:

_~�
p

= f (~� ; s; � ) = A exp(�
C

� + 273
)[sinhB ~� ]n (10)

Constitutiv e parametersfor the present calculation are given in [5] and parametersrelated
with the heat transfer conditionsat the mold/metal shell interface(Eqs. 1 and 2) aregiven
in Table 2. The amplitude of the mold topography A is selectedto be 0:232 mm. The
wavelength � is selectedto be 1 mm or 5 mm. Copper mold with a thicknessof 5 mm is
usedin this calculation. No superheat is applied in the liquid metal. The equivalent stress
development is shown in Fig. 8. Both casesshow an uneven growth pattern. This is due
to large heat 
ux when the shell is in contact with the mold, and small heat 
ux when
air-gap is generatedbetween them. The drastic changeof the heat 
ux is the sourceof
uneven growth in the early stages. It can also be noticed that a larger wavelength would
lead to moreunevennessof the growth pattern. The thermal stressplays an important role
of the growth pattern, sinceit is the driving force for gap nucleation. Comparisonof the
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Figure 4: Evolution of P tr at selected � for pure aluminum (Pl=10000 Pa, R0 =
10� 3m2secK=J).
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Figure 5: Evolution of P tr at selected� for pure iron (Pl=10000Pa, R0 = 10� 3m2secK=J).
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Figure 6: Mean shell thickness at gap nucleation time for pure aluminum (R0 =
10� 3m2secK=J).
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Figure 7: Meanshell thicknessat gapnucleation time for pure iron (R0 = 10� 3m2secK=J).

Table 2: Heat 
ux parameters

Coe�cien ts R0 (m2secJ=K ) R0 (m2secJ=K Pa) h0 k0

Values 1 � 10� 4 1 � 10� 12 1:5 � 103 4:5 � 10� 2

resultsat times 80ms, 120ms and 160ms for wavelength1 mm shows that assolidi�cation
proceeds,the growth pattern will eventually becomeplanar. However, notice that for a
wavelength of 5 mm, the unevennesscontinues increasingwithin the calculation time (0
ms-160ms). This shows that a small wavelengthwould be better than a larger wavelength
when the amplitude is given. Thus the growth pattern for a smooth mold (wavelength
equal to in�nit y) will show great unevenness,which is observed in laboratory experiments.
In the presenceof plastic deformation, the equivalent stress is prevented from reaching
high values(lessthan 3 MPa in our calculation). In practice, the conditions will be much
more complicated. Shrinkage,microstructure evolution, capillarity e�ects and distribution
of lubricants would alsoplay important roles. Further research is neededto considerthese
aspectsand to preciselymodel solidi�cation during the early stages.
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Figure 8: Equivalent stressfor � 1 mm and 5 mm at times 1 ms, 40 ms, 80 ms, 120 ms
and 160ms.
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