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Abstract

As part of this continuing DMI-funded NSF project, a novel, efficient and mathematically rig-
orous continuum based sensitivity method is being developed that can be used to accurately
evaluate the gradients of the objective function and constraints in the design optimization of
multi-stage deformation processes. The sensitivity methods developed allow for a unified treat-
ment of both shape and parameter sensitivity analysis that are present in a typical design
problem of multi-stage deformation processes. The continuum sensitivity method was recently
extended to thermoplasticity combined with ductile damage at finite strains. The computed
sensitivity fields are used within the developed gradient-based optimization framework for the
computational design of metal forming processes for porous materials. The effectiveness of the
proposed methodology is demonstrated with the solution of practical problems in the design of
one-stage and two-stage metal forming processes.

1 Introduction

As we step into the 21st century, there is an increasing demand for high quality formed products
with reduced material waste and low manufacturing costs. Finite element simulations play a vital
role in materials processing and account for coupled non-linear mechanisms like microstructure
evolution, varying contact and frictional conditions, large deformation plasticity, thermal effects
and dissipation. In contrast to direct analysis tools, most of the methods for industrial defor-
mation process design are currently focussed on traditional trial and error techniques which rely
on handbooks and the experience of the design engineer. The high cost of manufacturing critical
structural components can be greatly reduced with the development of mathematically and phys-
ically sound computational methodologies for process design and control. Metal forming design,
hence, requires an accurate description of the thermo-mechanical deformation mechanisms in order
to achieve design objectives as summarized in our earlier report [1].

During this project period, we extended our design analysis to multi-stage deformation processes.
In addition, emphasis was given in the design of processes for porous materials. Over the years,



though there have been extensive studies in continuum damage mechanics, both numerical and
experimental, very little effort has been invested towards the implementation of damage models
into the design of industrial forming processes. Significant portion of our recent activities was
concentrated in the development of a continuum sensitivity method to address this issue, related
to the design of forming processes for porous materials.

A review of the direct deformation process simulator utilized in our design simulator is given in
[2, 3]. We summarize it with Figure 1 which presents the various material configurations through
which the workpiece underwent in its processing history as well as the configurations obtained in
the current processing step. Let us denote with By the initial virgin configuration of the body

before any processing and with B? the final configuration obtained at time t? as a result of the

processing history. This configuration is the same as the initial configuration Bf (time t§ = t?) in

the current processing stage.
The direct problem can be stated as follows: Compute the time history of the deformation, tem-
perature, material state and plastic deformation of a body deforming as a result of external forces
and/or deformation due to contact and friction at the workpiece-die interface. The deformation
problem is sub-divided into kinematic, constitutive, contact and thermal sub-problems. An updated
Lagrangian FEM formulation is used to solve the direct deformation problem in a generic form-
ing stage in which material occupying an initial configuration (intermediate preform) BS (¢t = t§)
is deformed to obtain a final configuration (final preform) B} (¢t = t$). To compute the mate-
rial configuration B, ; for n = 0,1,---,(f — 1), we proceed in an incremental fashion using the
configuration Bf, as the reference configuration.
Let Y be a material particle in By and let X be its location in the configuration Bfj as a result
of the processing history. The location of the particle Y in the current processing stage is defined
with the mapping

2 = B(Y 1) = B(X, 1) = 8@, 1), te [t (1)
where xf is the particle location in the reference configuration Bf. In an appropriate kinematic

framework for large deformation inelastic analysis including thermal effects, the total deformation
gradient is decomposed into thermal, plastic and elastic parts as follows:

F=F., =F°FF’ (2)

where F*° is the elastic deformation gradient, FP, the plastic deformation gradient and F? is the
thermal part of the deformation gradient in By, ;. det F? is here taken as a measure of internal
damage. Applying balance of mass for the matrix material, we obtain the following:

1— fo
1—f
where f, and f represent the void volume fractions in the initial and deformed configurations,

respectively. The equilibrium equation at ¢ = 7, ,; can be expressed in the reference configuration
B as,

det FP =

(3)

vn'Pr+f:0 (4)

where V,e denotes the divergence in Bf. The Piola-Kirchhoff I stress P, is expressed per unit
area of B and given as follows:

P, = detF, TF;T (5)



where F', is the relative deformation gradient. The solution of the deformation problem in the
current processing stage proceeds incrementally in time starting from the initial configuration B.
In order to solve the equilibrium Eq. (4) at time ¢ = £, |, the constitutive relationship between the
Cauchy stress T' and the relative deformation gradient F', and temperature 6 should be evaluated.
This is discussed in detail in [4, 5]. A hyperelastic-viscoplastic constitutive framework is adopted
and the well known implicit definition of the equivalent tensile stress o,, of the matrix material in
terms of the Cauchy stress T' and the void fraction f [6, 7] is used. Two scalar state variables are
considered here, one representing the isotropic material hardening behavior, denoted by s, and the
other, the volume void fraction, f. The direct problem is described extensively in [3, 8] and can be
easily extended to multistage processes as described in [2].

In [2], we introduce notions of the sensitivity of various physical fields with respect to small changes
in the design variables of the forming sequence given in Fig. 1. Let us consider, for completeness,
the sensitivities with respect to the design parameters 3¢ of field variables in the current forming
stage with a fixed 3" (design parameters describing the processing history - thus a given B§ and
Q§). Such typical process parameters may include the ram speed history, the die surface of the
current stage, and others. Fig. 2 presents a schematic that shows the variation of the fields ¢ and
Q¢ induced by a variation in the process parameter G°. An updated Lagrangian representation is
adopted here. Let us consider a generic field ® that can represent @, ) or any other material or
deformation related field. The dependence of the UL field & = i)(a:n, t) on 3¢ can be expressed as
follows:

b = d(m;,, 1;8°) = S(@(X, ;8,46 = (X, 18, t €[t t5.1] (6)
[¢]
with the position xf, referred to the reference configuration Bf,. The parameter sensitivity & =

(%(w%,t;ﬁc,A,Bc) is defined as the total Gateaux differential of ® = Ci)(wfl,t;ﬁc) in the direction
AB° computed at 3¢

Bz, 10, ABY) = o(X, 8 AB°)
d -
= LR 0 WA rei ] 7

w=0

Further developments relating to shape and parameter sensitivities to the current design variables
as well as the dependence of a field on the history through 8" are described extensively in [2].

2 The continuum sensitivity method for a generic forming stage

The developed scheme adopts the ‘design-differentiate then discretize’ approach instead of the
‘discretize then design-differentiate’ approach. The governing equations of the various subproblems
in the direct analysis (e.g. the kinematic, constitutive, contact and thermal analysis) are first design-
differentiated and then appropriate weak forms, time integration and discretization are introduced.
The resulting linear sensitivity subproblems can be coupled together in each forming stage to
produce a linear problem for computing the sensitivity of the deformation, plastic deformation
gradient and material state. A unified weak form is developed here to compute sensitivities with
respect to any design parameter 3 in any stage. Appropriate features can then be identified which
contrast the sensitivity analysis performed with respect to 8" from 3. In the following analysis,



hot forming processes with ductile damage is discussed. The analysis for non-porous materials is
for example presented in [9].

A weak form for the linear sensitivity analysis of a generic forming stage is identified by considering
the sensitivity of the equilibrium equations and boundary conditions at the continuum level. The
sensitivity deformation problem is developed on the reference preform Bf. The design sensitivity
of the equilibrium equation (4) at t = t¢_ ; results in:

(¢]

0]
Ve Py + f=0,V ¢ € B (8)

A variational form for the above sensitivity equilibrium equation can be posed as follows [10]:

/ P, .V, idVe — / (P, (Ve £57]) « vy / (P,L5T) Y, 7 vy
Be Bg Bg,
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where 7 is a kinematically admissible sensitivity deformation field expressed over the reference
configuration B¢, N is the unit normal vector to I';, and the (known) design velocity gradient L
at t¢ is defined as follows:

5 o _
Ly, = Vax(z)_1,1;;8,A8) = F;, F; ™ (10)
The primary unknown of equation (9) is the design differential T ol = .’%(m%,t% +1:68,A8). In
order to obtain the final form of the variational sensitivity problem, the relationships between (a)

[e] o o o
F, and %%H (b) P, and | c%%ﬂ, 05,11 (c) XAand z?:ﬁﬂ need to be developed. The relationship

[©]
between F'. and z%fl 41 is purely kinematic and is given as follows:

o) (¢]

F,=V,a¢, =V, 2, — F, L (11)

(¢] o
The relationship between P, and | :%fl 41,0541 ] is obtained from the sensitivity constitutive problem

and takes the form: . .

P,= A[F,] + BgSey + C (12)

where A is a fourth order tensor and B, C are second order tensors. These tensors are constants
defined from known direct fields at the current time step and sensitivity fields at the previous time

[¢]
step [3]. The relationship between A and :(1):% 11 is obtained from the sensitivity contact problem as:

[e]
A=D[xl ]+ d (13)

where D is a second order tensor and d a vector. The derivation of these tensors resulting by
design-differentiation of a regularized contact problem can be found in [11]. The most notable



feature in this analysis is that the elastic moduli are assumed to be functions of the void fraction
and temperature.
The thermal sensitivity problem has been solved in [3]. We note, again, that pc and K are functions
of the void fraction, f, and temperature, 6. The sensitivity thermal evolution equation is obtained
by the design differentiation of the energy equation:

o

° 00 o °

3 0 o 06 __°
8t ( ) 98_ (pc)ffa = Whmech — Vn-&-l'q (14)

where 0 and f refer to the current configuration, By, and the equation for the heat flux is given
by the Fourier’s law. After careful design differentiation followed by a temporal integration scheme
(consistent with that used in the direct analysis), one obtains the weak-form of the time integrated
thermal sensitivity equation posed on the deformed configuration. Let 9 represent an admissible
sensitivity temperature field expressed over By ,;. Therefore a variational form of the thermal
sensitivity equation is posed as:
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In summary, the thermo-mechanical sensitivity analysis highlighted here is novel, mathematically
rigorous and capable of providing very accurate sensitivities. It has been incorporated within
the multi-stage forming design simulator and some design examples for one- and two-stage metal
forming processes will be presented later in this report.

2.1 Evaluation of gradients from the computed sensitivities

Let us concentrate on the evaluation of the gradients using the sensitivity fields (directional deriva-
tives) developed earlier. Let us assume that the sensitivities of a continuum Lagrangian field
Q(xc,t;8) = Qx,t;P1,P2,...,0,) have been evaluated through the CSM problem where 3 is
the vector denoting the design parameters. We can then write the following:

(02(wcat7517/827'"7ﬂn7Aﬂl7Aﬂ27'”7Aﬂn Z@ﬁ (16>



Thus one can compute the gradient VQ2 = (g—gl, g—ﬁ%, ey %) using the continuum based sensi-

tivity fields as follows:

O
89 _ Q (l‘c,t,ﬁl,ﬁg,. . '7ﬁn707' "707A/6i707" . 70)
Bi AB;
The evaluation of the gradient thus requires n sensitivity problems where the i** sensitivity problem

is driven by Ag; with Ag; = 0 for j # 7. Thus we need to solve a total of n 4 1 problems, one
nonlinear direct problem and n linear sensitivity problems.

(17)

3 Design examples

3.1 Preform design for closed-die forging - fill die cavity and achieve uniform
state distribution (Example 1)

In this example, the design of the preforming die shape (in a two-stage forming process) is addressed
so as to achieve a distribution of the state variable in the final product obtained after the finishing
stage that is as uniform as possible. The initial workpiece in the preforming stage is fixed and is a
right circular cylinder of radius r = 0.85 mm and height 2.4 mm. The height reduction at » = 0, in
the first stage is 1.2 mm and in the second stage is 0.6 mm. The friction coefficient for both stages
is taken as 0.2, workpiece is assumed to be made of 1100-Al at a temperature of 673 K.

The preforming die (contact) surface ng(a) is represented using a degree 6 Bézier curve with 5
independent variables.

7
r(a) =15a, z3(a) = Zﬁi@(a) (18)
i=1

The die height at » = 0 was specified and the die shape is assumed to have a zero slope at r = 0.
The following basis functions

¢1=(1-0a)% ¢ = 6(1—a)a, ¢3=15(1—a)'a’, ¢1=20(1—a)’a?
¢5 = 15(1—a)’a’, ¢6 =6(1—a)a’, ¢7 =a' (19)

are assumed. We herein choose 3 and #7 = 1.3 mm, in order to fix the height and slope at r = 0.
The finishing die surface is defined as follows (n € [0, 1]):

r(n)=13%(1—-mn)
1.3+ 10.58 xn — 62.43 x n? + 122.8 x n> 1 € [0.00,0.17]

shape(n) = () = 1.9 n € [0.17,0.37]
MW= 31-11.9%n+44.38 %> — 76.8 % 1
+60.5%n*0 —17.7 %> n € [0.37,1.0]
The finite dimensional optimization problem is now posed as follows:
. w1 & (A2
min  f(8) = — > (si(8) - 5(8)) (20)
B M=

where M is here defined as the total number of sampling points in the volume and § is the resulting
average value of the state variable. The factor w; = 6.25 x 10~* MPa~? is introduced to non-
dimensionalize the cost functional and is obtained from the solution of a reference single-stage



problem for which the mean state variable obtained is 40 MPa. The steepest descent method with
optimal step size selection is used in this example. The initial preforming die shape is chosen to
be flat. The products obtained using the initial preforming die shape and the final (i.e. optimal)
solution are shown in Fig. 3. The average value and the deviation of the material state in the
initial product were computed as 50.2 MPa and 3.73 MPa, respectively. The corresponding values
in the optimum product are 52.3 MPa and 1.88 MPa, respectively. Fig. 4 gives the variation of
the objective function with iterations. The change in the preforming die shape with iterations is
presented in Fig. 5.

3.2 Preform design for closed-die forging - Thermo-mechanical process with
ductile damage - Varying elastic properties (Example 2)

The objective here is to design the volume and the free surface of a cylindrical preform of height 2.0
mm, that when compressed with a closed forging die, fills the die completely with minimum or no
flash, after a specified stroke of 0.65 mm. The workpiece material is taken to be 2024 — T'351 Al at
an initial temperature of 300K. The material parameters correspond to those described in [3]. The
friction coefficient between the die and workpiece is taken as 0.1. The desired final radius around the
flash is taken as 1.2 mm and the desired height at » = 0 as 0.7 mm. Since the problem is complex in
nature, it involves multiple remeshing operations. We incorporate remeshing’s depending on the size
of the elements, amount of distortion and spacing. The free surface of the billet Rﬁ(a) is represented

with a degree 6 Bézier curve (with 7 Bernstein basis functions). Using the restriction R:g (0) =0,

the representation of RB can be defined with 6 independent design variables ;, i = [1...6] as
follows:

6
Rgle) = ; Bi di(@)
Z = lba 0<a<l (21)

where Z represents the axial coordinate, o represents the normalized radial coordinate and the
basis functions are given as

o1 = (1.0—a)® (1. 0+50a)

¢o = 150 (1.0 —a)? ?

3 = 20.0 (1.0 —a)a?

¢y = 15.0 (1.0 — a)?a?

¢5 = 6.0(1.0—a)’

g6 = af (22)

The finite dimensional optimization problem is then posed as follows:
II/lén FB) = = Z deszred) + (le(/B) _ $gesired)2 (23)
i=1

where 8 = {B1,...,fs}, (xfesired gdesired) defines the desired boundary and N refers to the number
of nodes on the free surface and regions in contact of the final product. Fig. 6 shows the quarter



geometry of the initial guess preform (a right circular cylinder of radius 0.8 mm and height of
2 mm) and final product shape obtained using this guessed preform. Fig. 7 shows the optimal
preform and the final product shape achieved using this optimal preform. The variation of the
objective function with the iteration index is shown in Fig. 8. The volume of the optimum preform
was evaluated as 2.5446 mm?® whereas the volume enclosed by the die cavity is 2.5353 mm?>. Also
shown in Figs. 6 and 7 is the variation of the shear modulus in the forged product. More about
varying elastic properties is described in [3].

4 Summary and research activities in progress

Our completed activities in deformation process design in the first year of this DMI grant included
the development of a general purpose continuum sensitivity analysis that can be used to design
industrial multi-stage deformation processes. We have also completed the development of CSM
techniques towards the design of processes for materials with ductile damage.

During thermo-mechanical deformation processes, materials experience significant microstructural
changes which strongly affect their mechanical properties. The changes in microstructure, under
thermo-mechanical processing, involve strain hardening, recrystallization and grain growth. We
have recently enhanced our direct simulator to implicitly incorporate the various microstructural
length scales that describe the evolving microstructure. A continuum sensitivity analysis has been
implemented to allow us to design deformation processes for control of microstructure in the pres-
ence of recrystallization and grain growth mechanisms. This work is near completion [12].

Several additional research activities have been initiated motivated by the work presented here.
They include the following:

e Microstructure-sensitive multi-length scale computational design of deformation processes.
In particular, we are developing a multi-length scale direct and sensitivity analysis for poly-
crystals with emphasis on control of microstructural properties (e.g. properties controlled by
texture) through macroscopic design parameters.

e We have finally initiated an effort to allow to design processes while accounting for uncertainty
(robust design). In particular, given uncertainty in the process conditions, can we design a
process with desired robustness limits in our design objectives? In our work in [13], we
introduce a novel spectral method for the analysis and design of thermal systems where the
boundary heat flux is designed that leads to desired temperature statistics at points within
the domain. Both desired temperatures and computed heat flux are considered as stochastic
processes. The material properties are also considered to be given stochastic processes. We
plan to extend this work to continuum mechanics problems before an eventual application to
stochastic robust design of deformation processes.

5 ACKNOWLEDGEMENTS

The work presented here is funded by the Engineering Design Division of DMI of the National
Science Foundation (grant DMI-0113295). Additional support is provided by the Computational
Mathematics program of the Air Force Office of Scientific Research (grant F49620-00-1-0373) and
by the Materials Process Design Group of the Alcoa Technical Center. The computing for this
project was supported by the Cornell Theory Center. The principal investigator would also like to



thank Dr. Qing Li, FEARC, School of Aerospace Engineering, The University of Sydney, Australia
for his various technical contributions in the earlier stages of this work. Finally, the contributions
of Shankar Ganapathysubramanian and Velamur Asokan Badri Narayanan from our laboratory in
preparing the examples given in this report are also acknowledged.

References

[1] N. Zabaras, Development of a Robust Computational Design Simulator for Industrial Deforma-
tion Processes, in the proceedings of the 2002 NSF Design, Service and Manufacturing Grantees
and Research Conference, San Juan, Puerto Rico, January 7-10, 2002.

[2] N. Zabaras, S. Ganapathysubramanian, Q. Li, A continuum sensitivity method for the design of
multi-stage metal forming processes, International Journal of Mechanical Sciences, submitted
for publication.

[3] S. Ganapathysubramanian and N. Zabaras, Computational design of deformation processes for
materials with ductile damage, Computer Methods in Applied Mechanics and Engineering, in
press.

[4] Srikanth A, Zabaras N. A computational model for the finite element analysis of thermoplasticity
with ductile damage at finite strains. Int. J. Numer. Methods Engrg. 1999;45:1569-1605.

[5] Zabaras N, Srikanth A. An object oriented programming approach to the Lagrangian FEM
analysis of large inelastic deformations and metal forming processes. Int. J. Numer. Methods
Engrg. 1999;45:399-445.

[6] A. L. Gurson, Continuum theory of ductile rupture by void nucleation and growth: Part 1 -
Yield criteria and flow rules for a porous ductile media, J. Engr. Mat. Techn. 1977;99:2-15.

[7] V. Tvergaard, A. Needleman, Elastic-viscoplastic analysis of ductile fracture. In: D. Besdo and
E. Stein (Eds.), Finite Inelastic Deformations - Theory and Applications, [IUTAM Symposium
- Hannover/Germany (1991) 3-14.

[8] A. Srikanth, N. Zabaras, A computational model for the finite element analysis of thermoplas-
ticity with ductile damage at finite strains, Int. J. Numer. Methods Engrg. 1999;45:1569-1605.

[9] S. Ganapathysubramanian, N. Zabaras, A continuum sensitivity method for finite thermo-
inelastic deformations with applications to the design of hot forming processes, Int. J. Numer.
Methods Engrg. 2002;55:1391-1437.

[10] Zabaras N, Bao Y, Srikanth A, Frazier WG. A continuum Lagrangian sensitivity analysis
for metal forming processes with applications to die design problems. Int. J. Numer. Methods
Engrg. 2000;48:679-720.

[11] Srikanth A, Zabaras N. Shape optimization and preform design in metal forming processes.
Computer Methods in Applied Mechanics and Engineering 2000;190:1859-1901.

[12] Shankar G, N. Zabaras. Deformation process design for control of microstructure in the pres-
ence of dynamic recrystallization and grain grow mechanisms. in preparation



[13] Velamur Asokan Badri Narayanan, N. Zabaras. Uncertainty propagation in analysis and
inverse-design of heat conduction processes using a spectral stochastic finite element approach.
Int. J. Numer. Methods Engrg. submitted for publication

10



Generic forming stage

Intermediate .
preform N
th ..' m“:ﬁi
L]
Processing e
history o
[ ]

Figure 1: Schematic of an updated Lagrangian framework for a multi-stage deformation process.
The superscript ¢ refers to the current stage, whereas the superscript h refers to the deformation
processing history. The configuration B, is used as the reference configuration in computing the
configuration Bf ,; and the set Qf, ,;, where Q = {F?,s, f,0}.
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Figure 2: Schematic representation of the design sensitivity of the deformation in the current
forming stage due to variations in the (non-shape) design parameters B¢ of the current forming
stage.
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Figure 3: Comparison of the final product obtained using the initial and optimal solution for the
thermo-mechanical preform forging design problem (Example 1).
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Figure 4: Variation of the objective function with optimization iterations (Example 1).
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Figure 5: Variation of the preforming die shape with optimization iterations (Example 1).
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Figure 6: Initial guess preform shape, the final product using this guess and the distribution of
shear modulus in the final product for a thermomechanical closed die forging process (Example 2).
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Figure 7: Optimal preform shape, the final product using this preform and the distribution of the
shear modulus for a thermomechanical closed die forging process (Example 2).
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Figure 8: Variation of the nondimensionalized objective function with iteration index for a ther-
momechanical closed die forming process (Example 2).
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