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ABSTRACT

This paper presents a finite element solution of an
inverse solidification design problem. It is based on our
previous work on an adjoint method with a functional
optimization scheme for the solution of inverse thermal
convection problems with overspecified thermal bound-
ary conditions. An inverse calculation is performed here
for directional solidification processes to find the op-
timal heat flux at the mold wall boundary on both
the solid and liquid mold sides. The objective is to
achieve desired velocity and heat flux histories at the
solid-liquid interface. The specification of the growth
velocity and freezing interface heat fluxes considers the
microstructural implications on the casting product and
the morphological stability requirements of the freezing
interface. An example of solidification in a rectangular
mold with a planar interface growth is shown.

NOMENCLATURE

English:

¢ liquid specific heat

C, liquid concentration

D, liquid solute diffusivity

eg unit vector in the direction of gravity

G temperature gradient

I  unit second order tensor

k  solid-liquid equilibrium partition ratio

) length scale

L latent heat of solidification

L, Lebesgue square integrable functional space
m; slope of the liquidus in a binary phase diagram
n  normal out of boundary of the liquid domain
p  dimensionless pressure

Pr Prantdl number

g  dimensionless heat flux

Ra Rayleigh number = W

S dimensionless position of the solid-liquid interface
S objective function for inverse optimization

Ste Stefan number (ratio of sensible to latent heat)

dimensionless time

temperature

melting (freezing) temperature

reference or initial (uniform) liquid temperature
dimensioless velocity vector

velocity vector

solid-liquid interface velocity

sensitivity velocity vector

dimensionless spatial coordinates in the domain 2

BQeeRENST

Greek:

thermal diffusivity

thermal expansion coefficient
boundary of the domain 2
dimensionless temperature
dimensionless sensitivity temperature
kinematic viscosity

dimensionless sensitivity pressure
dimensionless stress tensor
dimensionless sensitivity stress tensor
dimensionless adjoint pressure
dimensionless adjoint stress tensor
dimensionless adjoint velocity
dimensionless stream function
dimensionless adjoint temperature
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Subscripts:

essential boundary condition

natural boundary condition

at the solid-liquid interface

liquid

for unknown flux at the solid or liquid boundary
solid
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INTRODUCTION

Solidification phenomena have extensive industrial
applications including metal casting and crystal growth
processes [1-2]. Heat transfer and fluid flow play essen-
tial roles in these processes [2]. Inverse design of solidi-



fication processes through thermal boundary condition
design has been investigated in a number of cases [3-6].

Here, we are interested in the design of solidifica-
tion processes with thermal convection in the liquid
melt. The formulation involves the temporal and spa-
tial temperature and velocity fields. It can be applied
to solidification of pure substances or to dilute alloy so-
lidification with a sharp solid-liquid interface. For the
latter case, a simplification will be made by neglecting
the inhomogeneity of solute concentration.

The inverse design is realized with a proper selection
of the heat flux g, on the mold boundary ', that leads
to a desired flux g; on the freezing interface and a de-
sired growth velocity vs. The inverse problems in the
solid and liquid regions are fully uncoupled.

Our formulation is based on a functional optimiza-
tion scheme which was developed earlier by the authors
for the analysis of inverse natural convection problems
in fixed enclosures [7]. In particular, reference [7] pre-
sented an algorithm for the calculation of the heat flux
in part of the boundary of a convecting fluid using over-
specified thermal boundary conditions (heat flux and
temperature) at another part of the boundary. The
developed inverse technique uses the adjoint method
to calculate in the L, space the derivative of the cost
functional ||T (x7,t; ¢o) — Tim||7, Which is the square er-
ror between the calculated temperature at the freezing
interface I'; and the given melting temperature. The
minimization of the cost functional was performed by
the conjugate gradient method via the solution of the
direct, adjoint and sensitivity problems. The inverse
problem in the solid region is an inverse heat conduc-
tion problem [8] on a deforming domain. It has been
studied earlier [3-6] and here emphasis will only be given
to the inverse problem in the melt where the calculation
of the gradient of the cost functional requires a proper
coupling between the thermal and fluid flow operators
of the adjoint problem.

The capability of control of the temporal growth ve-
locity vy and heat flux g;; at the interface liquid side,
enables the control of the microstructure development
during solidification [1-2]. We prefer to choose spatially
uniform ¢y; and vy that result in uniform microstruc-
ture. Dendritic morphology or mushy layer is to be
avoided which means that the stability of sharp solid-
liquid interface is to be maintained. Stability criteria
are well established [2, 9-10] to relate ¢r; and vy. Here,
we choose to estimate and satisfy such criteria with a
simplified form [10]:

G
vy

_ Imil(1 = K)C,

> (1

The basic physics for this criteria is to avoid constitu-
tional supercooling [2], although in our case, the con-
centration field is not calculated.
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INVERSE FORMULATION

We present the formulation of the inverse problem in
the liquid region only.

[g: known 6y \\
\‘7»&: unknown g
L Q
Z M: known qp,

known q,,and 6m

FIGURE 1: Schematic of the inverse problem in the melt.

Let us consider the domain 2 which is occupied
by the solidifying liquid melt. The liquid melt is as-
sumed to have temperature-independent thermal phys-
ical properties. The melt flow is driven by a Boussinesq
buoyancy effect and we only consider such a natural
convection in the laminar flow regime. We are inter-
ested in the spatial and temporal temperature T'(x,t)
and velocity v(z,t) fields. ' is the boundary of Q. Ac-
cording to the type of thermal boundary condition, I’
is divided into: the solid-liquid interface I'; that is at
the melting temperature 7T5,, the essential boundary I,
where temperature is known, the natural boundary T’y
where heat flux is known, and I', which is the boundary
with unknown flux q,;. These boundaries are shown in
Figure 1. In the rest of this paper the notation will be in
non-dimensional form. The dimensionless temperature

is defined as 6 = TT, __53" , and the dimensionless velocity
vl

by w = 7, where we have taken [ as length scale and
I?/« as the time scale. The governing equations are:

06
a5t +u-Vl = V-Vé (2)
88—1: +u-Vu = V.o— RaPrfe, (3)
o = —pl+Pr[Vu+ (Vu)'] (4)
Vou = 0 (5)
f(x,0) = 6b;(x), xe (6)
u(xz,0) = 0, x €N (7)
u(z,t) = 0, (x,t) €T X [0,tmaz]  (8)
0(x,t) by, (,t) € Ty x [0,tmaz] (9)
let) = a0, (20 €T x 0] (10
%(mvt) = q1l(m>t)7 (mvt) € FI X [Oatmaz] (11)

%(mat) = QOl(myt)) (iL‘,t) € I‘o X [Oatmaz] (12)



The equations above define a well posed direct problem
for each heat flux g,; on I',, with the temporal position
of 'y assumed to be known. Note that the tempera-
ture condition, 8 = 6,, = 0, at 'y, is not part of the
definition of the above direct problem. Instead, it can
be used to define an optimization problem for the cal-
culation of the flux ¢,;. For a guess ¢, we can define
a discrepancy at 'y between the calculated tempera-
ture from the above direct problem, 6(x,t; ¢, ), and the
given melting temperature, 6, = 0. The following cost
functional can then be defined:

1
S(qot) = 5”‘9(% t)||%2(1“,><[0,tmw])

1 tmaz
_ —/ o(z,t)2drdt  (13)
2 0 'y

The solution process for the calculation of the optimal
dot leads to the minimization of S(gy). It can be shown
[7] that the derivative S’(go1) of the cost functional in
the Ly (T’ X [0, tmaz]) space is:

S'(qol(m,t)) =¥(z,t), (x,t) €L x[0,tmas] (14)
The adjoint temperature field ¥(x,t) is coupled with
the adjoint velocity field ¢(x,t). They are defined from
the following adjoint problem:

%—‘eru-w = —VU+¢-e (15

%—dt’ +u-Vo— (Vu)'¢p = —-V-(+ PrRa¥Ve
(16)
((x,t) = -] + PrlVo+(Ve)'] (17)
Vg = 0 (18)
¥(z, tmaz) 0, z€Q (19)
(;b(x:tmax) = 0, x €N (20)
o(x,t) = 0, (x,t) €T x]0,tmaz] (21)
U (x,t) 0, (x,t) €Ty x[0,tmaz] (22)
O = 0 (@) € (4T X [0, ta]
(23)

?)_;I: —(vy-n)¥ = 0, (x,t) €T x[0,tmaa]

(24)

The steps for the derivation of such adjoint problems are
given in reference [7], where inverse convection problem
in fixed enclosures was considered.

We are further looking at the sensitivity problem.
The sensitivity temperature field O(x,t; qo, Agoy) =
Dng,,0(z,t;901), and the sensitivity velocity field
U(x,t; 901, Agot) = Dag,, u(x,t;qor) are defined as the
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linear Agy parts of 8(x,t;gu + Aqy) and u(x, t; gor +
Agy) calculated at g, i.e.

9(13,75;(101 +AQOI) = 9(13,75;%1) +6(m7t;q017Aqu)
+  O(]]| Agor ||%2(Fo><[[),tmam])) (25)
w(x,t;qor + Agor) = u(®,t;q0) +U(x,t;qor, Agor)

+  O(]| Agor ||%2(Fo><[[),tmam])) (26)
The governing equations for the sensitivity problem are:

00

5 tuVO+U V6 = V-VO (27)
oU
W‘FUVU‘FUVU = V'Z—PTRG,G)QQ
(28)
Y =-II+ Pr [VU+(VU")] (29)
V-U = 0 (30)
O(x,0) 0, xe (31)
U, 00 = 0, z€Q (32)
Uz,t) = 0, (x,t)€T x][0,tmaz] (33)
O(x,t) 0, (1) €T, x[0,tma (34)
%(m,t) = 0, (x,t)€Th+T1) [0, tmas]
(35)
D@t = Adal,t),@,0) € T x [0,
(36)

We have outlined the formulation for direct, ad-
joint and sensitivity problems. The conjugate gradi-
ent method (CGM) is used for the minimization of the
cost functional S(ge). It constructs a sequence: ¢,
T qfl,. .., to approach the optimal minimizer q,;.
The procedure is as follows:

Step A: Make an initial guess of ¢%(z,t) € La(T, x
[0,tmaz]) and set k=0

Step B: Calculate the conjugate search direction
P (1), (2,8) € Ty X [0, ]

1. Solve the direct problem for 6(z,t;¢%) and

u(z,t; ql,fl)

2. Compute the residual 6(z,t; ¢) for (z,t) € 'y x
[07 tmaz]

3. Solve the adjoint problem backward in time for
U(z,t; ql,fl)

4. Set S'(¢%) = U(z, t;¢%), (x,t) € Ty x [0, tmaa]
5.8t v* = 0, if £k = 0; otherwise: ~F =
(S"(48),5"(a51)=S" (45 ") Lo (o x10.tmasD)

k—1 2
18" (@i T 5 (0o x 10, tmaz)




6. Define p*(z,t), If k = 0, p° = —S'(¢%); Other-
wise, p* = —S5'(q) (@, t) + 7 p* !

Step C: Calculate the optimal step size a*

1. Solve the sensitivity problem for ©(z,t;q",p*)
a‘nd U(.’B,t, qlglapk)

k k
2. Calculate a* by ak = _(S’(qolk)v pk )LQz(Foxw,tmam])
1.t P )17, (1 x10,tma )

Step D: Update ¢ (z,t) = ¢~ (x,t) + o*pF(=,t),

ol

(wat) € Fo X [Oatmax]

Step E: If ||qffrl —q§l||L2(pox[07tmm] < € (specified toler-
ance), stop;  Otherwise, set k = k + 1 and go to Step
B.

The inner product in Lo space involved in CGM pro-

cedure is defined as:

tmaz
(F29)LaC 0t = / /F fgdrdt  (37)
0

NUMERICAL EXAMPLE AND IMPLEMENTATION

We are looking at the following two-dimensional so-
lidification problem. Liquid melt at uniform initial tem-
perature 6;(6; > 0), is confined in a rectangular closure
(0 <2 <0.5,0<y<1)bounded by a mold. The top
and bottom walls are always kept adiabatic. The solidi-
fication is driven by the cooling heat flux ¢,s at the solid
mold boundary x = 0. The schematic configuration is
shown in Figure 2. The non dimensional parameters
for liquid are Pr = 0.0149, Ra = 10* and the Stefan
number (ratio of initial superheating sensible heat to

solidification latent heat) Ste = M = 0.25.
Adiabatic

Known =l
9 O T4 0 | Junknown
Unknown .y .\l, *qoI y,t)
AoV, | [TV{OT
- Solid Liguid
X Sz(t)*—a_, :t\q )| x =0.5

Adiabatic

FIGURE 2: Schematic of the example problem.

We are interested to design the solidification pro-
cess such that a flat (vertical) freezing front is obtained
moving with a desired growth velocity vy (t) and with a
desired heat flux ¢y (t). Note that both vf(t) and g (t)
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are independent of y. In such a process and at each
time ¢, a uniform microstructure will be obtained along
the y direction. In order for such a sharp flat interface
to advance stably (without developing any dendritic or
mushy morphology), we restrict the heat flux gy; at the
interface liquid side and the growth velocity vy by the
following relation:

an

>1
> (39)

This is just the non-dimensional form of equation (1).
The concentration level C,, is chosen to be small enough
such that
M < & (39)
Ti — Tm (0%

We choose ¢r;(t) based on an adjustment of Gr;(y, t),
which is the interface heat flux when the liquid mold
wall is adiabatic and vy(t) = 5. Such a ¢ (y,t) is ob-
tained from a FEM solution of a direct natural con-
vection problem in the liquid region, with boundary
conditions 6(5¢,y;t) = 6, = 0 at the freezing interface
and gy (y,t) =0 (0 <y < 1) at z = 0.5. For the solu-
tion of this direct problem, we used a 20 x 20 uniform
bilinear quadrilateral element mesh and a time step of
At =2 x 10™*. Then the specific choices for v¢(t) and
qni(t) for the inverse design problem are:

57 OSt<tmzd

=2 (40)
Umoe D) _ = ¢ i <t < s

(tmaz —tmid)’

and

f()l d[l(y7t)dy7 0 S t< tmid
qn(t) = (41)

_5%, tmid <t < tmaz
where t,00. = 0.13 and ¢t,,;4 is defined from
fol dn(y,tmia)dy = —5. From our computations, it

turns out that t,,;4 = 0.052. In other words, we are tak-
ing y-average of ¢r;(y,t) as qn(t) under constant v (t)
before t,,;4, and afterwards a linearly decreasing profile
for vy (t) and gr(t), down to 0, when ¢ = ty00.

It is usual to have g approaching zero near the com-
pletion of solidification when advection will eliminate
any superheating in the liquid region as the size of the
melt approaches zero. A slowing down growth velocity
vy is chosen accordingly to satisfy equation (38). qn(t)
is shown in Figure 3, where for comparison fol qn(y,t)dy
is also given as the lower line.

The heat flux at the interface solid side grs(t) can be
calculated from the Stefan condition as follows:

qrs(t) —aqn(t) = Steilvf(t) “n (42)
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FIGURE 3: Interfacial heat flux (liquid side) qr; (%)

where n is defined as in Figure 1. The calculation of
Gos and g, can be performed by solving two uncou-
pled inverse problems; an inverse conduction problem
in the solid region and an inverse convection problem
in the melt. Here, the inverse conduction problem is
one-dimensional, while a two-dimensional inverse con-
vection problem must be addressed.

The inverse problem in the solid region is to find
the boundary heat flux g,s(t) at = 0 that results in a
freezing interface moving at velocity vy (¢) with heat flux
qrs(t). There is only heat conduction in the solid, and
the inverse formulation and solution procedure can be
found in [3-6]. The problem is reduced to one spatial
dimension (no variation in the y direction). We use
20 uniformly spaced moving linear elements (in the x-
direction) and the time step was taken as At = 2x107%.

The inverse problem in the liquid is to compute
qot(y,t) at = 0.5 of the mold wall in order to obtain
the desired interface velocity vs(t) and heat flux ¢r(t)
on the liquid side of the front. 20 x 20 uniform quadri-
lateral elements are used with bilinear shape functions
for both temperature and velocity. The penalty num-
ber for enforcement of the incompressibility condition
is 108. A moving finite element approach is taken to
handle the shrinking of the liquid region. A stream-
lined upwind Petrov-Galerkin scheme is used for the
direct, adjoint and sensitivity equations. Details of the
matrix formulation and time integration for the direct,
adjoint and sensitivity problems are following reference
[11], while more specific details can be found in [7].
The time step is At = 2 x 107*. The time stepping is
carried out up to total of 650 steps until the solidifica-
tion interface reaches s(tmq.) = 0.45, where 90% of the
original liquid has solidified. The inverse calculation
is computationally intensive and each global iteration
with solutions of direct, adjoint and sensitivity prob-
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lems needs approximately 84 minutes CPU time on a
DEC alpha-station 200.

RESULTS AND DISCUSSION

Figure 4 shows the optimal heat flux history ¢,s(t)
at the vertical solid mold wall. The initial large heat
flux results from the sudden start of solidification at
t = 0F. Afterwards, two competing factors are influ-
encing the trend of ¢,s5(t). The constant velocity vy
before t,,;4 requires an increasing heat flux input at
x = 0, because of a constantly growing solid region; the
decreasing q;(t) needs less cooling from ¢,s(t). After
the initial transient, such factors balance each other at
t ~ 0.035, where a peak of g,s(t) occurs. After this
time, q,s is decreasing.

For the inverse problem in the liquid, the optimal
temporal and spatial variations of the heat flux ¢ (y,t)
at the liquid mold wall are shown in Figure 5. Figure
6 plots ¢, (y, t)’s spatial variation at different fixed time
levels. Figure 7 shows the objective function’s mini-
mization process with the iterations of the conjugate
gradient method. The CGM iterations start with a ini-
tial guess go(y,t) = 0 and go up to 100 iterations when

llag™ = a& |l < 107

The temperature and flow fields in the liquid cor-
responding to this optimal heat flux are displayed in
Figure 8 at different stages of solidification. The blank
region at the left part of the mold is the solidified part.
Part (a) of Figure 8 draws 10 levels of isotherms in the
liquid region that are equally spaced in terms of temper-
ature value. The lowest level 8 = 0 is at the solid-liquid
interface ¢ = s(t) and the highest level is the most right
curve that has its value indicated as 6,4, on the top of
each figure. Part (b) of Figure 8 displays the contours
of the stream function ¢, which are computed from the
velocity field via the Galerkin finite element solution of
V%) = —V x u. For each (b), there are 8 levels of
contours with equal spaced ¢ values. The ¥0: = 0
contour is taken as the boundary of the liquid melt:
x = 5(t),0.5 and y = 0,1. As we can see, there is only
one major convection flow cell (anti-clockwise) in the
liquid melt. The magnitude of the y-component veloc-
ity |g—f| is largest near the moving interface.

The spatial variation of g, (y, t) is only significant be-
fore t ~ 0.06. It can be seen form Figures 8(1a), 8(2a)
and 8(3a), that the isotherms near the right liquid mold
wall are touching the wall or are distorted, while in Fig-
ure 8(4a), all the isotherms are almost vertical straight
lines. The boundary heat flux distribution in the y-
direction at the liquid mold wall adjusts the thermal
and flow fields in such a way that a vertical isotherm
6 = 0 results at the solid-liquid interface z = s(t) ac-
cording to our inverse design objective. This flux varia-
tion matches the temporal characteristics of convection
observed in Figures 8(b). In these figures, one can first



see a growing strength of convection flow, then a max-
imum flow strength sometime between ¢ = 0.02 and
t = 0.05, and eventually a diminishing flow.

The temporal variation of g, (y,t) is first an increas-
ing trend of heating up to ¢t ~ 0.08, when a maximum is
reached, then a gradual decrease down to zero (Fig. 6).
This can be explained by the fact that after ¢,,:q4, qri (%)

at the moving interface is stronger than fol qn(y,t)dy,
as shown in Figure 3. Thus, heat input is needed at the
liquid mold wall to balance a higher gr;(¢). The over-
all heating at x = 0.5 starts earlier than t,,;4 = 0.52,
which allows the heat transfer across the liquid region
to influence the liquid temperature gradient adjacent to
the moving interface. On the other hand, the interface
velocity is slowed down after t,,;4. Compared to the
constant vy case, a wider domain of liquid is left for a
given time and less heating is needed at = 0.5. These
two factors lead to the appearance of maximum heating
on the liquid mold wall at ¢ ~ 0.08. Finally, when gy, (t)
tends to zero and the temperature field in the liquid is
nearly uniform, g, (y,t) also reduces its value towards
Zero.

CONCLUSIONS

An inverse solidification design problem with natu-
ral convection is solved with the adjoint method and a
functional optimization scheme. Both the growth ve-
locity and the heat flux at the solid-liquid interface are
controlled through the thermal boundary conditions at
the mold wall. This enables the control of microstruc-
tural development during solidification. The designed
growth velocity and interface heat flux can be chosen
to satisfy the stability criteria for planar interface, thus
avoiding dendritic or mushy morphology. It is of future
interest to introduce the concentration field for alloys
for such inverse solidification design problems. This
will make the stability consideration more rigorous by
including both melt convection and solute diffusion. So-
lidification process control can also be realized by dis-
tributed heat sources or positive forced convection such
as electro-magnetic stirring. The design and modeling
of solidification processes for such cases is extremely
challenging and of practical importance.
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FIGURE 4: Optimal heat flux ¢os(y, ) at the solid mold wall. FIGURE 6: qoi(y, ) distribution at different time levels.
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FIGURE 7: Objective function’s minimization with CGM ltera-

FIGURE 5: Optimal heat flux go(y,t) at the liquid mold wall. tions



t=0.004, $=0.02, 6,,=0.99

(1a)

t=0.004, $=0.02, y, =-0.0102

(1b)

t=0.026, 5=0.13, Ba=0.90 t=0.05, $=0.25, 8,,,=0.60 t=0.075, s=0.355, 6,,,=0.33
(2a) (3a) (4a)

t=0.026, $=0.13, Y,=-0.061 t=0.05, s=0.25, y;,;=-0.052 t=0.075, 5=0.355, Y,,,,=-0.0185
(2b) (3b) (4b)

FIGURE 8: Temperature and flow field
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