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ABSTRACT: A major objective in metal forming is the determination of the initial shape of the workpiece (preform) and
of the process parameters (e.g. the die shape) that lead to a �nal product with desired geometry and material properties.
The solutions to these inverse problems are usually obtained by trial and error methods using the results of direct analysis
for each set of preforms and process parameters. Sensitivity analysis facilitates a rigorous mathematical formulation and
solution of preform and process design problems. In an earlier work (Badrinarayanan and Zabaras 1995), a sensitivity
analysis was presented for determining the optimal shape of extrusion dies that leads to a desired material state in the
�nal product. In this work, we concentrate on the formulation and the �nite element solution of preform design problems.
In particular, the objective is to design the initial shape of the workpiece that when it deforms under the action of a given
die, results in a �nal product with a desired material state and geometry. Shape sensitivities are de�ned in a rigorous sense
and the entire analysis is performed in a fully in�nite dimensional setting. An example problem is solved in axisymmetric
disk forging where the preform is designed such that, after forging with a 
at die, a product with a minimum barreling
e�ect is achieved.

1 INTRODUCTION

In a given forming process, the material state and geometry
of the �nal product depend on several process parameters
(loading conditions, geometry of the die surfaces, die lu-
brication conditions, geometry of the initial workpiece and
other). Considering a �xed amount of deformation induced
in a given forming process, one may want to control the

process parameters in such a way that a �nal product with
a desired material state and geometry can be achieved.

The design of forming processes can also be considered
as the design of the initial workpiece and of the subsequent
shapes at each of the forming stages known as preforms. A
systematic study of these problems was done by Kobayashi
and colleagues (see Kobayashi et. al. 1989 for a complete
set of references). They introduced the so called `backward
tracing technique' and \traced backward the loading path
in the actual forming process from a given �nal con�gura-
tion."

The preform design and the die design problems can be
formulated under a rigorous mathematical basis by pos-
ing them as optimization problems (Zabaras and Badri-
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narayanan 1993). The objective function for these opti-
mization problems can be de�ned as an appropriate mea-
sure of the error between the desired �nal state and the
numerically calculated state for a given set of design vari-
ables. In order to solve such optimization problems, one
usually employs a sequential search method starting from
a reference solution. Sensitivity analysis is a method widely
used to evaluate the gradients of the objective functions.
Sensitivities can be calculated either by employing �nite

di�erences, direct di�erentiation techniques or the adjoint
variable method (Tortorelli and Michaleris 1994, Vidal and
Haber 1993, Lee and Arora 1993). Since the problems un-
der consideration are highly non-linear and history depen-
dent, the direct di�erentiation method (DDM) is the most
suitable one. In DDM, the governing equations are directly
di�erentiated to obtain a set of �eld equations for the sen-
sitivity �elds.

We had earlier developed the DDM for die design prob-
lems (Badrinarayanan and Zabaras 1995). In these prob-
lems, the initial con�guration of the body remains the same
while the shape of the die surface changes. However, in
the case of preform design, the initial con�guration of the
workpiece is the main unknown of the problem. To de-
�ne the sensitivity of the deformation gradient, a reference
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Figure 1: The reference, material and spatial con�gurations

con�guration is introduced that is independent of the shape
of the preform. A su�ciently smooth family of mappings
are de�ned from the reference con�guration to the preform.
Optimization will be performed on this family of mappings.

The equilibrium equation is directly di�erentiated to ob-
tain the corresponding equation for the sensitivity displace-
ment �eld. A weak form of this equation is de�ned and
solved using the FEM with exactly the same spatial and
temporal discretizations as for the direct deformation anal-
ysis. In traditional literature for solving similar problems,
the sensitivity problem is formulated on the discretized
equations. In such formulations, the evaluation of the
\force terms" and the application of the boundary condi-
tions become extremely di�cult. However, in the method
proposed here, the boundary conditions and the \force
terms" for the sensitivity problem, take a form similar to
that of the direct analysis.

In the following, the de�nition of the sensitivity problem
will be presented together with its weak form. In order
to demonstrate the e�ectiveness of the present method, an
example problem is solved to design the preform shape that
when compressed with a 
at die, results in a �nal product
with minimum barreling e�ects.

2 THE CONFIGURATIONS

We consider the workpiece in the following con�gurations
(see �gure (1)):

� the reference con�guration: BR.
Y will denote an arbitrary point in this con�guration.
The points of this con�guration do not have any ma-
terial signi�cance.

� the material con�guration: B0, at time t = 0.
This con�guration represents the initial state of the
material that undergoes the deformation process, and
the material points of this con�guration will be de-
noted by X. The con�guration B0 is completely de-

scribed by a su�ciently smooth reference map of the
form:

X = X̂ (Y ; �s) (1)

where in general �s are smooth functions that de-
�ne the whole or parts of @B0. The above geomet-

ric map does not have a physical meaning and it is
introduced only for the purpose of di�erentiating La-
grangian �elds de�ned in the B0 con�guration. All
Lagrangian functions, � = �̂ (X ; t), depend on the
shape parameters �s through the variable X .

� the spatial con�guration: Bt at time t.
This represents the state of the body after an elapsed
time t. The points in this con�gurations will be de-
noted by x and the motion of the body is described
with respect to the material con�guration by:

x = x̂ (X; t) (2)

and with respect to the reference con�guration by:

x = x̂

�
X̂ (Y ; �s) ; t

�
= ~x (Y ; t; �s) (3)

All Eulerian functions, � = �̂ (x; t), depend on the
shape parameters �s through the variables x and X.

3 THE SHAPE DERIVATIVES

The objective of this work is to optimize the design pa-
rameters �s in order to obtain a desirable product after
the deformation process. In the �nal product, the desir-
able qualities may be a required �nal shape, homogeneous
material properties, or a desirable residual stress/plastic
strain distribution. Solution to these preform problems
can be generally achieved by minimizing with respect to
�s certain cost functionals based on the geometry, stress
or state variable �elds in the �nal product. Therefore, one
needs to evaluate the derivatives of these variable �elds in
the direction of the design parameters.

We de�ne the shape derivative of a variable �eld
(Sokolowski and Zolesio 1992) as below:

The shape derivative,
�

� of a scalar, vector or ten-
sor valued function � is the total Gateaux deriva-
tive of � in the direction of ��s computed at �s:

�

� (�s;��s) =
d

d�
� (�s + ���s)

����
�=0

The shape derivative can be understood as the di�erence
between two �elds representing the same physical quantity



�, created by two di�erent processes with slightly di�erent
parameters: �s and �s +��s, i.e.:

�

� (�s;��s) = �(�s +��s) ��(�s) + O(jj��sjj
2)

It should be noted that the comparison of the �elds �(��s)
and �(�s +��s) is made at points of the reference con�g-

uration BR. The shape derivatives provide a measure of
the change in a variable �eld due to a small change in the
initial shape of the body.

4 THE DIRECT PROBLEM

The direct problem involves �nding the time history of the
deformation and the material state of a body deforming un-
der the action of known external forces acting on it. The
constitutive behavior follows the hyperelastic viscoplastic
model developed by Brown et al. 1989. The computational
aspects of the direct problem have been dealt with inWeber
and Anand 1990 and Badrinarayanan and Zabaras 1993.
Here, a brief review of the direct problem is presented to
provide the necessary background for the sensitivity anal-
ysis.
The motion of the body was represented by a smooth

mapping in equation (2). For this motion, the deforma-
tion gradient F de�ned over the material con�guration is
expressed as,

F = r x̂(X ; t) (4)

This deformation gradient is decomposed as follows:

F = F e �F
p
; detF e > 0 (5)

where, F e is the elastic deformation gradient and �F
p
, the

plastic deformation gradient, with det �F
p
= 1. The elastic

deformation gradient F e has a unique polar decomposition
given by:

F e = Re U e (6)

The equilibrium equations can be expressed in the ma-
terial con�guration as:

r�P + f = 0; 8 X 2 B0 and 8 t 2 [0; tf ] (7)

where P (X ; t) is the Piola Kircho� stress measure (or the
nominal stress) and f the body force in the material con-
�guration:

P (X ; t) = detF T F
�T

f(X ; t) = detF b (8)

Here, T is the Cauchy stress tensor �eld determined by the
equilibrium equations and b the known body force �eld.
A linear hyperelastic law relating the rotation neutral-

ized Kircho� stress �T and the logarithmic strain is assumed
as:

�T = Le
�
�E
e�

(9)

where,

�T = (detU e) (Re)
T
T Re (10)

and

�E
e
= ln (U e) (11)

with Le the isotropic elastic moduli.
The evolution of the plastic deformation gradient can be

expressed as

d

dt

�
�F
p� � �F p��1

= �D
p

(12)

where the rate of plastic deformation gradient �D
p
is written

as:

�D
p
= _~�p

3

2

�T
0

~�

with the plastic strain rate _~�p de�ned as a scalar function:

_~�p = f(~�; s) (13)

and the equivalent stress, ~�, given as:

~� =

r
3

2
�T
0

�
�T
0

(14)

Also, �T
0

is the deviatoric part of �T given by

�T
0

= �T �
1

3
tr( �T ) I (15)

Now, the evolution of the plastic deformation gradient can
be re-written as,

d

dt

�
�F
p� � �F p��1

=
3

2

f(~�; s)

~�
�T
0

(16)

Finally, the evolution of the scalar variable s (internal re-
sistance to plastic deformation) is given as

d

dt
(s) = g(~�; s) (17)

In conclusion, for the above model, a deformed con�gu-
ration of the body can be completely characterized by:

� the deformation gradient F

� the triad of variables V =
�
T ; �F

p
; s
�

The functions f(~�; s) and g(~�; s) are experimentally de-

termined for a particular material. Equations (2) and (4) {
(17), together with the initial conditions on the scalar state
variable s and the Cauchy stress T , and the boundary con-
ditions on the motion of the body, completely determine
the direct problem. In a forming process, the boundary

conditions are determined by the rigidity of the die, the
die { workpiece interface friction conditions and the ap-
plied traction or displacement boundary conditions on the
workpiece.
In an updated Lagrangian FEM formulation, one con-

siders a sequence of time incremental problems from time



tn to tn+1; n = 0; 1; 2; : : :. The con�guration of the body
at time tn is used as the reference con�guration for the
incremental process. Two sub-problems are de�ned: �rst
the kinematic incremental problem, where given the triad
V at the beginning and the end of the time step and the
external forces acting on the body, one calculates the incre-
mental deformation gradient; and second, the constitutive

problem where one evaluates the triad V at the end of the
step given the con�guration of the body at the beginning
and the end of the time step and V at the beginning of
the step. The kinematic problem requires full lineariza-
tion of the principle of virtual work and the calculation of
the consistent material linearized moduli. The constitutive
problem is handled with the radial return mapping. The
kinematic incremental problem and the constitutive prob-
lem are coupled and must be solved iteratively within a
time step.

5 SHAPE SENSITIVITY ANALYSIS

In the analysis performed below, we assume that the ma-
terial state and deformation history for each parameter �s
(i.e. for each preform shape) are known from the solution
of the corresponding direct problem. The dependence of
the shape sensitivity �elds on the material state history
and deformation will not be shown explicitly.

Similar to the direct problem, the sensitivity problem
is subdivided into two problems: the constitutive and the
kinematic. In the constitutive problem, it is assumed that

the sensitivity of the triad
�

V n is known at the beginning
of a time step t = tn. The objective is to determine the

dependence of
�

V n+1 on the sensitivity of the total defor-

mation gradient
�

Fn+1. In the kinematic problem, using a
principle of virtual work like equation for the sensitivity
�elds, one has to determine the sensitivity of the deforma-

tion gradient
�

Fn+1 at the end of the time step, knowing
�

V n, the linear relationship between
�

V n+1 and
�

Fn+1, and

by applying appropriate boundary conditions for
�

Fn+1 .

Once
�

Fn+1 is calculated from the kinematic problem, the
linear relationship derived in the constitutive problem can

be used to obtain the sensitivity of the triad
�

V n+1. The
two problems are linearly coupled and together provide a
single linear problem for the calculation of the sensitivities
of both the deformation and the material state.

5.1 Shape derivatives of constitutive equations

The mathematical analysis for the derivation of the shape
derivatives of the constitutive equations is similar to that
developed for process derivatives as presented in Badri-
narayanan and Zabaras 1995. Here, we provide only the
�nal results in a concise form.

The shape derivative of the Cauchy Stress T is expressed
as:

�

T= (detU e)�1Re
�

�T (Re)T � tr

 
�

�E
e

!
T+

�
�

Re (Re)
T
T � T

�

Re (Re)
T

�
(18)

where

�

R
e (Re)

T
=

�

F
e (F e)

�1
�

Re sym

�
(U e)

�1
sym

�
(F e)

T
�

F e

��
(U e)

�1
(Re)

T
(19)

�

U e= sym

�
(U e)

�1
sym

�
(F e)

T
�

F e

��
(20)

�

�E
e
= 4 (U e + I)

�1
�

U e (Ue + I)
�1

(21)

�

�T= Le

"
�

�E
e

#
(22)

�

�T
0

=
�

�T �
1

3
tr

�
�

�T

�
I (23)

and

�

~�=
3

2

�T
0

�

�

�T
0

~�
(24)

The evolution equation for the direct problem can be di-
rectly di�erentiated to obtain the evolution equations for
the sensitivity �elds. Employing Euler backward integra-
tion, these evolution equations can be integrated to obtain:

�

sn+1=
�

sn exp (gs�t) +
g~�

gs

�

~�n+1 [exp (gs�t)� 1] (25)

and

�

�F
p
n+1= exp

�
�t �D

p

n+1

� �

�F
p
n +

�
exp

�
�t �D

p

n+1

�
� I
� �

�D
p

n+1

�
�1

�

�D
p
n+1

�F
p

n+1 (26)

where

exp
�
�t �D

p

n+1

�
= �F

p

n+1

�
�F
p

n

�
�1

(27)

From the multiplicative decomposition we obtain,

�

F n+1=
�

F e
n+1

�F
p

n+1 + F
e
n+1

�

�F
p
n+1 (28)

This equation can now be solved to express
�

F e
n+1 as a lin-

ear function of
�

F n+1. This in turn will imply that
�

T n+1 can

be written as a linear function of
�

F n+1. For further discus-
sion on many of the issues involved in the above derivation,
refer to Badrinarayanan and Zabaras 1995.



5.2 Shape derivative of the equilibrium equations

We de�ne the reference gradient of every material point X
in the con�guration B0 as below:

FR(Y ; �s) = rYX =
@X

@Y
(29)

We further de�ne LR as:

LR =
�

FR F�1
R (30)

We start from the local form of the equilibrium equa-
tion (7) on the material con�guration B0, and determine
the shape derivative of the equilibrium equation. In doing
so, it has to be noted that all the spatial derivatives are
evaluated with respect to the con�guration B0. In the se-
quel, all spatial derivatives we mention are assumed to be
evaluated with respect to B0.
It can be shown that

�

(r� P )= r�

�

P +r�

�
PLT

R

�
� P

h
r� LT

R

i
(31)

Thus, the shape derivative of the equilibrium equation be-
comes:

r�

�
�

P +PLT
R

�
� P

h
r� LT

R

i
+

�

f= 0

8 X 2 B0 and 8 t 2 [0; tf ] (32)

where,
�

P is obtained as

�

P= detF

"
tr

�
�

F F
�1

�
T+

�

T �T

�
�

F F
�1

�T#
F
�T (33)

The weak form for the above equation (32) is given as:Z
B0

�

P �

@~u

@X
dV0�

Z
@Bn+1

��
�

F F�1

�
� (I �n
n)

�
t̂� ~u dAn+1 =

Z
B0

�
P

h
r�LT

R

i�
� ~u dV0 +

Z
B0

�
PLT

R

�
�

@~u

@X
dV0+

Z
@Bn+1

 
�

t̂ �
�
FLRF

�1
� (n
n)

�
t̂

!
� ~u dAn+1 (34)

for admissible values of ~u.

5.3 The force terms

Foe a �nite element implementation of the weak form of
the sensitivity equilibrium equations, one must evaluate
the corresponding sti�ness matrix and force vector. Here,

BR

1
Y

2
Y (0, 1) (1, 1)

(1, 0)(0, 0)

2
X

1
X

2
X )= f(

1
X

B0

a

b

c

Figure 2: A mapping from the reference con�guration to
the material con�guration

we deal in some detail with the calculation of the force
terms.
In order to evaluate the force terms, we need to calculate

the quantities LR and
�

t̂. LR depends on the variation in
the design parameter �s. In two dimensions, the reference
con�guration BR is taken to be a unit square. For demon-

stration of ideas, let us consider the case (refer to �gure (2))
where three of the boundary segments of B0 are 
at, while
the right hand side boundary segment is represented by the
equation X1 = f(X2). Here, f is a function approximated
as follows:

f(X2) =

nX
i=1

�i�i(X2) (35)

with f(0) = a and f(c) = b. Also, (�1; �2; : : : ; �n)
are appropriately selected basis shape functions and
(�1; �2; : : : ; �n) a set of n scalar parameters. Applying a
linear trans�nite mapping for this boundary representation
(George 1991), one can introduce a mapping X̂ (Y ; �s) as
below:

(X1;X2) = (Y 1f(cY 2); cY 2) (36)

Therefore, for this case,

FR =

�
f(cY 2) cY 1f

0(cY 2)
0 c

�
(37)

where f 0 denotes the derivative of f . If we perturb a param-
eter, say, �k by ��k while keeping all the other parameters

constant, we can obtain
�

FR as

�

FR= ��k

�
�k(cY 2) cY 1�

0

k(cY 2)
0 0

�
(38)

From FR and
�

FR, one can calculate LR. Solving the
weak shape sensitivity problem with this LR induced by
a change of ��k, one can evaluate at the direct solution
corresponding to (�1; �2; : : : ; �n), the gradient of the ob-
jective function in the direction of the kth design variable
(Badrinarayanan and Zabaras 1995).

Calculation of
�

t̂ depends on the type of traction forces
applied on the boundary. If the dependence of the t̂ on
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Figure 3: Preform shape for the upset forging

the geometry is well known, the shape derivative of t̂ can
be easily evaluated. A method similar to that developed
in Badrinarayanan and Zabaras 1995 can be applied when
the traction condition is indirectly speci�ed as in the case
of sliding friction.

6 APPLICATION

We consider a preform design problem in open die forg-
ing of a cylindrical Aluminum workpiece, where we want
to achieve a �nal product without barreling. The mate-
rial constants are taken from Brown et. al. 1989. The
die-workpiece interface is modelled with sticking friction.
The cylinder is assumed to be axially symmetric and also
symmetric about a plane parallel to the 
at die surface.
The geometry of the workpiece is shown in �gure (3). The
free surface is modelled using 3 pieces of cubic splines and
7 independent parameters �i. Let the free surface of the
deformed body in the �nal con�guration be denoted by �f .
Then, the optimization problem can be written as

min

�i

Z
�f

(x� er � r0)
2
dl (39)

Subject to the constraintZ
B0(�i)

dV = V0 (40)

where er is the unit radial vector, V0, the volume of the
cylinder and r0 the radius of the cylinder that would have
resulted while upsetting a cylindrical piece of volume V0
under frictionless conditions. In order to obtain the op-
timal solution for this problem, we need to evaluate the
gradients of x 2 �f with respect to the parameters �i. We
employ the sensitivity analysis developed in the previous
sections to obtain the shape sensitivities and from them
we compute the gradient of the objective function. The
calculated sensitivities are within 1% compared to the �-
nite di�erence solutions obtained using the direct results
corresponding to two nearby preforms.
The optimization is performed using a modi�ed BFGS

algorithm. The solution is assumed to converge when
(jj��sjj)=jj�sjj < 1%.

Figure 4: Undeformed and deformed con�gurations of the
optimal preform shape for a 16.67% height reduction

We start from the initial design of a 
at free surface
which results in barreling in the �nal product. A defor-
mation corresponding to 16.67% reduction in height is im-
posed and the preform shape that leads to a product with
no barreling is obtained. The result is shown in �gure (4).
A similar problem was solved in Fourment and Chenot
1994 with a coarser mesh and for a simpler material model.
The optimal preform shape reported there follows a similar
trend to that of �gure (4).
Let us now consider a substantial deformation (44.44%

height reduction) which results in a fold over of the work-
piece. The �nite element mesh is reasonably �ne in the
region where fold over occurs. An optimal preform shape
for this height reduction is obtained using the same op-
timization algorithm. The initial preform shape is shown
in �gure (5) and the optimal preform in �gure (6). The
preform shape obtained for this height reduction is consid-

erably di�erent from that of �gure (4), especially in the
regions where fold over occurs. With an even �ner mesh
near the fold over region and a better representation of the
free surface, one, at the expense of a higher computational

cost, could obtain in a �ne detail the preform shape that
leads to a perfectly 
at free surface in the �nal product.
Obviously, even in that case, the material properties will
not be uniformly distributed in the �nal product.

7 CONCLUSIONS

A shape sensitivity analysis method has been developed for
large deformation of hyperelastic viscoplastic solids that
can be applied to preform design problems in metal form-
ing. A principle of virtual work like equation is developed
for the shape sensitivity �elds. The calculated sensitiv-
ity �elds are very accurate and satisfactory results were
obtained while designing preform shapes for open die forg-
ing.
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