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Abstract

Solidi�cation of metal aluminum and aluminum alloys is modeledon uneven surfaceschar-
acterizedby sinusoidalcurves. Wavelengthsand amplitudesof thesesinusoidalsurfacesare
varied to study their e�ects on processeslike solidi�cation, macrosegregationand inverse
segregation.Solidi�cation and macrosegregationaremodeledusinga slightly modi�ed form
of a stabilized �nite element method developed recently to model high Rayleigh number
solidi�cation and porous media 
o ws. For pure metal solidi�cation, the e�ect of varying
amplitudes and wavelengthsis observed in heat transfer, 
uid-
o w and phasechangepro-
cesses.The relative importance of shrinkage driven 
o w and solutal convection on the
redistribution of solute for an alloy solidifying in a rectangular cavit y is compared. The
analysisis then extendedby modifying one of the surfacesto a sinusoid. In this casethe
e�ects of varying amplitudesand wavelengthsarestudied in heat transfer, 
uid 
o w, phase
change,macrosegregationand inversesegregationprocesses.

In tro duction

Transport phenomenonduring solidi�cation of alloys is a major causeof casting defects
such as segregation,micro-voids, hot tears, porosity, internal and surfacecracks. Heat

o w acrossmetal and mold surfacesdirectly a�ects the phasechangeprocessand plays
an important role in determining freezingconditions within the metal. In alloys, natural
convection and shrinkageplay an important role in determining the �nal solute redistribu-
tion, macrosegregationand evolution of solid macromorphology. Surfaceunevennessplays
an important role during the early stagesof solidi�cation. It in
uences the heat transfer
rate and 
uid 
o w in the melt, which in turn a�ect the morphologyand shape of the solid-
liquid interface. The e�ect of surface unevennesson solute redistribution is important
during solidi�cation of alloys, where solute driven 
o w in the mushy zone is prominent.
Thevik and Mo in [7] and [8] used a one dimensional model for studying surfacesegre-
gation and macrosegregationin alloys under the in
uence of exudation and solidi�cation
shrinkage. Air-gap formation in their model was expressedthrough a variable convective
heat transfer coe�cien t at the boundary. Tsai et al. in [3], and [4] have modeledmacroseg-
regation in an aluminum-copper alloy driven by shrinkage and solutal convection. They
useda single domain model basedon mixture theory and solved the transport equations
using �nite di�erence methods. Our aim is to model solidi�cation of aluminum followed by
macrosegregationand inversesegregationin aluminum-copper alloys on uneven surfacesby
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Figure 1: Domain and the meshfor the solidi�cation of aluminum.

�nite element methods. Thesesurfacesare modelled as sinusoids,characterizedby ampli-
tudes, As and wavelengths,� s. By varying As and � s, changesin heat transfer, 
uid 
o w,
phase-changeand macrosegregationare studied.

Mathematical mo del

A singledomain model basedon enthalpy variablesand volume averagingdiscussedin [2]
is used for modelling solidi�cation. Details of the model and its derivation are given in
[2] and not repeated here. Figure (1) characterizesthe problem domain and the mesh
constructed with bilinear elements. The bottom side is modeled as a sinusoid and the
meshis skewed near this side. This is becauseof the presenceof higher thermal gradients
near this boundary as well as due to our emphasison the early stagesof solidi�cation
and events near this boundary. The latter is subjected to a convection boundary condition
givenby Eq.(8) wherehcoef f denotesthe convectiveheat transfer coe�cien t. The sinusoidis
characterizedby an amplitude As and wavelength� s. The maximum height of the sinusoid
is 2As. The governing transport equationsfor solidi�cation of aluminum are summarized
in Table 1. Here � denotesthe boundary of the domain 
. � T and � q denote portions
of the boundary subjected to dirichlet and neumann boundary conditions. Tm denotes
the melting temperature, T0 the ambient temperature and � the thermal coe�cien t of
expansion.Velocity v(x ; t), enthalpy h(x ; t) and pressurep(x ; t) are the primary variables
here. Once theseare determined, temperature T(x ; t) and liquid volume fraction � (x ; t)
can be obtained by using thermodynamic relationships for respective phases.Boussinesq
approximation is applied in the body forceterm in the momentum equation. � T in Figure
(1) denotesthe melt superheat. For simulations involving solidi�cation of aluminum, melt
superheat is taken as 50 oC. T0 is taken as 25 oC and hcoef f as 0:05 kWm� 2oC � 1. The
physical parametersusedin this problem are obtained from [1].

Macrosegregation in allo ys

Macrosegregationrefersto the largescalenon-uniformity of local averagecomposition over
a long range in a solidi�ed casting or ingot. Di�eren t types of macrosegregationfound



Table 1: Governing equationsfor solidi�cation of aluminum using enthalpy variables.
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Initial conditions:
v(x ; 0) = 0; h(x ; 0) = hi ; x 2 
 (4)

Boundary conditions:
v(x ; t) = 0; x 2 � (5)

h(x ; t) = hs; x 2 � T (6)
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(x ; t) = 0; x 2 � q1 (7)
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(x ; t) = hcoef f (T � T0); x 2 � q2 (8)

in alloys are inversesegregation,banding segregation,centerline segregation,under-riser
segregation,top-end segregation,ghost bands, freckles, channel segregationand A- or V-
segregation. For an alloy solidifying upwards in a vertical cavit y, the redistribution of
solute is causedby the 
o w of solute rich liquid in the mushy zonedue to solidi�cation
shrinkage. In this case,a higher concentration of solute is found near the bottom surface
and this phenomenonis called inversesegregation. Inversesegregationis a leading cause
of defectsin solidi�ed castings. The 
o w of solute rich liquid in the mushy zone,driven
by solidi�cation shrinkage,is the main causeof inversesegregation.This has beenshown
in references[3] - [6], whereinversesegregationand macrosegregationin aluminum-copper
alloys was simulated by solving transport equations,derived from mixture theory.

The volume averagedgoverning transport equationsfor shrinkagedriven solidi�cation
of aluminum-copper alloys are summarizedin Table 2. Here, C denotesthe total solute
concentration, Cl solute concentration in liquid and Cs solute concentration in solid. Im-
portant physical parametersfor this system are listed in Table 3. Only solid and liquid
phasesare assumedto be present and no poresform. Densitiesof both the phasesare con-
stant but di�eren t from each other. This density di�erence along with solutal convection
drives the 
uid 
o w in mushy zone. Volume fractions of liquid and solid phases,denoted
by gl and gs respectively, are calculatedfrom mixture relationshipsand the phasediagram
is assumedto be linear following lever rule. The discretization of mass,momentum and
energyequationsis similar to the proceduredescribed in [2] with slight modi�cations due
to the presenceof density terms in all the equations.Details of �nite element discretization,
the resulting matrices and vectorsand the solution schemeare not repeatedhere.



Table 2: Governing equationsfor solidi�cation of aluminum-copper alloys with shrinkage.
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Initial conditions:

v(x ; 0) = 0; h(x ; 0) = hi ; C(x ; 0) = Ci ; � (x ; 0) = � 0;
� (x ; 0)
� l (x ; 0)

= 1:0 x 2 
 (13)

Boundary conditions:
v(x ; t) = 0; x 2 � (14)

h(x ; t) = hs; x 2 � T (15)

�
@h
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@C
@n

(x ; t) = 0; x 2 � (18)

Numerical Examples

Solidi�cation of aluminum on uneven surfaces

Aluminum solidi�cation is simulated on uneven surfacesfor various amplitude and wave-
length combinations. The main motive behind all these simulations is to examine and
highlight the e�ects of surfaceunevennesson transport processesoccuring during solidi�-
cation of metals and alloys. Figs. (2), (3) and (4) show liquid volume fraction, isotherms
and streamlinesfor aluminum solidifying on surfacesof variousAs � � s combinations. From
Figs.(2) and (3) it is evident that at constant amplitude, decreasingthe wavelength leads
to enhancedheat transfer between the metal and mold. On comparing Figs.(2) and (4)
we �nd that increasingthe amplitude at constant wavelength also leadsto enhancedheat
transfer. Both theseobservations can be attributed to the greater surfacearea in contact
with the metal. Greater the amplitude, greater the surfacearea in contact with the liquid
metal at the start of solidi�cation, better the heat transfer rate. Similarly, smaller the
wavelength, greater the contact surfacearea and better the heat transfer. Fluid 
o w is
considerablya�ected in the vicinit y of the surfaces.During the earlier stages,small cells



Table 3: Important parametersfor the solidi�cation of aluminum-copper alloy (taken from
[3]).

Physical parameter Symbol Value Units
Heat conductivity in solid ks 0:19249 kW m� 1oC � 1

Heat conductivity in melt kl 0:08261 kW m� 1oC � 1

Speci�c heat in solid cs 1:0928 kJ kg� 1oC � 1

Speci�c heat in melt cl 1:0588 kJ kg� 1oC � 1

Latent heat LH 397:5 kJ kg� 1

Partition coe�cien t � 0.17
Thermal expansioncoe�cien t � T 4:95� 10� 5 oC � 1

Solutal expansioncoe�cien t � s � 2:0 oC � 1

Density of solid � s 2650 kg m� 3

Density of liquid � l 2400 kg m� 3

viscosity � 0:003 kg m� 1s� 1

Eutectic temperature Te 548:0 oC
Melting temperature Tm 660:2 oC
Initial temperature Ti 696:8 oC

Ambient temperature T0 20 oC
Initial concentration f �

l ;0 4:1 wt%
Gravit y g 9:81 ms� 2

Slope of liquidus line ml iq � 337:35 oC wt%� 1

Liquid di�usion coe�cien t D l 3 � 10� 9 m2s� 1

Solid di�usion coe�cien t Ds � 0 m2s� 1

are formed (Figs. (2e), (3e) and (4e)), which later dissipate as solidi�cation progresses.
Fluid 
o w however is not strong enoughto a�ect the heat transfer and phasechangepro-
cesses.Table 4 summarizesmaximum streamline values ( max ) in the melt for di�eren t
surfaces. Isotherms are distorted in the vicinit y of thesesurfaces,but the distortions die
out progressively away from the sinusoid. At constant amplitude, the solid-liquid front
becomesplanar faster for a smallerwavelength. At constant wavelength,distortions in the
solid-liquid front are carried over a greater distancewhen the amplitude is higher.

Solidi�cation of aluminum-copper alloy

The next example is the solidi�cation of aluminum-copper alloy in a rectangular cavit y
shown in Figure (5). Due to symmetry only half of the domain is modeled. Two cases
are studied for this example. In the �rst case,e�ect of shrinkageis neglectedby assuming

Table 4: Streamlines( ) at t = 795.5sec. for di�eren t amplitude and wavelength combi-
nations

S.No Wavelength(mm) Amplitude(mm) Streamlines max;l (m2=sec)
1 10 0.5 1.21 � 10� 7

2 20 0.5 1.8 � 10� 7

3 10 1 1.34 � 10� 7
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Figure 2: (a),(b) Liquid volume fraction contours (c),(d) Isotherms (e),(f ) streamlineson
sinusoidal surfacecharacterizedby As = 0:5 mm and � s = 10 mm at di�eren t stagesof
solidi�cation. (Corresponding times are t = 796.52and t = 831.92).

� ��

� ��

�
� � �

�
� 	 


�

� ��
� ��

�

� � �
�

� 	 


�

� � � �� �
� � � �� �� � � �� �

� � � �� �

� � � �� �

	 
 �

�

� � � �� �
� � � �� �

� � � �� �
� � � �� �
� � � �� �

	 
 �

�

� � �� � � � � � � �� � � � � �

� � �� � � � � � � �� � � � � �

� � �	 
 � � � � � �	 
 � � � �

� � �	 
 � � � �� �	 
 � � � �

� �� � � � � �

� � �� � � � � �

� �� 
 � � � �
� � �� 
 � � � �

� � �

�

� � �� � � � � � � �� � � � � �

� � �� 	 � � � � � �� 	 � � � �

� 
 �� � � � � �

 �� � � � � �


 �
 � � � � �
� 
 �
 � � � � �

�� �� � � �� �

� �� � � � � �


 ��

�

Figure 3: (a),(b) Liquid volume fraction contours (c),(d) Isotherms (e),(f ) streamlineson
sinusoidal surfacecharacterizedby As = 0:5 mm and � s = 20 mm at di�eren t stagesof
solidi�cation. (Corresponding times are t = 812.52and t = 847.57).
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Figure 4: (a),(b) Liquid volume fraction contours (c),(d) Isotherms (e),(f ) streamlineson
sinusoidal surface characterized by As = 1 mm and � = 10 mm at di�eren t stagesof
solidi�cation. (Corresponding times are t = 740.0and t = 787.0).



� �� � ��

�� � 	 
� �
� �

� � 




��
��

�

Figure 5: Schematic representation of the physical domain.

densitiesof both the phasesto be equal. In this case,natural convection is negligibledue
to the presenceof stable temperature and concentration gradients. Figure (6) shows the
isotherms,liquid volume fraction and liquid soluteconcentration at a particular time step.
Figure (7) shows the isotherms, solute concentration, mass fractions and the weighted
solute concentration f i Ci for each phasei , at the mid-plane (x = 0.01 m). From these
�gures it is evident that in the absenceof shrinkage, convection is not strong enough
to in
uence macrosegregationand solute redistribution processes. The solidi�cation is
almost unidirectional. This example is repeated for a vertical cavit y whosebottom side
is now of sinusoidal shape with wavelengthsvarying from 2 mm to 10mm and amplitude
�xed at 0:5mm. Figs. (8) and (9) summarizethe results for one particular wavelength
at someintermediate stageof solidi�cation. Temperature, liquid concentration and liquid
volumefraction �elds aredistorted in the vicinit y of the sinusoidalsurface,but further away
solidi�cation is unidirectional in the absenceof any signi�cant convection. This distortion
can be attributed to the presenceof uneven thermal boundary conditions on the sinusoidal
surface. In the secondcase,shrinkage is included and volume changeat each time step
is calculated. The analysis is currently being extended to sinusoidal surfacesas in the
previouscase.

Conclusion and research activities in progress

Solidi�cation of aluminum on uneven surfacescharacterizedby sinusoidsis modeled with
speci�c emphasison events during the early stages.Gravit y is assumedto act in the vertical
direction, diametrically opposite to that of the solid-liquid front growth. A singledomain
�nite element model basedon enthalpy variablesand volume averagingis usedfor all our
simulations. The e�ect of di�eren t amplitude-wavelengthcombinations on the solidi�cation
processis studied. Heat transfer betweenthe mold and the metal is signi�cantly a�ected
and this in turn a�ects the phasechangeprocess.Fluid 
o w is signi�cantly a�ected near
the sinusoidsand this is evident from the distortion in streamlines.It is however not strong
enoughto in
uence the phasechangeprocess.Solidi�cation of aluminum-copper alloys is
modelled on uneven surfacessubsequently. In the absenceof shinkage, solidi�cation is
unidirectional with slight distortion near the sinusoidal surfaces. The combined e�ect of
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Figure 6: (a) Liquid volume fraction contours (b) Isotherms(c) liquid concentration lines
during solidi�cation in the absenceof shrinkage.
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Figure 7: Midplane temperature, solute concentration, massfractions and weighted con-
centrations of each phase.
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Figure 8: (a) Liquid volume fraction contours (b) Isotherms(c) liquid concentration lines
during solidi�cation in the absenceof shrinkageon a surfacewith � s = 5 mm and As =
0:5 mm.
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Figure 9: Midplane temperature, solute concentration, massfractions and weighted con-
centrations of each phase.



shrinkage and natural convection on macrosegregationand inverse segregationpatterns
is currently being investigated with the analysis extended to uneven surfacesas in the
previouscases.The e�ect of surfacetopography on theseprocesseswill be studied.
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