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Abstract. Significant improvements in computational capailit recent years have opened up the possibility of
utilizing simulation frameworks to direct experinerand provide insights towards the control andigiesof
complicated and critical physical phenomena. Moktthese phenomena exhibit multiscale, multiphysicd
multidomain characteristics. Due to the large coexily of such systems, it is impossible to detezfgirantify the
forces, parameters or properties exactly. For releanalysis, it becomes essential to include ffexts of such
input uncertainties in material properties as wa#l system characteristics into the system and staled how
they propagate and alter the final solution. Furimere, the enormous (yet incomplete) amount of tiaia
available as well as the considerable complexityhef physical systems poses significant strainhenatvailable
computational resources. In this context, a matherabframework is presented that provides a pagadishift in
the predictive modeling of complex systems in tieegmce of uncertainties. In particular, we wilkdiiss a non-
linear data-driven model reduction strategy to imél experimentally available information to dynaatig
construct low-order realistic models of input urteémties. These strategies are based on ideas inifold
learning used in cognitive sciences and signal psaing. The reduced-order models developed willdeel with
new stochastic analysis techniques (hierarchicalive sparse grid collocation based on the Smoéighrithm)
to address uncertainty propagation in critical dateven applications in random heterogeneous media.

1 INTRODUCTION

With the rapid advances in computational power @asier access to high-performance computing platfpit
has now become possible to computationally invatgigealistic multiscale problems. The couplingvafious
length and time scales in a deterministic solutiores highly accurate predictions of the evolutiord stability of
the investigated system. One of the key objectofesomputational mechanics would be to couple el length
scales from the atomistic through to the continutims removing the need for any constitutive modelphysical
parameters to represent the system. But the prstaatof-art in computational mechanics has beaotiple only
up to three scales of physics [1]. So there exiigseed to input constitutive relations and/oremat properties to
the model. These inputs are usually available oriveé from experimental data. The presence of
uncertainties/perturbations in experimental studieplies that these input parameters have somerénhe
uncertainties. To accurately predict the perfornsaoicthe system, it then becomes essential fort@meclude the
effects of these input uncertainties into the magjstem and understand how they propagate andthéifinal
solution.

The uncertainties in the physical model may alsodbe to inaccuracies or indeterminacies of thedainit
conditions. This may be due to variation in expemtal data or due to variability in the operatimyieonment.
Uncertainties may also creep in due to issues seriteing the physical system. This may be causedrhyrs in
geometry, roughness and variable boundary conditibimcertainties could also occur due to the mathieal
representation of the physical system. ExampleBidiec errors due to approximate mathematical mo@elg.
linearization of non-linear equations) and disaaion errors. Other sources of uncertainty include
errors/fluctuations/variations in input constit@iwelations, material properties as well as irti@indary
conditions that are used in the model of the sydteah is being analyzed. These inputs are usuatylable or
derived from experimental data. The presence otmamties/perturbations in experimental studieplies that
these input parameters have some inherent undétain

There are two key ingredients for constructing amework to analyze the effects of various sourdes o
uncertainty in a system. (a) The first is a mathémaby rigorous framework that can be used to mefthe
stochastic differential equations representingsystems along with giable solution strategy for the sarmiehe
stochasticity (i.e. inclusion of the effects of artainty) in this set of differential equations enst as uncertain
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boundary and initial conditions, variations in pedjes, fluctuations and thermal perturbationsmore generally
as noise. We denote these as the input uncertifitiee second ingredient is a set of techniquesistruct usable,
realistic models of these input uncertainties. Ema®dels should utilize available experimentaliinfation and/or
expert knowledge. This is a crucial (yet undersfpissue with stochastic modeling. It is necesgaryprovide
meaningful/realistic models for the input uncertgito draw any meaningful conclusions from the Hasy
solutions.

In recent years there has been significant progregsiantifying and modeling the effect of inputcentainties
in the response of PDEs using non-statistical nuthdThe presence of uncertainties is incorporatgd b
transforming the PDESs representing the systemartet of stochastic PDEs (SPDEs). The specipatsentation
of the stochastic space resulted in the developroénhe Generalized Polynomial Chaos Expansion (EPC
methods [2][3][4][5]. This approach requires exigagevamping of a deterministic simulator to comveinto its
stochastic counterpart and has issues with sciyatihen applied to large scale problems. To sdérge-scale
problems involving high-dimensional stochastic gsain a scalable way) there have been recent&timicouple
the fast convergence of the Galerkin methods with decoupled nature of Monte-Carlo sampling [6][Fhe
Smolyak algorithm has been used recently to bujdrse grid interpolants in high-dimensional space
[8][9][10][11]. Using this method, interpolation teemes for the stochastic solution can be constluetth orders
of magnitude reduction in the number of sampledizoiThe sparse grid collocation strategy provaegamless
way to scalably incorporate the effects of multipteirces of uncertainty in an embarrassingly pelralay. It only
utilizes solutions of deterministic problems to stact the stochastic solution. This allows the afsdeterministic
legacy codes in a stochastic setting.

The construction of viable stochastic input mod®sed on limited data is a very interesting andlexging
mathematical problem. The recent work in [12] Ip@it developing probabilistic models of random fioieits in
stochastic PDEs (SPDESs) using a maximum likelihivachework. The random domain decomposition (RDC3] [1
method was used to construct probabilistic modeishighly-variable permeability distributions [14All these
techniques are very specialized to particular apfibns and require some amount of expert knowleidge
allocating probability distributions. In [15][16we have recently developed techniques to utilizgissical
information about the variability in the propertyrandom media and produce viable low-dimensiomecdptors
as inputs to the SPDE describing the evolutiorhefdependent variable.

In the present work we are interested in analyZiogy through random heterogeneous media given dichit
statistical information about the multiscale perbiliig variation. We link stochastic analysis andultiscale
methods to investigate this problem. The key cbotions of the current work are: (i) Data-driveragtgies are
utilized to encode the limited information and sedpsently construct a finite dimensional represémtadf the
multiscale permeability variation. (ii) A stochastiariational multiscale method is formulated tedrporate the
effects of the multiscale (stochastic) permeabilti) Adaptive sparse grid collocation stratege® utilized to
effectively solve the multiscale SPDEs [17].

2 PROBLEM DEFINITION

Denote the domain &1 "™, wherenis the number of space dimensions. The charadteléstgth scale

of D isL . Denote the length scale of permeability fluctoiatad . In the problems that we are interested in solving
the characteristic length of the domain is a cogblerders of magnitude larger than the charadierisngth scale
of the permeability fluctuations L. We are interested in evaluating the pressyend velocity, u in the

domain, D . The variable@(x), p(x))depend on the (multiscale) permeability distribatit(x)in the domain.

However, the complete permeability distributioruiknown. Only some limited statistics and/or snafslof the
permeability are given. This limited informationadable to characterize the permeability necesstatssuming
that the permeability is a realization of a rand@eid. This is mathematically stated as follows:

LetWbe the space of all allowable permeability variadio This is our event space. Every

pointk :{k(x,W)," { D, } in this space is equiprobable. Consequently, wededine as -algebraF and a
corresponding probability measute F ® [0]] to construct a complete probability spé\teF,r) of allowable

permeability. To make this abstract description redde to numerical simulation, a finite dimensional
approximation/representation [18] of this abstrset is necessary. Various data-driven strategiesgresent the

setWare discussed in Section 4. The stochastic pertitgaibi represented dgx,w) ° k(x,Y, ¥)° Kx,Y),
whereY,, Y, are uncorrelated random variables.
The pressure and velocity are characterized bfoll@ving set of equations
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Nou(x,Y) =f (x)

U(x,Y) = k(Y )N p(x.Y ) @

Here, the source/sink terh(x) is taken to be deterministic.

The basic idea is to solve the problem onarse spatial discretizati@i while taking into account the fine-
scale variation in the stochastic permeability [20][21][22][23][24][25]. In the next section, weethil a
stochastic extension to the variation multiscaléhme to solve this problem. The stochastic multeséarmulation
is based on the multiscale formulation detailethinpapers by Juanes et al.[26] and Arbogast[274l.

3 STOCHASTIC VARIATIONAL MULTISCALE FORMULATION

3.1 Variational multiscale formulation

For the problem to be physically relevant, we asstimt the stochastic permeabiktis positive and uniformly
coercive. As stated in Section 2, the abstractessprtation ok(xw) inWis replaced by a more tractable finite

dimensional representatiéfxY ), withYTIG1 " . Corresponding to the probability measBreF ® [0,1], we

denote the equivalent probability measures ® [0]] The governing equations for the velocity and gues
given in the mixed form are as follows:

k'u+Np=0

P @

N>u =f

with the following boundary conditions= p,on{D, andu>n =u,onD, . Without loss of generality, we assume

that the boundary conditions are deterministic twadl the Neumann condition is homogeneous [26}0 onfD, .
The next step is to introduce the appropriatection spaces in which the velocity and presdige We
introduce the following tensor function spate$® SA W LG A E( Dwith the inner product defined

as(p. p)° | A, = Ldr(Y) FdandHe SA H° G A H(divy D). We will also use the function space

defined a&/ ={u:uTH ,ug,Y)= =0on P, "YIG}. Thus, the problem can be written in mixed vaiai
form: Find(u, p)1 V W such that

(v,k’lu)- (Nxv,p)=-(vxnp), "vi V

(w,R>u) Hw, f), Wi W @)

where( f, g} is defined as_dr (Y) o, fgdk .
In the variational multiscale approach, the exatit®nu is assumed to be made up of contributions from two
different (spatial) scales namely, the coarse-ssaligtionu, (x>) that can be resolved using a coarse (spatial) mesh

and a sub-grid solutiam, (x,3 such thatu =u_+u,andp = p, + p, . This additive sum decomposition induces a

similar decomposition for the spatial part of tleefscale tensor-product function spaces into actlisum of a
coarse-scale and a sub-grid tensor-product funsgiaces, e.gW = W,A W, . The main idea is to develop models

for characterizing the effect of the sub-grid soluti, (x>) on the coarse scale solution and to subsequenilyede

a modified coarse scale formulation that only imhc(x,%. The additive decomposition provides a way of

splitting the fine-scale problem given by Eqg. (8)oi a coarse-scale problem and a sub-scale proflesiing
against the coarse-scale test functions resultiseircoarse-scale variational problem: F(mg pC)T V., W_such

that
(Ve (ueruy))- [@xve(p. +pi)) =-(von, ), vl v,

(WC,N>(UC +u,)) {w,, f), "wi W

Similarly testing against the sub-scale test fumdi results in the sub-scale variational problem:

4
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Find(uf,p,)T V; W, such that
(Vwk’l(uc"'uf))' (NXVH( P +pf)) :'<Vf n, R)>v “VfT Vi
(Wf,ﬁb(uc +uf)) :(Wf,f), "w, T W

The key is to solve Eq. (5) far, and construct a functional representation of theesale variationy, andp; in

©®)

terms of the coarse-scale variatiog, u, =F (u,), p, =Y (u,.) . This representation can be subsequently used to
remove explicit dependence of andp; in Eq. (4) as:

(vo.kH(u +F (uy)- fxve(p+Y(u)))=- (van,py, "vl V,
(w Ro{u, +Fu,))) =(we. £), "wl W

The key problem is now to solve Eq. (5) over eaudwrse scale element and utilize this sub-grid ststitsolution

to solve the stochastic coarse scale equation @q.For a detailed discussion on the solution &f o scale
stochastic problems please refer to the paper [28].

(6)

3.2 The stochastic multiscale framework

The abstract framework to solve the stochasticisuate problem defined by Eq. (1) is as follows:

| Limited information, Snapshots |

i 1

Stochastic model for fine-scale
permeability

Stochastic multiscale velocity and
pressure

Figure 1: Schematic of the developed stochastitiseale framework

As seen in the figure, the key steps involaes
From limited data determine the fine-scale stoébgstrmeability. This requires data driven stragsdgio
construct viable finite dimensional representatibrthe stochastic permeability. Different technisaee
discussed in Section 4.
Using variational stochastic mixed multiscale meitto solve for the stochastic multiscale velocityl a
pressure. Adaptive techniques to solve the aboveofetochastic partial differential equations are
discussed in Section 5.

4 REPRESENTING THE FINE SCALE STOCHASTIC PERMEAB ILITY: CONSTRUCING LOW
DIMENSIONAL MODELS

The first step towards solving the stochastic Pd¥Esome form of numerical representation of theuin
random processes - i.e. the stochastic permeab(bmw). A finite dimensional representation of the alxdtra

probability space is a necessary prerequisite gwelbping any viable framework to solve Eqg. (1)n.this
section, we discuss various techniques that cautilized to represent the input uncertainties, withemphasis
on utilizing experimental data to construct thespresentations. We detail three strategies thabeautilized
based on the amount and type of data availableaatdy the uncertainty in the fine-scale permesbil

In many situations, extensive experimental studies available and semi-variograms of permeability
distribution are constructed. Semi-variograms dagissical relations that represent the two-poiatrelation
between the permeability at two spatial locatidhgthermore, some notion of the mean permeabititjation is
also available. In such cases, the Karhunen-Logparsion can be used to convert these experimstatigdtics
into a viable low-dimensional stochastic modelra&f permeability variation.

In some situations, correlations that are amengbkuch analytical model reduction strategies matybe



N. Zabaras, X. Ma and B. Ganapathysubramanian

available. This may be because higher order caivakare available, or because the data is intiglisiored in
geo-statistical libraries or reconstruction strasfgoftware [29]. In these cases, it may be ptessibconstruct a
finite number of plausible reconstructions of tlegrpeability distribution in the complete domain.deading on
the number of such realizations (which is deterohibg accuracy and computation complexity considiena)
two data-driven techniques for representing thehgtetic permeability can be utilized. If the numbgplausible
data sets is limited (~10-100) it is possible t@ Ulimear model reduction ideas (i.e. Principal Congnt
Analysis (PCA), Proper Orthogonal Decomposition [BDto construct a low-dimensional stochastic input
model for the permeability variation. On the othand, when the number of realizations availabfaiity large,
one can utilize non-linear model reduction stragegManifold learning algorithms) to construct loimensional
representations.

We discuss each of these three strategies below:

4.1 The Karhunen-Loéve expansion

A useful approach to representing random fields iecognize that such fields usually have someustnof
spatial correlation. There is rich literature onhieiques to extract/fit correlations for these @ndields from
input experimental/numerical data. This is an aséantense ongoing research [12]. The assumptiothef
existence of some correlation structure of the eamdield provides an elegant way of representirggrdimdom
field as a finite set of uncorrelated random vdeabThis technique is called the Karhunen-Loéveaasion.

The Karhunen-Loéve expansion is essentially founoledhe idea that the space of all second-ordestaran
processes (i.e. processes with a finite second mroan be defined as a Hilbert space equipped thighmean-

¥
square normk(x,w) =k (x) /( v, where \/( u} " _form a basis of the space dig) " are the projections of

i=1
the field onto the basis. The Karhunen-Loéve expan$KLE) considers finite-dimensional subspacesttaf
Hilbert space that best represent the uncertaimtyThe KLE for a stochastic proceks(sgw) is based on the
spectral decomposition of its covariance funcﬁq;(xl,xz) . By definition, the covariance function is symnietr

and positive definite and has real positive eigkres Further, all its eigenfunctions are orthodgaral span the
space to whick(x, W) belongs. The KL expansion can be written as

()= E(x )+~ T 1) Y@) @

whereE (k(x, )) denotes the mean of the process{anfv} " forms a set of uncorrelated random variables

whose distribution has to be determin(aq., f. (x))_t0 form the eigenpairs of the covariance function:

Rin (x1:%,) 1 (x,) &, = 7 f(x) ®)

D

The chief characteristic of the KLE is that thetgdaandomness has been decomposed into a seterhunistic
functions multiplying random variables. These dmieistic functions can also be thought of as repméag the

scales of fluctuations of the process. The KLE &amsquare convergent to the original prode@s, W) . More

interestingly, the first few terms of this expamsigepresents most of the process with arbitranuracoy. The
expansion in Eq. (7) is typically truncated torté number of summation termbl .

4.2 Linear model reduction strategies

In case the analytical representation strategyribest in the previous subsection is infeasible, sn®rced
to look at other model reduction strategies to towsviable low-order models.
The permeability distribution satisfies some stigd correlations, i.e. it has some order/struetover the

domain. Denote these correlation:Sas{ S . %} . Some of the statistics can be extracted expetatignwhile

others might be gappy. Some of this informatioassumed to be available to reconstruction librésaésvare [29]
that generates plausible models of the permeahilityations. Assume that the permeability distidrutin the
domain is given at the nodal points of the finelescediscretization of the domain. Denote this datd s

ask® :{k(xl), ,k( X, )} , whereN, is the number of nodal points in the fine-scalewdiszation of the domain.

This is stated mathematically as follows: Wétdenote the set of all permeability distributioss a
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W:{kDT "] k° satisfies the statisti®= {§ §}} 9)

Using these reconstruction software, it is possibleonstruct a finite set of plausible permeapttitstributions in
the domaink?, ko , that satisfy experimental data. Note that we tieleach realization of the permeability in
the domaink? as a vector of lengti, . If the numberM , of such reconstructed vectors is not larye €~ 50)
linear model reduction strategies like PCA and P&id be utilized to encode the information contaired
theM plausible snapshots of the permeability distributidhis is described below: The average permewbilit
vector is computed ékD> =1/M i“:lkiD . The average permeability vec(()kD» is then subtracted from all the

permeability vectors ds” - k- <kD>fori:1, M .The eigenvectots®of the N, N, covariance

M
i=1

matrixC =1/ M kPkP satisfying the equation

cu¥=7uUM k=1 N (10)

along with the eigenvalues are computed. This Beigen-images and eigenvalues form the best basepresent
the permeability vector. The computation of thisibdbecomes a computationally intensive procesausecof the

possibly large dimensionali(yxlh)of the correlation matrix. The "'method of snapshatsvides a computationally
more efficient way to compute these basis imageH33].

The first N eigen-images (usualy M ) representing most of the energy spectrum of gwchposition are
chosen. Any random (plausible) permeability ve@k)belonging to the space of allowable permeability

distributionsW can then be represented as a unique linear coridnirattheN eigen-images:

I:<kD>+NYiU(‘), 1w, (Y, Y " (11)

i=1

Denote the transformation of a permeability disttibn| TW into the set oN real coefficienty ={Y,, Y%}

byF .The functiorF :W® “represents the reduced-order model of the infifiileensional spaceW
in N dimensional spaceF': "®W serves as the low-dimensional representation thaat be used as a
stochastic input model for the permeability.

As detailed in [16], not evetyl Mresults in a plausible permeability distributiom ¢ase some of the
statistical correlations from experimental obseorat are explicitly known, these can be used testrain the range
of possibleY . This methodology -- called subspace reducing -f18hposes physical and statistically known

information about the permeability variation as stomints in Eg. (11) and finds the ramgé " of
allowableY that result in plausible permeability variations.dase no such statistical information is providée,
domainGcan be determined as follows: DenoteYhy=1, ,M the reduced representation of the M input
permeability vectork” . These M data sets represent all the data avaifablconstructing the model. A practical

approach is to assume that the M datasets reprigepkireme ranges of variation possible. Thenallde values
of plausible permeability variations would thenwéhin the convex-hull generated by these M data.sThat is

G :{Y 'Y T convexhul{Y,, Y} N} (12)

4.3 Non-linear model reduction strategies

The PCA based model reduction scheme constructsldsest linear subspacef the high-dimensional input
space. This is a fairly good approximation when tibenber of data sets is limited. But as the amadfirdata
available increases, PCA based techniques tendnsistently over-estimate the actual dimensionalitthe space

[16]. This is primarily due to the fact that theasp of all plausible permeability distributic(rw) is a non-linear

space. The large number of available data-poirectdfely populates this non-linear space. In dositext, non-
linear transformation strategies offer the posibdf constructing optimal low-dimensional repretaions of this
space. As before, assume th&@ plausible permeability vectors are available. gsithe unordered

data{ki[’}:il, kiD W , the problem of interest is to find a low-dimemsb parameterization oW, i.e. a

setGT M ,N N, , such that there is a one-to-one corresponderieeba/V andG.
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The solution strategy is based on the so-calledcipie of “manifold learning” [16]. The basic stegly is to
show that this set of unordered points lies on aifolal embedded in a high-dimensional space. ThaWis a
manifold embedded in a high-dimensional space. Mathematical framework is then to “unravel and stineo”
this manifold and represent it as a smooth low-dsi@nal curve, G. This “unraveling and smoothing”
corresponds to a topological transformation thatgerves some notion of the geometry of the maniidid
framework essentially boils down to two mathematstaps:

Defining the appropriate manifold on which this tiiidimensional data lie on and identifying some
properties of the manifold, and
Defining the appropriate transformation that resiritthe low-dimensional equivalent space.

By defining an appropriate distance funct@metween two points W, we construct a metric spa(cw, D) .

The first constraint that we impose during the tamdion of a transformatiog: W ® Gis thatWis topologically

well-behaved, i.e. it is smooth and has no holBsis can be ensured by showing & compac{16]. The next
step is to choose a geometric feature of the mignéfiod construct a transformation that keeps #asuire invariant
under the transformation. The key notion is thakbgping specific geometrical features of the erdbddnanifold
invariant one can construct a low-dimensional repnéation that is equivalent to the manifold. Aunal choice of
a geometric feature is the distance metric. Thsulte in an isometric mapping to transfoMintoG. The
important idea is that the distance that encodesgdometric information about the non-linear mddifim the
geodesic distanceThe geodesic distance reflects the true geomefirthe manifold embedded in the high-
dimensional space.

Construction of G reduces to finding a low-dimensional represema{m} of the given data
pointsk, kp such thafY }is isometric tk;, ki based on the geodesic distances between the points.
Denote the intrinsic geodesic distance betweentp@iWVby D,, . D,, is defined by

D, (kP k)= igf{|ength(g* )} (13)

whereg varies over the set of smooth arcs connect«'ﬁgmdkfJ . The essential step in preserving distances is to

first compute the pair-wise distan@e the manifoldbetween all the data poirﬁisf, k,fj,} This brings an

apparent paradox that has to be resolved: Thengitrigeometry of the manifold is unknown. To detdt
geometry as a means of constructing a low-ordeesgmtation, we utilize the notion of the geodésstance. But
the construction of the geodesic distance requoese idea of the underlying geometry of the madifsee Eq.
(13)). An approximation of the geodesic distanceeguired to proceed further. Such an approximasgrovided
via the concept of graph distance. The unknown gsicddistances M/ between the data points are computed in
terms of agraph distancewith respect to a neighborhood gr&phbonstructed on the data points. This
neighborhood grapBis very straightforward to construct. Two pointsah an edge on the graph if they are
neighbors (with the edge length being proportidonahe distanced) between them) [16]. For points close to each
other, the geodesic distance is well approximatgdhle distance measured by the distance mBtridhis is
because the curve can be locally approximated ®llvear patch, and the geodesic distance betiweepoints on
this patch is the straight line distance betweemthOn the other hand, for points positioned fayafmam each
other, the geodesic distance is approximated byngdap a sequence of short hops between neighbpoigs.
These hops can be computed easily from the neigbbdrgrapl@ . This approximation asymptotically matches
the actual geodesic distance (Eg. (13)) as the euwftsampledy increases [16].

The computation of the approximate geodesic digtapetween all pairs of points is a key step in the
framework. By appropriately defining the distancetrncD , we have encoded all the information about the

geometry of the manifold (utilizing the given sétdata{kD, kﬁ} ) into the geodesic distance matrix (denoted
as ). The estimation of the low-dimensional represémrnaof{kf, ,kﬁj} can now be posed as:

Find a configuration of poinl{sYl, ,YM} ,YiT N such that these points yield a Euclidean distamegrix
whose elements are identical to the elements ofgéedesic distance matrix . That is, finc{Yi} i“ilsuch

thatﬂYi - Y, ||» M; . The principle of Multi-dimensional scaling (MD8&an subsequently be used to compute the set

of low-dimensional points that best represent thgh-dimensional points. The MDS procedure essdntial
computes the eigen-decomposition of the geodesitrixnand sets the low-dimensional points as linear
combinations of the largelst eigenvectors of the geodesic matrix.

The fact thaWis compact ensures th@ats a convex, connected region it [16]. This provides a natural,
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elegant way of constructir@from theM low-dimensional pointY} .Nl ¥
G={YT “|YT convexhuffy,, Y,}} (14)

The intrinsic dimensionalitil of the low-dimensional representation can be eséthdy using a variant of the
Breadwood-Halton-Hammersley [32] theorem (a powedault in geometric probability) where it is lieé to the
rate of convergence of the length-functional of thimimal spanning tree of the geodesic distanceimaf the
unordered data points in the high-dimensional space

5 ADAPTIVE SPARSE GRID COLLOCATION METHOD

The above generated N-dimensional representatiatheoftochastic fine-scale permeability is utilizasl an
input stochastic model for the solution of SPDEBngéel by Eq (1). We utilize an adaptive sparse godocation
strategy for constructing the stochastic soluti@@][L7]. We briefly describe the development of dwaptive
sparse grid collocation strategy here. The intetestader is referred to our recent work in [17].

The basic idea of this method is to utilize a &rélement approximation for the spatial domain @pyploximate
the multi-dimensional stochastic space using imkating functions defined on a set of collocationints

{Yi} i“ilTG . The interpolation can be constructed by usingeeifull-tensor product of 1D interpolation ruletbe

so called sparse grid interpolation method baseith@®molyak algorithm [33]. Since the number qfBrt points
grows very quickly as the number of stochastic disiens increases in the full-tensor product casemainly
focus on the sparse grid method and discuss ttpopeal adaptive algorithm.

5.1 Smolyak algorithm

The Smolyak algorithm provides a way to construntéripolation functions based on a minimal number of
points in multi-dimensional space. Using Smolyakhmod, univariate interpolation formulae are extehde the
multivariate case by using tensor products in @igp&vay. This provides an interpolation strategshvpotentially
orders of magnitude reduction in the number of supmodes required. The algorithm provides a linear
combination of tensor products chosen in such a thay the interpolation property is conserved faghbr
dimensions.

Let us consider a smooth functibon :[¢,® . In the 1D case, we consider the followimgerpolation
formula to  approximaté: U'(f)= T=1f(\(j‘)xaij with the set of support nodes
X! :{YJ |\§T [0,1] for ¥ 1,2, m} where il N,a° a (\m C([0,1]) are the interpolation nodal basis
functions, anan is the number of elements of the Xét We assume that a sequence of the 1D formulavengi
with differenti . In the multivariate cadé >1, the tensor product formulae are

My

(A A= (v Ye)a A Aa) (15)

=1 jn=1
which serves as building blocks for the Smolyalogtgm.
with U°=0,0 =U' -U"*|i ¥i,+ i foril ", andg® N, the Smolyak algorithm constructs the sparse
interpolantd, , as [34][35]

A = (D’lA ADiN)(f):Al_lvN(f)+ (DA ADN)(f) (16)
lilEq liFa
DA, ()
To compute the interpolasy,  from scratch, one needs to compute the functioth@tnodes covered by the
sparse gridi ,

Hyn = (xi o x) (17)

q-N-Ef£q
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The construction of the algorithm allows one tolizéi all the previous results generated to imprake
interpolation. By choosing appropriate points foterpolating the 1D function, one can ensure thatdets of

pointsX' are neste(jxi I X'”). To extend the interpolation from levelltoi, one only has to evaluate the

function at the grid points that are unique Xto, that is, aX,=X'\X". Thus, to go from an
orderg- linterpolation to an ordeyinterpolation inN dimensions, one only needs to evaluate the functiche
differential node®H ,  given by

DHy = (X577 Xy) (18)
lil=a
5.2 Choice of collocation points and the nodal basfunctions

The advantage of choosing equidistant nodes isapability for allowing adaptivity. We consideretiD
interpolation with the number of nodes definedas 1, if i =1;2* +1, ifi > 1. Then the supports nodes are

Y ===, forj=1 ,m,ifm>1 0.5, forj= 1, ifm = (19)

It is noted that the resulting grid points are edsind it is called “Newton-Cotes” grid. The singtlehoice of 1D
basis function is the standard linear hat funcf®8] : a(Y) =1- Y, if ¥ - 1,1]; 0, otherwise This mother of all

piecewise linear basis functions can be used tergémarbitrarya) with local supporfY; - 2", Y + 2*' |by
dilation and translation, i.e.

=1 anay = Bely- Y[ it ¥ ¥ (3 (20)

a; =1fori
0, otherwise

fori >1andj =1, ,m.The N-dimensional multi-linear nodal basis functoocan be constructed using tensor
products as follows:

g(Y)=d A Aq =04, (21)

where the multi-index:(jl, jN)T Nandj,,k =1, ,N, denotes the location of a given support nodéek t
th dimension.

5.3 From nodal basis to multivariate hierarchical lasis

Let us consider the incremental interpolant formig (16). This formula takes advantage of the subs

property of the nested grid poits 1 X'™. Here, we follow closely [35] to provide a cleavelopment of the
derivation of the hierarchical basis and the higrmal surpluses. We start from the 1D interpotaformula using

nodal basis as discussed in the previous sectione Wave D (f)=U'(f)-U"*(f) with

U(1)= e *6(¥), and (1) =U' (U"(1)), we obtain
O(f)= ) 400(y) = b)) 22)
and, sincef (Y )- U*(f)(Y )= 0r ¥ X, we obtain
o ()=, & 41(1) u((y) @3

recalling thatX;, = X' \ X"*. Clearly,X, hasm, = m - m, points, sinceX' I X'**. For simplifying the notation,
we consecutively number the elementXjn and denote thg -th point of X}, ast‘ . Then we can rewrite the above
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equation as

D(f)= & f(¥) -U(f)(Y)) (24)

Here, we definw'j as the 1D hierarchical surpluses, which is justdiffierence between the function value at the

current and previous interpolation levels. We alsfine the set of functioraﬁ as the hierarchical basis functions.
For the multi-dimensional case, through a new rinttex set

Ba={jT "Y1 Xgforg 1 mp& 1 N, (25)

we can define thhierarchical basisas{a].k i1 B KE i}.

Now we apply the 1D Eg. (24) to obtain therspagrid interpolation formula for the multivariatase in a
hierarchical form. From Eg. (16), we obtain

A= (DA A oAy =  (d A A 1(Y, 1) - en (Y. Y] @)
W,

For smooth functions, the hierarchical surplused te zero as the interpolation level increasesti@rother hand,
for non-smooth functions, steep gradients/finitecdntinuities are indicated by the magnitude ofhtezarchical
surplus. The bigger the magnitude is, the strotigeeunderlying discontinuity is. Therefore, therarehical surplus
is a natural candidate for error control and immatation of adaptivity.

As a matter of notation, the interpolationdtion used will be denoted &g,, ,, wherekis called the level of

the Smolyak interpolation. We consider the inteaioh error in the space

Fy ;:{f 0,4 ® ,D"f continuesm£ 2, i} (27)

whereml { andD™ is the usualN -variate partial derivative of ordeen| : DM = ¢! /(ﬂYlrTl e ) . Then the
order of the interpolation error in the maximummads given by [34][35]:

"f - A],N(f)"¥:o(|\/|'2|logzM|3(N’1)), (28)
whereM =dim(H (g, N)) is the number of interpolation points.

5.4 From hierarchical interpolation to hierarchical integration
Any functionuTG can now be approximated by the following reducechferom Eq (26) :
u(x,Y) = w (x) g (Y) (29)

lil€qjl B

It is just a simple weighted sum of the value af thasis functions for all collocation points in t@rent sparse
grids. Therefore, we can easily extract the ussthitistics of the solution from it. The mean of taadom solution
can be evaluated as follows:

E[ux)] = W(x)x g(Y)adr (30)
lil£ajl & G
where the probability density function(Y)is 1 since we have assumed uniform variable vasloin a unit
hypercubg0,1]" . The 1D version of the integral in the equatioowebcan be evaluated analytically:
1a‘j (N dY=1, if i=1; 1/4, ifi=2; 2, otherwisi (31)
0

This is independent of the location of the integpioin point and only depends on the interpolat®rel in each
stochastic dimension due to the translation andtidit of the basis function. Since the random Ve are
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assumed independent of each other, the value ofmthig-dimensional integral is simply the produdttbe 1D
integrals. DenotingGa].‘(Y)dY =1, we can write Eq. (30) &u(x)] =H£ . W (x) ' . Thus, the mean is just an
11£q])
arithmetic sum of the hierarchical surpluses aredrtegral weights at each interpolation points.
To obtain the variance of the solution, weed to first obtain an approximate expressionufor

i.e.u’(x,Y) = \/J.'(x) xq (Y). Then the variance of the solution can be compased
lleail B

var u(x) =E @(x) -(E u(x) )=  yoox| iy W () xf (32)
g B

ieail &

5.5 Adaptive sparse grid interpolation

In this section, we will develop an adaptive spagse stochastic collocation algorithm based on ¢hneor
control of the hierarchical surpluses. Before désong the algorithm, let us first introduce soméation. The 1D
equidistant points of the sparse grid in Eq. (18) be considered as a tree-like data structureasrsin Figure 2.
It is noted that special treatment is needed her fevel 2 to level 3. For the boundary nodesirel 2, we only
add one point along the dimension (there is onlg spn here instead of two sons for all other lewwls
interpolation). Then we can consider the interpofatevel of a grid point as the depth of the tr&Y). For

example, the level of a point 0.25 is 3. Denoteféttieer of a grid point a(Y) , where the father of the root 0.5 is
itself, i.e.F (0.5)= 0.5 We denote the sons of a grid point (Y,, Y, ) by

son{v)={s=(s s. S)(K9.5 .9=Y. .of .S,5 (R¥=Y] (33)

From this definition, it is noted that, in generfal, each grid point there are two sons in eachedsion, therefore,

for a grid point in aN -dimensional stochastic space, there 2kesons. It is also noted that, the sons are also the
neighbor points of the father. Recall from the di¢ifin of grid points from Eq. (19) and the defioit of
hierarchical basis that the neighbor points aretjus support nodes of the hierarchical basis fanstin the next
interpolation level. By adding the neighbor poini® actually add the support nodes from the neetrjrolation
level, i.e., we perform interpolation from leye|to level|i |+1. Therefore, in this way, we refine the grid logall
while not violating the developments of the Smolgddrorithm Eq. (26) . The basic idea here is tohisearchical
surpluses as an error indicator to detect the dmest of the solution and refine the hierarchicasis

functionsa].i whose magnitude of the hierarchical surplus saﬁ{sﬂ | 3 e. If this criterion is satisfied, we simply add
the2N neighbor points of the current point from Eq. (88}he sparse grid.

0.5
¢
' N
SN N
0.125 0375 0.625 0.875

NN NN

Figure 2: 1D-tree like structure of sparse grid

Therefore, lee>0be the parameters for the adaptive refinement libtds We propose to use the following
iterative refinement algorithm beginning with a Est possible sparse gtiq , , i.e., with theN -dimensional

multi-indexi = (1, 1), which is just the poiff0.5, ,0.5

(1) Set level of Smolyak constructién=0.
(2) Construct the first level adaptive sparse grid, .

Calculate the function value at the pdiat5, 0.5 .

Generate th&N neighbor points and add them to the active indéx se
Setk = k+1.
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(3) Whilek £ k.,and the active index set is not empty:

Copy the points in the active index set to an nltek set and clear the active index set.
Calculate in parallel the hierarchical surplus aéle point in the old index set according to

wo= ()L (D0 )
Here, we use all of the existing collocation pointshe current adaptive sparse drigl,_, . This allows us to
evaluate the surplus for each point from the ottbinset in parallel.
For each point in the old index seq,\/\iﬂ 3 e:

Generat@N neighbor points of the current active point acaogdio Eq (33) ;
Add them to the active index set.
Add the points in the old index set to the existaupptive sparse grid, ., , .. Now the adaptive sparse

grid becomes. ., .

- k=k+1
(4) Calculate the mean and the variance, the PDF amekifed realizations of the solution.

6 NUMERICAL EXAMPLES

6.1 Stochastic elliptic problem

In this example, we first investigate the effeatiges to detect important dimensions and convergehtiee
adaptive spars grid collocation (ASGC).
Here we adopt the model problem from [10]

Ax(a (w) f(w )} 4, (w)xinD

(34)
u(w,y =0 onD ‘G

with the physical domaib :{x =(xy)T [0,1]2} . To avoid introducing errors of any significancerfi the domain

discretization, we take a deterministic smooth l6afw;x, y) = coq x) sir{ y)with homogeneous boundary

conditions. The deterministic problem is solvedngsthe finite element method with 900 bilinear qilateral
elements. Further more, as in [10], in order tmelate the errors associated with a numerical kqha@sion solver

and to keep the random diffusivity strictly poséjwve construct the random diffusion coefficiqm(w, x) with 1D
spatial dependence as

log(ay (w,x)- 0.9= % nN

=1

1/2 —(n1)2p2L2
ﬂ e ° cof 2xn ))Y(w (35)

wherey, (W) n=1, ,Nare independent uniformly distributed random vdeahn the interval-\/§,\/§ . Small

values of the correlation lengthcorrespond to a slow decay in the above equatien,dach stochastic dimension
weighs almost equally. On the other hand, largaegbfl result in fast decay rates, i.e., the first sevstathastic
dimensions corresponding to large eigenvalues weilgtiively more.

To study the convergence of the algorithm, we amersa problem where the interpolation level incesas

linearly. We estimate tHeZ(D)approximation error for the mean and the variai8pmecifically, to estimate the
computation error in the-th level, we fixN and compare the results at two consecutive leealsthe error for the
mean i€ A, (uy)- A..y(uy) - Similar error is defined for the variance. Theulés are shown in Figure 3 for
different correlation lengths and dimensions.
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Figure 3: The convergence of the stochastic edliptoblem irN =10, 25,50, 7/dimensions for different correlation
lengths using the ASGC method

6.2 Stochastic flow through random heterogeneous paus media

In this second example, we look at the effecboflized uncertainties in permeability and how thegpagate
into the complete domain. A schematic of the donigishown in Figure 4. The region consists @68 15Cft
domain where the fine-scale permeability is giveri isg-ft blocks. An injection well is located hetbottom left
corner of the domain while a production well isqad at the top right corner of the domain. No floeundary
conditions are enforced on all the four boundaries.

m L |

® -2.63 -1.88 -1.13 -0.38 037 1.12 187 2.62

Uncertain permeability
block Faf R
150 ft

250 ft

Figure 4: Left: Schematic of the domain. The peinilég is uncertain in part of the domain; Righthd fine —
scale log permeability distribution in the domaihe axes are scaled ( 1 unit = 50 ft)

The fine-scale discretization of the domain coroesls ta250° 15C element triangulation. The fine-scale
permeability in the domain is shown in Figure 4.eTpermeability shows variation of 5 orders of magfe.
Furthermore, there is a localized region of unéerime scale permeability in the central portiohtlee domain,
corresponding to 30" 50ft domain. Aggressive coarse-scaling is performadth® complete domain is
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characterized using a coaB¥ 30element discretization.

We are given a finite number of snapshots of pldesiine-scale permeability distributions in thecartain
permeability block. Based on the number of avadatrapshots, we consider two cases (a) for smaibau of
snapshots, a linear model reduction strategy ikzedi to construct a data-driven model of the fhoale

permeability in the domain, and (b) if a large nemlof snapshots are available, a non-linear moelation
strategy is utilized.

Small number of snapshots

In this case, a data-set contairddglausible fine-scale permeability distribution mmetuncertain part of the
domain is available. Based on the discussion irti@ed.2, the covariance matiix(see Eq. (10)) is constructed
using these 85 permeability distributions and tigerevalue problem is solved. Figure 5 plots theeigpectrum of
the covariance matrix. The first six eigenmodesueately represent the variability in the given de¢d These
eigen-modes are utilized to construct the corredipgniow-dimensional representation of the stodbdste scale
permeability distribution in the central block dEtdomain (Eq. (12)). The dimensionality of theresentation is 6.

Figure 5: The eigen-spectrum of the data set. Taed eigen-modes represent most of the varidgtiahthe
input data set exhibits

12 nodes of our local Linux cluster (correspondimg8 processors) were utilized. The total companal time
was about 24 hours to solve th&+ 2 (stochastic + space) dimensional problem. Figur@efi) plots the
convergence of the stochastic pressure with ingrgamimber of collocation points, while Figure &fit) plots the
convergence of the stochastic velocity flux witbreasing number of collocation points.

Figure 6: Convergence of the stochastic solutiah wicreasing number of collocation points. Leto@hastic
coarse scale pressure, Right: Stochastic coarke\sslacity

Figure 7 plots the mean contours of the stochastérse-scale pressure and flux in the x directidote the
highly dendrite-like structure of the x-directidnX. Due to the large variation in the permeabilttye flow tries to
find the path with the largest permeability resigtin this dendrite-like structure.
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Figure 7: Mean contours of the stochastic coarateslution. Left: Coarse-scale pressure, Righarge-scale
x-direction flux

Figure 8 plots the standard deviation contourshef ¢oarse-scale stochastic pressure and x-direfitign
Upstream of the uncertain permeability block, ttendard deviation of the coarse scale pressurevelodity are
both negligible. Most of the deviation in the pra®s occurs in the uncertain domain with its effefak
downstream of the uncertain domain. The velociiy fias maximum deviation in the region of uncetyaamd the

deviation rapidly decays in the rest of the domain.

Figure 8: Variance of the stochastic coarse-sadlgien. Left: Coarse-scale pressure, Right: Coarsde x-
direction flux

From the stochastic solution, the probability dlisttion function of the coarse-scale pressure awuitection
flux is plotted at two spatial locations. The figtint (50, 50) is upstream of the localized uraiartegion, while
the second point (125, 75) is in the region of utaie fine-scale permeability. The PDFs are ploftedrigure 9
and Figure 10. For the point upstream, the proltpldistributions are peaked and have a very smaaibe of
variation. In comparison, the point in the regidruocertainty has a significantly larger range afiability.

Figure 9: Probability distribution functions of thearse scale pressure (left) and flux (x-diregt{oight) for a
point upstream of the uncertainty
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Figure 10: Probability distribution functions oktlcoarse scale pressure (left) and flux (x-diregt{cight) for a
point in the uncertain domain

Large number of snapshots

In this case, a data-set containing 1500 plaudibéescale permeability distribution in the uncértpart of the
domain is available. Based on the discussion iri@ed.3, the neighborhood graph G is construcdguthese
1500 permeability distributions. Following this theodesic distance matrix is computed. The BHHrémd16] is
used to compute the intrinsic dimensionality of tlaaset. The dimensionality is related to theeslopthe length
functional of the minimal spanning graph (MST) bétneighborhood graph G of the dataset (see [E&jure 11
plots the variation in the length functional of tM&T. The optimal dimensionality was estimated ¢all=5. The
corresponding low-dimensional representation of dteehastic-fine scale permeability distributiontiie central
block of the domain (Eq. (14)) is constructed.

Figure 11: Plot of the length functional of the M8iTthe graph G for various sample sizes. Therisiti dimension
is related to the slope of the graph

50 nodes of our local Linux cluster (correspondm@00 processors) were utilized. The total compurtal
time was about 12 hours to solve this 5+2 (stoahasspace) dimensional problem. Figure 12 plb¢srhean
contours of the stochastic coarse-scale pressdréianin the x direction. The mean results arey\@milar to the
results obtained by generating a data-driven motiléding a much lower amount of initial informatio
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Figure 12: Mean contours of the stochastic coatatessolution. Left: Coarse-scale pressure, Righdrse-
scale x-direction flux

On the other hand, Figure 13 plots the standaréatiem contours of the coarse-scale stochasticspresand x-
direction flux. The utilization in more informatiqfarger number of snapshots to build the input efjpdesults in a

overall reduction in the standard deviation in doenain, though the general trends are similar (@mFigure 8
and Figure 13).

Figure 13: Variance of the stochastic coarse-smllgion. Left: Coarse-scale pressure, Right: Gaarsle x-
direction flux

From the stochastic solution, the probabilitytribution function of the coarse-scale pressuré g-direction
flux is plotted at the same two spatial locatiofise PDFs are plotted in Figure 14 and Figure 15.tRe point
upstream, the probability distributions are peaded have a very small range of variation. In corispar, the point
in the region of uncertainty has a significantlygker range of variability. Comparing Figure 15 dfigure 10
illustrates the effect of the incorporation of mdega into the construction of the stochastic inpatel.

Figure 14: Probability distribution functions oktlcoarse scale pressure (left) and flux (x-diregt{cight) for a
point upstream of the uncertainty
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Figure 15: Probability distribution functions oftlcoarse scale pressure (left) and flux (x-diregt{oight) for a
point in the uncertain domain

7 CONCLUSION

Though the extension of deterministic modeling dadign of components, devices and phenomena tadiee
stochastic aspect is very promising both in terfnBiodamental understanding of physical phenomenaell as
for enhanced performance in the presence of uriobrtahere seems to be a bottleneck in its moneegs
application. Two issues seem to result in thisleogck: (1) The availability of an easy to use amglement
strategy to solve stochastic partial differentiqli@tions that preferably relies on available deieistic solvers (2)
The problem of constructing realistic input modelperform such stochastic analysis. This paperesdgs these
two issues. The adaptive sparse grid collocatigmagrh provides a non-intrusive approach to stacthamdeling.
Various techniques for constructing realistic inpubdels are also discussed. Several numerical dgamp
illustrating the construction of input stochastiodels and the subsequent solutions of the stochasititial
differential equations are provided.

As an application of these developments, we hatended the state-of-art in deterministic multiscatedeling
of flow through heterogeneous media to a stochastitiscale framework. We accomplish this in thséeps. In the
first step, a variational stochastic mixed multisdarmulation is developed to incorporate the e&feof stochastic
fine scale permeability. The input to this is dtérdimensional representation of the stochastimpability that is
constructed from limited permeability informatiom the form of snapshots or statistics. We utilizagious data-
driven model reduction strategies to embed thistdidhinformation into viable stochastic input malelf the
permeability. The resulting stochastic multiscaleB8 are solved utilizing an adaptive sparse grilfocation
strategy. We showcase the complete formulationugitorealistic large scale applications of flow tgb
heterogeneous random media. This is (to the bestvikdge of the authors) the first instance of alsastic
variational multiscale treatment of flow througimdam heterogeneous media.
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