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ABSTRACT: Almost ten years ago and with the technical and �nancial support from Alcoa Laboratories

and Dr. Owen Richmond, we initiated a research e�ort in the design of solidi�cation and bulk forming

processes. In the front of solidi�cation process design, we have developed inverse techniques for the design

of stable solidi�cation growth with desired growth velocity, whereas in the design of forming processes,

a continuum sensitivity analysis has been developed for die, preform and process parameter design. We

will here brie
y review these activities as well as discuss some directions for future research in material

process design and control.

1 INVERSE PROBLEMS FOR SOLIDIFICA-

TION DESIGN

The need to design solidi�cation processes that

result in a desired thermal �eld near the solid-

i�cation front is addressed in Flemings (1974)

and posed as an inverse problem in Zabaras

et al. (1988, 1992, 1993, 1995a,b) and Kang

and Zabaras (1995). After these initial research

e�orts in one- and two- dimensional design Stefan

problems, our work on solidi�cation processing

has focused on the development of computational

techniques that can be used to design and control

the developed microstructures in directional alloy

solidi�cation processes.

Gravity plays an important role in the obtained

microstructures mainly by a�ecting the melt


ow mechanisms as well as the solute di�usion

processes. Since these e�ects remain present even

under a reduced gravity environment, a number of

inverse convection design solidi�cation problems

was addressed that result in desired freezing front

motions and heat 
uxes in the solidi�cation of

pure materials (Zabaras et al. 1995, 1997 and

Yang and Zabaras 1998a).

This work was recently extended to alloy

solidi�cation processes where double di�u-

sive mechanisms have to be accounted for

in the inverse analysis. Our main design variables

are the thermal mold/furnace conditions. We se-

lected these continuous variables such that a de-

sired growth velocityV and temperature �eld (e.g.

a temperature gradient G) are achieved near the

freezing interface that correspond to desired mi-

crostructures (Yang and Zabaras, 1998b). In our

preliminary work, we are interested to design pro-

cesses with spatially uniform growth velocity un-

der stable growth conditions.

These design problems are posed as inverse

problems with overspeci�ed thermal conditions

(temperature and 
ux) on one part of the bound-

ary (here the freezing interface) and no-thermal

conditions on another part of the boundary

(here part of the mold or furnace walls). Such

problems are mathematically stated as functional

optimization problems in the L2 space. The exact

gradient of the cost functional is obtained via

the solution of an adjoint continuum problem.

A sensitivity problem is also de�ned and is used

in the implementation of the conjugate gradi-

ent method. Considering the rapidly changing

with respect to time optimum boundary heat-

ing/cooling rates for such designed processes, it

is important to avoid �nite discretization of the

boundary heat 
ux conditions in particular when

a-priori information on the type of expected 
ux

solution is not available. In addition, due to



the ill-posedness of these inverse problems, time

sequential solution is not always possible and

spatial and temporal regularization is required

when such techniques are employed (Zabaras et

al. 1992). However, in the total time domain

approach, a-priori information and spatial regular-

ization are not essential (Kang and Zabaras 1995).

Since electromagnetic �elds have a direct e�ect

on the strength of the melt 
ow (Series and Hurle,

1991), it is feasible to consider that the presence

of electromagnetic �elds facilitates the process of

control via thermal boundary heating/cooling.

Furthermore, the consideration of designing

appropriate strengths and direction of magnetic

�elds simultaneously with continuous boundary

heating/cooling conditions for various strengths

of gravity will further enhance the success of the

solidi�cation design process.

Finally, real time control of directional pro-

cesses based on the design methodology reviewed

above requires the development of reduced order

models (i.e. models with only a few parameters

that can be used with minimum CPU require-

ments). Minimum research has been performed

in this area. The signi�cant recent advances in

robust control theory (Zhou et al. 1996) can be

applied to the development of such controllers and

to the real time feedback solidi�cation process

control.

1.1 Inverse Design of Alloy Solidi�cation

Processes

A review is given here of the design of stable

binary alloy solidi�cation processes with desired

freezing front motions. It is quite well known that

in a binary alloy solidi�cation process, a solute

pile-up takes place ahead of the moving interface

(Kurz and Fisher 1989). Due to this e�ect, a re-

gion of constitutional undercooling (i.e. a region

where the actual temperature is less than the lo-

cal equilibrium temperature) can develop in front

of the freezing interface. This leads to interface

instability and consequent formation of dendrites.

The condition for avoiding such an e�ect is given

in Kurz and Fisher (1989) by the very simple con-

stitutional stability criterion,

@�

@n
(x; t) < m

@c

@n
(x; t); (x; t) 2 �I � [0; tmax](1)

where G � @�

@n
(x; t) and Gc �

@c

@n
(x; t) are the tem-

perature and concentration gradients at the inter-

face with the direction of the unit normal vector to

the freezing interface pointing into the solid phase.

In the work of Yang and Zabaras (1998b), this

inequality condition was converted to an equality

form as follows:

@�

@n
(x; t) = m

@c

@n
(x; t) + �(x; t) (2)

where the over stability function �(x; t); (x; t) 2

�I � [0; tmax]; is non-positive and is a part of the

inverse problem de�nition. The above approach

has been applied in our recent work.
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Figure 1: Schematic of the direct alloy solidi�ca-

tion problem in the presence of a magnetic �eld.

It is assumed that there is enough regularity of

the boundary to allow us to work in the frame-

work of H1(
) functions. The space of admissible

controls U is next de�ned as the Hilbert space U

= L2(�ol� [0; tmax]). The inverse design magneto-

thermo-solutal convection problem in the liquid

phase can now be formulated as a whole time-

domain optimization problem. With the following

guessed heat 
ux condition at the liquid boundary

mold wall:

@�

@n
(x; t) = qol(x; t); (x; t) 2 �ol � [0; tmax] (3)

one can de�ne a direct thermo-solutal convection

problem (in the presence of a magnetic �eld) on a

prescribed variable domain 
l(t). For the de�ni-

tion of this parametric direct problem, the follow-

ing boundary conditions are used at the freezing

interface: (a) the stability condition (equ. (2)),



(b) the solute balance conditions, (c) the given de-

sired interface velocity and (d) the zero 
ux of the

electric potential � (Sampath and Zabaras 1999b).

Let us denote the solution of this direct prob-

lem for the electric potential, temperature, con-

centration and 
ow �elds as �(x; t; qol), �(x; t; qol),

c(x; t; qol) and v(x; t; qol), respectively, indicating

their parametric dependence on qol.

The liquidus relation from the equilibrium phase

diagram is not used in the above direct problem

de�nition, thus it is not guaranteed to be satis�ed.

Instead, for arbitrary qol 2 U , we de�ne the follow-

ing cost functional in the space L2(�I � [0; tmax]):

J(qol) =
1

2
jj�(x; t; qol)� (�m +mc(x; t; qol))jj

2 (4)

The above functional indicates the discrep-

ancy of the calculated temperature from the

concentration-dependent liquidus temperature.

This discrepancy can be thought of as a mea-

sure of the deviation of the interface from the

thermodynamic equilibrium conditions for the

dilute binary alloy. Finally, the following control

problem is de�ned:

Find �qol 2 U such that

J(�qol) � J(qol); 8 qol 2 U (5)

The objective of the inverse analysis is then to

construct a minimizing sequence qkol(x; t) 2 U ,

k = 1; 2; : : : that converges to at least a local

minimum of J(qol) (Fletcher 1987). If such a

minimum can lead to an interface growth that is

close enough to the desired growth according to a

certain accuracy measure and is constitutionally

stable, then an acceptable design solution has

been obtained.

The main di�culty with the above optimiza-

tion problem is the calculation of the gradient

J 0(qol(x; t)) in the space U . Taking the directional

derivative of the cost functional at qol in the direc-

tion �qol, yields the following equation:

D�q
ol
J(qol) � (J 0(qol);�qol)U =

(�(x; t; qol;�qol)�mC(x; t; qol;�qol);

�(x; t; qol)� (�m +mc(x; t; qol)))�I (6)

where �(x; t; qol;�qol) is the linear sensitivity

temperature �eld. The sensitivity tempera-

ture �eld �(x; t; qol;�qol) � D�q
ol
�(x; t; qol),

the sensitivity velocity �eld V(x; t; qol;�qol) �

D�q
ol
v(x; t; qol), the sensitivity concentration �eld

C(x; t; qol;�qol) � D�q
ol
c(x; t; qol) and the sen-

sitivity electric potential �eld �(x; t; qol;�qol) �

D�q
ol
�(x; t; qol) together constitute a linear con-

tinuum magneto-thermo-solutal sensitivity prob-

lem. A linear perturbation of the direct magneto-

thermo-solutal problem de�ned leads to the corre-

sponding sensitivity problem. As can be seen from

equ. (6), an adjoint system has to be evaluated for

the calculation of J 0(qol). This adjoint problem is

also a linear coupled magneto-thermo-solutal con-

vection problem. A precise de�nition and deriva-

tion of the direct, sensitivity and adjoint problems

can be found in (Sampath and Zabaras 1999b).

The application of an external magnetic �eld

has positive e�ects on both the solutal variation

as well as the melt 
ow in the solidi�cation sys-

tem. However, the application of a magnetic

�eld alone does not ensure constitutionally sta-

ble growth through out the process even though

it provides an improvement over the case with no

magnetic �eld. However, simultaneous application

of magnetic �eld and thermal control can lead to

improved thermal boundary 
ux pro�les as well

as desirable solute segregation patterns (Sampath

and Zabaras 1999b). In our recent calculations,

the inverse design methodology has been utilized

to design a stable growth process with a growth

velocity corresponding to that of a solidi�cation

process controlled only by heat and solute di�u-

sion.

1.2 Future directions in solidi�cation process

design and control

Over a period of ten years, our research has

moved from conduction based inverse Stefan mod-

els to double-di�usive inverse convection prob-

lems in the presence of magnetic �elds. Even

though some applications to solidi�cation design

have been considered in this area, several chal-

lenging problems remain to be investigated. We

here discuss some of the open research issues in

solidi�cation process design and control:

� Issues of uniqueness, existence and stability

of solution of general inverse convection prob-

lems have only been investigated numerically



and a rigorous mathematical approach is not

available.

� The solution of design solidi�cation problems

is not directly useful for real time control

of solidi�cation processes. Model reduction

techniques are needed using the information

provided by the continuum design techniques.

Many interesting and exciting problems are

to be addressed in this area and the signif-

icant developments in robust control theory

are expected to be directly applicable to such

problems.

� Consideration of other than the simplis-

tic constitutional undercooling criterion is

needed to be incorporated in the de�nition

of the design problem for a stable desired

growth. This will introduce mathematical dif-

�culties in obtaining the desired adjoint oper-

ators. Also, additional physical mechanisms

may also have to be considered (e.g. surface

tension, interface kinetics, etc.) (Coriell and

McFadden 1994).

� Current work is underway for the optimum

design of external magnetic �elds (magnitude

and direction) that in addition to the con-

trolled boundary heating/cooling rates can be

used to achieve the desired objectives in the

freezing front or the �nal cast product. Con-

sideration of the full set of coupled PDEs for

the electromagnetics is still an active research

area with regard to direct modeling and as

such even further work remains to be consid-

ered in an inverse analysis.

� Consideration of rotation of the crucible or

furnace in addition to boundary 
uxes and

magnetic �elds provides another means for

controlling the obtained solidi�cation mi-

crostructures. While a lots of experimental

work and data are available in this topic, no

research as of yet has been initiated for the

inverse design of solidi�cation systems via ro-

tation.

� Most of the current developments on design

solidi�cation problems are for stable solidi-

�cation growth. However, there are many

other important design problems in the so-

lidi�cation of alloys with di�used (mushy) in-

terfaces that remain to be addressed (Zabaras

1998). For such alloy solidi�cation problems,

one may consider the problem of minimizing

macrosegregation (uniformity in c in the �-

nal product) or obtaining a product with a

strati�ed distribution of concentration. Many

di�culties exist in this area mainly related

to insu�cient understanding and modeling of

mushy zones that will allow us to perform a

rigorous mathematical analysis for the inverse

design problem.

� Finally, implementation issues of functional

optimization problems as applied to the de-

sign of solidi�cation processes remain to be

addressed. Object oriented techniques have

been found e�cient for such purposes and

they are currently under intensive research

(Sampath and Zabaras 1999a,b,c).

� The proposed techniques are useful for the

development of the next generation of fur-

naces for controlled crystal growth. In par-

ticular, the availability of mathematical mod-

els for solidi�cation control via optimally de-

signed thermal boundary 
uxes and electro-

magnetic �elds is essential for the develop-

ment of multiple zone instrumented furnaces.

The need for the development of such fur-

naces was not addressed up to now mainly

because the prospects of controlled solidi�ca-

tion processes were not there. In the last sev-

eral years, it has been shown that the math-

ematical control of solidi�cation processes is

possible and that the time of developing ad-

vanced furnaces that can produce the desired

heating/cooling boundary 
uxes has arrived.

� In addition to applications in the design of

solidi�cation processes, the proposed designs

can be applied to experimental studies of pro-

cesses in which the e�ects of convection on the

solidi�cation microstructures are reduced and

di�usion based mechanisms are dominant.

From the problems listed above, it is clear that

solidi�cation process design and control is an ex-

citing area of research and signi�cant challenges

and achievements are expected in the near future.

2 INVERSE PROBLEMS FOR FORMING

DESIGN

A signi�cant number of metal alloys is currently

employed in the manufacturing of automotive,



aerospace and other hardware components. The

high cost of manufacturing critical structural com-

ponents can be signi�cantly reduced with the de-

velopment of mathematically and physically sound

computational methodologies for deformation pro-

cess design and control. The complicated na-

ture of polycrystalline materials and the induced

changes in their microstructure during processing

are among the main challenges that one must con-

sider while developing means for the design and

control of bulk forming processes that under min-

imum cost result in products of desired shape and

material state.

The desired objectives for a single forming pro-

cess, e.g. in a hot extrusion process, may include

one or more of the following criteria: uniform de-

formation in the �nal product; minimum required

work or extrusion pressure; desired microstructure

in the �nal product; minimum or desired resid-

ual stress distribution; minimum deformation and

wear of the die; desired shape of the �nal product;

and minimum porosity in the �nal product. Any

of these objectives can theoretically be achieved

by: appropriate design of the extrusion die sur-

face; design of the preform; design of the material

state (microstructure) in the initial billet; and ap-

propriate selection of the process parameters (ex-

trusion speed and pressure history, operating tem-

perature, etc.). However, it is important to note

that in a single forming process there is only a

limited control of the material state in the �nal

product that someone can achieve using a single

process design and generally a multistage process

design is required.

Most deformation process design is currently fo-

cused on trial and error techniques based on pre-

vious experience and the results of the direct anal-

ysis (Kobayashi et al. 1989). On the other hand,

sensitivity analysis and optimization theory, pro-

vide a fresh look at these problems and can lead to

realistic and accurate designs. To mathematically

address forming design problems using optimiza-

tion theory, one needs to calculate the sensitivity

of the material state and geometry at the interme-

diate and �nal stages of deformation with respect

to in�nitesimal changes in each of the design vari-

ables.

In the direct di�erentiation method, a set of �eld

equations are developed by considering the varia-

tion of the continuum or discretized �eld equa-

tions of the direct problem with respect to small

changes in the design parameters (Kleiber et al.

1997). The sensitivity �eld equations are linear

and can easily be solved.

Although the last few years have seen an

increasing interest in the direct di�erentiation

method for calculating sensitivities, a number of

challenges remain in the accurate and e�ective

computation of sensitivity �elds for practical en-

gineering problems that involve frictional contact.

Shape optimization schemes for non-steady state

metal forming processes with applications to pre-

form forging design are given in (Badrinarayanan

et al. 1995, Fourment et al. 1996a,b). Applica-

tion of optimization techniques for net-shape man-

ufacturing involving forging processes is given in

(Zhao et al. 1997). Other applications to extru-

sion and forging die design can be found in (Badri-

narayanan and Zabaras 1996), (Joun and Hwang

1998b) and (Chung and Hwang 1998).

Some of our most recent work in this area is

reviewed brie
y in the next section and a number

of open research issues are discussed in section 2.2.

2.1 Inverse modeling of design forming problems

The work summarized here is an extension of

recent work by Zabaras and co-workers (Badri-

narayanan and Zabaras 1996, Zabaras and Bao

1999 and Srikanth and Zabaras 1999). The discus-

sion below is restricted to preform design problems

and the calculation of sensitivity �elds is with re-

spect to the preform shape.

In a typical Lagrangian analysis of a deforma-

tion process, material occupying an initial con�g-

uration (time zero) is deformed to obtain a �nal

con�guration. Since we are interested in the vari-

ation of Lagrangian �elds induced by a variation

in the initial shape of the body, we need to de�ne

an imaginary �xed geometric con�guration which

under appropriate smooth geometric mappings is

mapped to each of the preform shapes. Further-

more, we assume that the material is in its virgin

state in its initial con�gurations de�ned fom each

preform. Thus, we consider the workpiece in the

following con�gurations (see Fig. 2):

� the reference con�guration: BR.

Y will denote an arbitrary point in this con-

�guration. The points of this con�guration

do not have any material signi�cance.

� the material initial con�guration: B0, at time

t = 0.
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Figure 2: The reference, material and spatial con-

�gurations.

This con�guration represents the initial state

of the material that undergoes the deforma-

tion process, and the material points of this

con�guration will be denoted byX. The con-

�guration B0 is completely described by a

su�ciently smooth reference map of the form:

X = X̂ (Y ; �s) (7)

where in general, �s are smooth functions

that de�ne the whole or parts of @B0. For a

�xed reference con�guration BR and a given

boundary of the initial con�guration de�ned

through the functions parameters �s, one can

always construct a mapping of the form of

equ. (7).

� the spatial con�guration: Bt at time t.

This represents the state of the body under-

going deformation through the given die after

an elapsed time t. The points in this con�gu-

rations will be denoted by x and the motion

of the body is described with respect to the

material con�guration by:

x = x̂ (X; t; �s) (8)

and with respect to the reference con�gura-

tion by:

x = x̂

�
X̂ (Y ; �s) ; t; �s

�
= ~x (Y ; t; �s) (9)

Consider the dependence of Lagrangian �elds

� = �̂(X; t) on �s. This dependence can be ex-

pressed as follows

� = �̂(X̂(Y ; �s); t; �s) = ~�(Y ; t; �s) (10)
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Figure 3: Schematic representation of the shape

sensitivity of the deformation.

The dependence of Eulerian �elds on �s can easily

be derived using equation (9).

The shape di�erential
�

�=
�

�̂ (X ; t; �s; ��s) is

the total Gateaux di�erential of � = ~�(Y ; t; �s)

in the direction ��s computed at �s :

�

�̂ (X; t; �s;��s) =
d

d�
~�(Y ; t; �s + ���s)

�����
�=0

(11)

The shape di�erential or sensitivity
�

� can be un-

derstood as being the di�erence between two �elds

representing �, that result due to di�erent initial

con�gurations de�ned by the shape parameters �s
and �s+��s. It is emphasized that the �elds ~�(�s)

and ~�(�s+��s) are computed for material points

that occupy the same location Y in the �ctitious

parent con�guration. A graphical representation

of the notion of shape sensitivity is shown in Fig-

ure 3.

In the remaining of the paper, we will adopt the

following notation. While evaluating the spatial

derivatives, rXZ will imply evaluating the gradi-

ents for the function Ẑ whereas, rYZ will denote

evaluation of the gradient of the function ~Z.

The shape derivatives of various spatial deriva-

tives with respect to the material con�gurationB0

have to be evaluated carefully. We �rst introduce

the reference gradient , FR, as follows:

F R = rYX =
@

@Y
X̂ (Y ; �s) (12)

The shape derivative of the reference gradient, de-

noted by
�

F R, is de�ned as:

�

F R=
@

@Y

�

X̂ (Y ; �s) (13)



We further de�ne LR as:

LR =
�

F R F
�1
R (14)

All spatial derivatives with respect to the con�gu-

ration B0 are expressed in terms of spatial deriva-

tives with respect to the con�guration BR using

F R. The calculation of the shape derivatives of

these gradients can then be performed in a straight

forward manner.

It is here assumed that the direct problem for

a given preform de�ned by the parameters �s
has been solved and the history of deformation,

stresses and material state has been evaluated at

all times.

Suppose at time step t = tn, we calculated

the various direct �elds, (T n; �n; sn;F n;F
e
n;
�F
p

n)

as well as the corresponding sensitivity �elds (
�

T n

;
�

�n;
�

sn;
�

F n;
�

F
e
n;

�

�F
p
n). After solving the direct

problem at time step t = tn+1 and evaluat-

ing (T n+1; �n+1; sn+1;F n+1;F
e
n+1;

�F
p

n+1), the in-

cremental sensitivity problem is de�ned as the cal-

culation of the sensitivity �elds (
�

T n+1;
�

�n+1;
�

sn+1

;
�

F n+1;
�

F
e
n+1;

�

�F
p
n+1). The discussion here is re-

stricted to isothermal deformation and the rate-

dependent material model is de�ned with one

isotropic state variable s as in Weber and Anand

(1990) and Zabaras and Srikanth (1999).

The developed continuum sensitivity analysis

proceeds in a time incremental fashion using the

same time step as in the direct analysis. The in-

cremental sensitivity problem from time tn to time

tn+1 is divided in three main subproblems (1) the

constitutive sensitivity problem (2) the kinematic

sensitivity problem and (3) the contact sensitiv-

ity problem. The de�nition of these problems is

given next together with a brief discussion on the

current solution techniques and open issues.

The sensitivity constitutive problem

In the constitutive sensitivity problem, one as-

sumes that the sensitivities of the various mate-

rial state variables, deformation gradient, etc. at

time step t = tn, (
�

T n;
�

�n;
�

sn;
�

F n;
�

F
e
n;

�

�F
p
n), are

given. The material state variables and deforma-

tion are assumed known from the direct analy-

sis at both time t = tn and t = tn+1. The ob-

jective of the incremental constitutive sensitivity

problem at time t = tn+1 is the calculation of the

linear relationship between the sensitivity �elds

(
�

T n+1;
�

�n+1;
�

sn+1;
�

F
e
n+1;

�

�F
p
n+1) and the sensitiv-

ity of the total deformation gradient
�

F n+1. Note

that only a linear relation is calculated here and

not the actual sensitivity �elds at tn+1.

The sensitivity kinematic problem

In the kinematic sensitivity problem, given

(T n+1; �n+1; sn+1;F n+1;F
e
n+1;F

p

n+1) at time t =

tn+1 and with given linear relationship between

(
�

T n+1;
�

�n+1;
�

sn+1;
�

F
e
n+1;

�

�F
p
n+1) and

�

F n+1, and

appropriate (e.g. kinematic) sensitivity boundary

conditions, one calculates the sensitivity of the de-

formation gradient
�

F n+1.

After the calculation of
�

F n+1, one can return to

the sensitivity constitutive problem and using the

various linear relations calculate (
�

T n+1;
�

�n+1;
�

sn+1

;
�

F
e
n+1;

�

�F
p
n+1).

The sensitivity contact problem

The objective of this problem is the calculation

of the linear relation between the sensitivities of

the normal and tangential contact traction compo-

nents and the sensitivity
�

x at the contact bound-

ary. Some of the di�culties due to the non di�er-

entiable nature of contact are avoided in this calcu-

lation by assuming that the same contact bound-

ary exists in both direct problems corresponding

to the two nearby preform surfaces (see Fig. 3).

This regularizing assumption includes both the

sliding and sticking parts of the contact bound-

ary.

The three incremental sensitivity subproblems

(constitutive, kinematic and contact) are linearly

coupled and together provide a linear problem for

the calculation of the sensitivities of both the de-

formation and the material state. It should be

noted that the corresponding subproblems in the

direct problem are non-linearly coupled and must

be solved in an iterative fashion.

Solution Technique

The solution of the sensitivity constitutive prob-

lem is obtained by numerically integrating the sen-

sitivity equations resulting from the linearization

with respect to the design variables of the con-

tinuum equations describing the material behav-

ior, mainly the 
ow rule, the evolution of plastic

strain, the evolution of state and the elastic law.

Very accurate results for such calculations have



been reported in our recent work. Note that by

di�erentiating with respect to the preform shape

the continuum constitutive model, one is able to

account for the linearity of the sensitivity �elds.

Di�erentiation of the discretized equations, on the

other hand, may not lead to the same level of ac-

curacy. This approach implies that the integration

scheme for the sensitivity constitutive problem is

generally di�erent from that used in the constitu-

tive subproblem of the non-linear direct analysis.

To solve for the sensitivity deformation �elds,

one needs to consider the sensitivity of the equi-

librium equation in conjunction with a set of ap-

propriate boundary conditions. In the following, a

principle of virtual work like equation is developed

for obtaining
�

F .

The primary unknown in the solution of the

sensitivity kinematic problem is the sensitivity of

the body con�guration x = x̂(X ; t). For a sensi-

tivity formulation expressed in the reference con-

�guration BR, the primary unknown will be the

Gateaux di�erential
�

x=�
�

~x (Y ; t; �s;��s).

In this section, the shape sensitivity equilibrium

equations and boundary conditions are developed.

A weak form for the di�erential form of the shape

sensitivity equilibrium equation is developed and

the sensitivity deformation �eld computed. The

driving force for applications like metal forming is

due to the contact conditions at the die-workpiece

interface and the e�ect of contact on the sensi-

tivity deformation problem is described. In con-

trast to the direct deformation problem which was

solved using an updated Lagrangian framework,

we pose the sensitivity problem using a total La-

grangian formulation. The sensitivity deformation

problem is developed on the reference con�gura-

tion BR i.e. we monitor material points that oc-

cupy a �ctitious location Y 2 BR.

The shape derivative of the equilibrium equa-

tion results in the following equation (here P is

the Piola-Kirchho� stress):

�

rX �P +
�

f= 0 8 X 2 B0 and 8 t 2 [0; tf ](15)

Neglecting body forces and after some algebra,

the above equation is expressed as follows:

rY

�

P

h
FR

�T
i
�rYP

h
LR

T
F R

�T
i
= 0 (16)

A variational form of this equation can now be

posed as:

R
BR

�
rY

�

P

h
F R

�T
i
�rYP

h
LR

T
F R

�T
i�

� ~u dVR

= 0

where ~u is a kinematically admissible sensitivity

deformation �eld expressed over the reference con-

�guration BR.

Using integration by parts, one arrives at the

following variational shape sensitivity problem for
�

x̂ (X; t) using a formulation based on the refer-

ence con�guration BR :R
BR

�

P FR
�T

�rY ~udVR

+
R
BR

�

P

h
rY � FR

�T
i
� ~udVR

�
R

@Bn+1

1

detF R

n�
FLRF

�1
�
� (n
n)

o
t̂� ~u dAn+1

=
R
BR

P

h
rY � (LR

T
FR

�T )
i
� ~u dVR

+
R
BR

PLR
T
F R

�T
�rY ~u dVR +

R
@Bn+1

1

detF R

(
�

t̂ �
�
FLRF

�1
�
� (n
n)t̂

)
� ~udAn+1

for every admissible test function ~u. In the above

equation the quantity LR is the driving force

for the shape sensitivity problem. The design

deformation gradient F R is known a priori from

the prescribed reference geometric mapping.

The primary unknown of the above varia-

tional problem is the Gateaux di�erential
�

~x

(Y ; t; �s;��s). Thus in order to obtain the �nal

form of the variational shape sensitivity problem,

the relationship between
�

F and
�

x needs to be de-

veloped (refer to Figure 3). This takes the form:

�

F =

�
rY

�

x

�
FR

�1
� FLR (17)

Taking F R = I in the variational equation above,

results in the following simpli�ed equation:Z
B0

�

P �rX ~u dV0 �

Z
@Bn+1

��
�

F F
�1

�
� (I � n
n)

�
t̂� ~u dAn+1 =

Z
B0

�
P

h
rX �L

T
R

i�
� ~u dV0 +

Z
B0

�
PL

T
R

�
�rX ~u dV0 +

Z
@Bn+1

 
�

t̂ �
�
FLRF

�1
� (n
n)

�
t̂

!
� ~u dAn+1
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Figure 4: Schematic of the deformation history of

a body corresponding to two nearby initial pre-

forms.

In this case equation (17) takes the form :

�

F =
�

rX x = rX

�

x � FLR (19)

The modi�ed weak form given above can now

be used to obtain a linear system solvable for
�

~x (Y � X; t; �s;��s). The initial conditions and

non-contact related boundary conditions for the

above problem can easily be derived. Calculation

of the boundary conditions that arise from the

contact and frictional conditions is a non-trivial

task mainly due to the non-di�erentiable nature

of contact.

The traction vector t̂ refers to the current con-

tact traction expressed per unit current area. The

e�ect of contact on the �nite deformation direct

problem is presented in (Zabaras and Srikanth

1999), (Laursen and Simo 1991) and (Simo and

Laursen 1992). We re-iterate that an updated La-

grangian approach is used to solve the equilibrium

equations with the reference con�guration being

updated every time increment. As part of the so-

lution procedure, the current contact traction �̂

expressed per unit reference area ( updated ref-

erence con�guration) is also computed. Figure 4

shows the various con�gurations of the body dur-

ing a deformation process for two di�erent but

nearby initial preforms.

The contact traction vectors t̂ and �̂ are related

as:

t̂ = �̂
j F

T
r n j

Jr
(20)

where F r = F F
�1
n is the relative deformation

gradient and Jr = detF r. One can thus modify

the weak shape sensitivity problem given earlier

as follows (where here @Bn is the part of the

boundary where contact occurs):R
B0

�

P �rX ~u dV0+

R
@Bn

(
�

F

 
F

�1
�
F

�1

n
F

T

r

jF
T

r
nj

2

!
� (n
n)

)
�̂� ~u dAn =

R
B0

�
P

h
rX�L

T
R

i�
� ~u dV0+

R
B0

�
PL

T
R

�
�rX ~u dV0 +

R
@Bn

�

�̂ � ~u dAn+

R
@Bn

 
(F rF

T

r
) � (

�

n
n)

jF
T

r
nj

2

!
�̂� ~u dAn+

R
@Bn

tr

�
F r

�

F n F
�1

�
�̂� ~u dAn

�
R

@Bn

0
@F r

�

F nF
�1

n
F

T

r

jF
T

r
nj

2

1
A

� (n
n) �̂� ~u dAn�

R
@Bn

�
FLRF

�1
� (n
n)

�
�̂� ~u dAn

The calculation of
�

�̂ must be consistent with

the presentation of the direct deformation contact

sub-problem. In the direct deformation problem,

contact and friction conditions are calculated us-

ing an implicit augmented Lagrangian approach

(Zabaras and Srikanth 1999). To address the issue

of non-di�erentiability of the contact/frictional

conditions, the following regularizing assumptions

are made in the computation of the sensitivities of

the contact tractions:

� Contact assumption: A particle that lies in

the admissible (inadmissible) region at time t

for a problem also lies in the admissible (in-

admissible) region for a perturbed problem

(i.e. for a deformation that results from a

perturbed preform con�guration) at time t.

� Friction assumption: Transition from stick to

slip condition or vice versa does not occur at

a material point as a result of a perturbation

to the preform con�guration.

Figure 5 shows the schematic used to compute

the contact traction sensitivities. A scheme is de-

veloped to compute
�

�̂. The sensitivity of the clos-

est point projection
�

�y plays a crucial role in the

computation of the traction sensitivities. The con-

tact traction vector is expressed from the descrip-
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shape.

tion of the direct deformation problem as (Zabaras

and Srikanth 1999):

� = �N �(�y) � �T � 1(�y) (21)

One obtains the sensitivity of the contact traction

as:

�

� =
�

�N �(�y) + �N
�

� �
�

�T � 1(�y) � �T
�

� 1(22)

The variables (
�

�n;
�

��n) are assumed to be known

as calculated from the solution of the contact

sensitivity problem from the previous time-step.

The solution of the direct deformation problem

also gives the following variables at time tn+1,

(�N ;�
trial;�trial

T ). The sensitivity of the trial state

at time tn+1 is given as :

�

�N =
�

h�Nn
+ �N g(xn+1)i (23)

�

�
trial

T =
�

�Tn + �T

 
�

�� �
�

��n

!
(24)

As a result of the contact regularizing assump-

tion, one can express the sensitivity of normal

traction for points in contact as:

�

�N =
�

�Nn
+�N

�

g(xn+1) (25)

The sensitivity of the tangential traction is given

as (see friction related assumption):

IF ( �trial � 0 ) THEN

�

�T =
�

�
trial

T (stick) (26)

ELSE

�

�T =

�0
@� �N

�trialT�������trial
T

������
1
A (slip) (27)

If the material point being analyzed is in sticking

contact, then the sensitivity of the tangential trac-

tion
�

�T is obtained from the sensitivity of the trial

state in equation (24). If however the friction con-

ditions at a material point are that of slip, equa-

tion (27) is used to compute the sensitivity of the

tangential traction.

With a number of steps and after calculating the

linear relationship between the sensitivity of the

gap function
�

g and
�

x, the sensitivity of the con-

tact traction
�

� can be written as a known linear

function of
�

x. With the substitution of this linear

equation to the weak form, one has posed the en-

tire shape sensitivity problem in an in�nite dimen-

sional setting along with all the necessary initial

and boundary conditions (Srikanth and Zabaras

1999b).

As discussed earlier, an augmented Lagrangian

formulation is used in the direct contact algorithm

similar to that given in (Laursen and Simo 1991)

and (Simo and Laursen 1992). Solution of the di-

rect deformation problem within a time increment

usually requires a number of augmentations in or-

der to accurately enforce the various constraints.

A sensitivity contact algorithm resulting from the

di�erentiation of the discrete direct contact algo-

rithm will lead to an iterative sensitivity contact

subproblem. Such iterations however will not be

consistent with the linear nature of the sensitivity

analysis. The use of the same undersized penalties

as those used in the direct deformation problem

would result in signi�cantly inaccurate estimates

of sensitivities if only one iteration is performed

in the contact sensitivity problem. This issue is

addressed in (Srikanth and Zabaras 1999) where

the use of much higher penalties for the sensitiv-

ity contact problem are proposed than those used

in the direct contact subproblem. Such a choice of

the penalty parameters prevents the need for addi-

tional iterations and results in very accurate mea-

sures of the sensitivity contact tractions (Srikanth

and Zabaras 1999). The regularizing contact and

frictional assumptions are responsible for this fu-

ture of the augmented Lagrangian analysis since

in the case of the sensitivity contact algorithm

one calculates the sensitivities of the contact trac-



tions while keeping the slip/stick contact bound-

aries �xed.

2.2 Open issues in the design of forming processes

There are many technical issues that remain to

be addressed in the design and control of forming

processes. Some of these issues of importance to

our research are the following:

� The calculation of the sensitivities of the con-

tact tractions remains a challenging unsolved

problem. An algorithm is required that in ad-

dition to the calculation of the sensitivities of

the contact tractions can also provide the sen-

sitivities of the contact regions. An algorithm

is needed with the minimum regularizing a-

priori contact assumptions that is guaranteed

to lead to unique, stable and accurate contact

traction solutions.

� Initial designs are required based on ideal

forming paths or microstructure evolution

paths. E�cient algorithms for the develop-

ment of realistic initial designs are not avail-

able yet for bulk forming processes.

� Consideration of constraint optimization

problems for metal forming design are re-

quired. Some of these constrained problems

may be handled as multiple stage designs.

� The design of multistage processes (i.e. the

calculation of the sequence of processes that

lead an initial workpiece to a desired product)

is one of the remaining challenging problems

in optimization theory.

� Design of processes that lead to a desired tex-

ture in the �nal product is a challenging open

problem. First principle assumptions are re-

quired from passing sensitivity data between

scales (i.e. the sensitivity of the deformation

gradient).
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