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Abstract

A Bayesian statistical inference approach is presented herein for the solution of stochastic inverse
problems in heat conduction. Spatial statistics models, in particular Markov random fields (MRF),
are used to model the prior distributions of unknown thermal quantities (boundary heat flux or heat
source). The posterior distribution of the unknown is derived from Bayes’ formula and explored using
Markov chain Monte Carlo (MCMC) algorithms and in particular the Gibbs sampler. Hierarchical
Bayesian formulation is used to automatically select the regularization parameter and to estimate
the statistics of measurement noise simultaneously with the unknown quantities.

Introduction

Inverse problems in heat conduction, including boundary heat flux reconstruction
and heat source reconstruction, have been studied over several decades due to the
significance in a variety of scientific and engineering applications (Alifanov, 1994; Beck
et al., 1985). However, the majority of these studies were conducted in a deterministic
manner without considering the statistical characteristics of uncertainties (Wang and
Zabaras, 2004).

A Bayesian inference approach (Besag et al., 1995; Congdon, 2001) using spatial
statistics priors (Besag et al., 1993), in particular, Markov random fields (MRF), is
presented in this study for the solution of stochastic inverse problems in heat conduc-
tion. The Bayesian approach provides not just point estimate but also the probability
density function (pdf) of the unknown (Congdon, 2001). In addition, it can provide
flexible regularization to the ill-posed inverse problems through spatial prior models
(Wang and Zabaras, 2004). The non-trivial problem of selecting the regularization
parameter in other inverse techniques is resolved since the Bayesian method treats the
inverse problem as a well-posed problem in an expanded stochastic space. Even when
seeking a point estimate, the regularization parameter can be automatically selected
through a hierarchical Bayesian formulation. Finally, the associated rich family of
sampling strategies (Andrieu et al., 2003; Geman et al., 1984) enable the numerical
exploration of high dimensional and implicit distributions.

The organization of this paper is as follows. At first, the formulation of a posterior
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probability density function (PPDF) for inverse problems in heat conduction is pre-
sented. A hierarchical Bayesian model is introduced to relax the prior assumptions.
The prior distributions of temporal-spatially varying quantities (heat flux and heat
source) are modelled using Markov random fields (MRF) (Besag et al., 1993; Wang
and Zabaras). We proceed with the design of the MCMC sampler to explore the pos-
terior state space in the current Bayesian formulations. Finally, numerical examples
are presented to demonstrate the methodologies.

Bayesian Formulation of Inverse Problems in Heat Conduction

In general, inverse problems in heat conduction can be defined through the following
equations,

oT
pCyr =V (k7 T) + (1), in Q1€ [0t (1)
8T X,t aT th
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T(x,0) =Ty(x), in €, (4)

where p, C,, k denote the density, heat capacity and thermal conductivity, respectively
and f is the heat source. T,, Ty and ¢, are the known temperature condition on
boundary I'y, known initial temperature condition, and known heat flux condition
on boundary I'y, respectively. In the above equations, the missing information can
be either the heat source function f(x,t) or the unknown boundary heat flux g¢q.
The missing information will herein be deduced from temperature measurements at
thermocouple locations within the domain. For simplicity of the discussion, in the
following presentation of methodology, the case where gy is unknown is considered.
All discussions are applicable to the heat source reconstruction as well.

To introduce the Bayesian approach, go(x,t) is first discretized as follows:

qo(x,t) = i@iwi(x,t), (5)

where w;’s are prescribed linear finite element basis functions, m is the number of basis
functions, and 6;’s (or in a vector form ) are the unknown variables to be estimated.
In fact, each component 6; is the heat flux at a nodal point on the discretized spatial-
to-temporal lattice.

Different from other data-driven inverse techniques that aim at computing a point
estimate, the primary objective of Bayesian estimation is to deduce the posterior
distribution of 6, according to the Bayes’ formula:

p(Y]0)p(0)
p(Y)

where p(6]Y) is the posterior distribution (PPDF), p(Y'|d) is the likelihood func-
tion and p(#) is the prior distribution. Once the PPDF is known, various point

pO]Y) = o< p(Y|0)p(0), (6)
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estimators can be defined such as the ‘Maximum A Posteriori’ (MAP) estimator
Ovap = augmazy p(0)Y), and the posterior mean estimator Opostmean = £ 0]Y.

For the above introduced inverse problem, the functional relation between the un-
known heat flux, measurement noise and data can be written as follows:

Y =F(0) +w (7)

where F' is a numerical solver of Eqgs. (1) - (4) that computes the temperatures at

thermocouple locations for a given value of #, and the vector w contains the measure-

ment errors, which are assumed as independent identically-distributed (i.i.d) Gauss

random noise with mean 0 and variance vy. Subsequently, the likelihood can be

written as,

(Y — F(0)" (Y — F(6))
2’UT

p(Y]0) = 2 (8)

(27T)n/2vT/2
where n is the number of measurements. The MRF used for prior distribution of 8 is
of the following form:
1

p(0) oc X" exp(= AOTVD). (9)
The entries of the m x m matrix W are determined as, W;; = n, if i=j, W;; = —1 if
nodes (on the finite element lattice) i and j are adjacent, and as 0 otherwise. n; is the
number of nodes adjacent to node ¢ and A is a scaling parameter. Due to the inherent
difference between length scales in time and space, in multi-dimensional problems we
use a two-scale MRF prior model by the following procedure: (i) formulating a MRF
matrix Wy by defining only spatially adjacent nodes as adjacent nodes; (ii) formulating
a MRF matrix W; by defining only temporally adjacent nodes as adjacent nodes; (iii)
W is the summation of W, and vW;, where ~ is the ratio of non-dimensional time
step length to space step length in the discretization of heat flux.

With the above likelihood and prior distribution, the PPDF (assuming fixed A and

vr) can be evaluated as,

(Y — F(0)"(Y - F(6))
QUT

p(0]Y) ox exp{— }- exp{—;)\QTWH}. (10)

A more reasonable approach is to relax the prior assumptions on A and vy by treating
these hyper-parameters as random variables. A hierarchical Bayesian PPDF is hence
used,

(Y — F0)" (Y — F(6,))
2ur
A Vexp{—BoA} - vp T exp{— Bz}, (11)

where Gamma and inv-Gamma distributions are assigned to A and vy as priors,
respectively.

P8\, vr|Y) oc v exp{—

}oAm/2 exp{—%)\QTWH}
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Numerical Exploration

To explore the PPDF introduced above, Markov chain Monte Carlo (MCMC) simu-
lation method is used. The idea of Monte Carlo simulation is to draw an i.i.d set of
samples {#D}L | from a target distribution p(¢) (PPDF in current study) defined on
a high dimensional space R"™. Then, the expectation of any function of # can be esti-
mated using the sample mean. MCMC method is developed as a strategy to generate
samples ) while exploring the state space of 6 using a Markov chain mechanism.

The Metropolis-Hastings (MH) algorithm is the most basic form of all MCMC algo-
rithms. For a target distribution p(#), the MH algorithm samples a candidate 6
from a proposal distribution ¢(9*)|0()) at each iteration, where ¢ is the sample at
the previous iteration. The chain moves to the next state with an acceptance prob-

ability A defined as A(6*),0%) = min{1, %}. Gibbs sampler is a type of

MCMC algorithm that updates one component of 8 at each iteration. The sampler
designed for the current PPDF is a combination of the basic MH and Gibbs samplers,

and it is summarized below:

1. Initialize (©, \(©) and ’059)

2. For i =0: Nmcmec — 1
— sample 0~ p(64]657, ..., 65, A (D)
— sample eéiJrl) N p(92|€§i+1)79§i), _._’9%)’)\(1')71)(;))
— sample Q%H) ~ p(9m|9£i+1)a s 953:11), /\(i)vU(Ti))
— sample u ~ U(0,1)
— sample A(*) ~ gy (AF)|A®)
—if u < AA®), @)
AT — \()
— else
A = X6
— sample u ~ U(0,1)
— sample 05 ~ g, (05 |0}
—ifu< A(U(T*),U(Ti))
U(Tvt+1) _ v(T*)
— else

where ¢y and ¢, are proposal distributions for A and vy, respectively, which are taken

as normal distributions with means A\ and U(Ti) and variances 5%\ and 5%U(Ti),
respectively.
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Numerical Experiments
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Figure 1. The fig. on the left is the schematic of the 1D heat conduction. The fig. on the
right is the profile of the true boundary heat flux used to generate simulated sensor data.

The first example studied is the reconstruction of the boundary heat flux in 1D heat
conduction. Let us consider the experiment in Fig. 1: the body has zero initial
temperature and is insulated at the right end (x=L). An unknown heat flux ¢(¢) is
applied at the left end (z = 0). Temperatures are recorded at x = d. To simplify the
discussion, the numerical study is conducted in a dimensionless manner as follows:

or  9*T
E—@, O<t<l, O<z<1 (12)
orT orT

A triangular test heat flux profile is used to generate the simulation data by adding
Gauss random noise with mean 0 and variance vy (standard deviation or) to the
computed temperatures at d.
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Figure 2. Posterior mean estimates of heat flux and the 98% probability bounds of the
posterior distributions. The figure on the left is obtained when o = 0.01 and d = 0.5.
The figure on the right is obtained when o = 0.001 and d = 0.1.

The posterior mean estimates and the 98% probability bounds of the posterior distri-
butions using different vz and d are plotted in Fig. 2. In both cases, 100 measurements
are taken at the sensor location (sampling time interval At = 0.01). In the discretiza-
tion of ¢(t), 51 basis functions are used for each case. The effective regularization
parameter A is treated as random variable and updated in each MCMC step. For all
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cases, H0000 MCMC samples are generated and the results are obtained from the last
25000 samples.

Ezxzample 11

In this example, we consider a heat source reconstruction problem as follows,

oT T T

= - t O<t<l1 1 14
ot 81’2 + ayQ +f(l’,y, )7 <t <l 0<.§C,y< ( )
T(z,y,00=0, 0<=z,y<l1 (15)
or orT orT oT
z=0 = 5 |ly=0 = F lz=1 = 5 |y=1 = t . 1
8./E| 0 ay‘y 0 ax‘ 1 8y ’y 1 0 > O ( 6)

In the above equations, the heat source f(z,y,t) is unknown. The problem is to
reconstruct this temporal-spatially varying function from temperature measurements
at a number of locations within the domain and boundary.

As mentioned previously, all formulations in addressing boundary heat flux recon-
struction can be applied to heat source reconstruction as well. This example is solved
using the formulation of Eq. (11) by replacing the heat flux with the heat source.
The two-scale MRF model is used in prior modelling of the heat source.

We consider 25 uniformly distributed thermocouples inside the domain and on the
boundary. At each sensor location, 20 measurements are taken at equal time interval
from t = 0 to t = 0.1. The heat source is reconstructed using a discretization of
16 x 16 grid in space and 11 basis functions in time. The testing heat source used to
generate the data has a profile of the following form:

50 (z — 0.5)2 + (y — 0.5)?
o005 P 2. 0.252 }

[z, y,t) = exp(—1) (17)
The simulated random errors have standard deviation of 0.01. The reconstructed heat
source profiles at different times are plotted in Fig. 3. It is seen that the posterior
mean estimates are rather accurate overall although the deviations at initial time and
final time are slightly larger.

Conclusions

A Bayesian inference approach using hierarchical Bayes formulation and spatial sta-
tistical priors is presented for the solution of stochastic inverse problems in heat
conduction. It is demonstrated through numerical examples that Bayesian computa-
tion provides the means to quantify uncertainties and to deduce accurate probabilis-
tic description of inverse solutions. The presented approach is applicable to various
stochastic optimization problems in continuum systems in the context of estimation,
design, control and design of experiments.
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Figure 3. Posterior mean estimates of the heat source profiles.
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