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Abstract. Significant improvements in computational capability in recent years have opened up the possibility of 
utilizing simulation frameworks to direct experiments and provide insights towards the control and design of 
complicated and critical physical phenomena. Most of these phenomena exhibit multiscale, multiphysics and 
multidomain characteristics. Due to the large complexity of such systems, it is impossible to determine/quantify the 
forces, parameters or properties exactly. For reliable analysis, it becomes essential to include the effects of such 
input uncertainties in material properties as well as system characteristics into the system and understand how 
they propagate and alter the final solution. Furthermore, the enormous (yet incomplete) amount of input data 
available as well as the considerable complexity of the physical systems poses significant strain on the available 
computational resources. In this context, a mathematical framework is presented that provides a paradigm shift in 
the predictive modeling of complex systems in the presence of uncertainties. In particular, we will discuss a non-
linear data-driven model reduction strategy to utilize experimentally available information to dynamically 
construct low-order realistic models of input uncertainties. These strategies are based on ideas in manifold 
learning used in cognitive sciences and signal processing. The reduced-order models developed will be used with 
new stochastic analysis techniques (hierarchical adaptive sparse grid collocation based on the Smolyak algorithm) 
to address uncertainty propagation in critical data-driven applications in random heterogeneous media.  
 
 
1 INTRODUCTION 

With the rapid advances in computational power and easier access to high-performance computing platforms, it 
has now become possible to computationally investigate realistic multiscale problems. The coupling of various 
length and time scales in a deterministic solution gives highly accurate predictions of the evolution and stability of 
the investigated system. One of the key objectives of computational mechanics would be to couple all the length 
scales from the atomistic through to the continuum, thus removing the need for any constitutive models or physical 
parameters to represent the system. But the present state-of-art in computational mechanics has been to couple only 
up to three scales of physics [1]. So there exists the need to input constitutive relations and/or material properties to 
the model. These inputs are usually available or derived from experimental data. The presence of 
uncertainties/perturbations in experimental studies implies that these input parameters have some inherent 
uncertainties. To accurately predict the performance of the system, it then becomes essential for one to include the 
effects of these input uncertainties into the model system and understand how they propagate and alter the final 
solution.  

The uncertainties in the physical model may also be due to inaccuracies or indeterminacies of the initial 
conditions. This may be due to variation in experimental data or due to variability in the operating environment. 
Uncertainties may also creep in due to issues in describing the physical system. This may be caused by errors in 
geometry, roughness and variable boundary conditions. Uncertainties could also occur due to the mathematical 
representation of the physical system. Examples include errors due to approximate mathematical models (e.g. 
linearization of non-linear equations) and discretization errors. Other sources of uncertainty include 
errors/fluctuations/variations in input constitutive relations, material properties as well as initial/boundary 
conditions that are used in the model of the system that is being analyzed. These inputs are usually available or 
derived from experimental data. The presence of uncertainties/perturbations in experimental studies implies that 
these input parameters have some inherent uncertainties.  

There are two key ingredients for constructing a framework to analyze the effects of various sources of 
uncertainty in a system. (a) The first is a mathematically rigorous framework that can be used to define the 
stochastic differential equations representing the systems along with a viable solution strategy for the same. The 
stochasticity (i.e. inclusion of the effects of uncertainty) in this set of differential equations enters as uncertain 
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boundary and initial conditions, variations in properties, fluctuations and thermal perturbations, or more generally 
as noise. We denote these as the input uncertainties. The second ingredient is a set of techniques to construct usable, 
realistic models of these input uncertainties. These models should utilize available experimental information and/or 
expert knowledge. This is a crucial (yet understated) issue with stochastic modeling. It is necessary to provide 
meaningful/realistic models for the input uncertainty to draw any meaningful conclusions from the resulting 
solutions.  

In recent years there has been significant progress in quantifying and modeling the effect of input uncertainties 
in the response of PDEs using non-statistical methods. The presence of uncertainties is incorporated by 
transforming the PDEs representing the system into a set of stochastic PDEs (SPDEs).   The spectral representation 
of the stochastic space resulted in the development of the Generalized Polynomial Chaos Expansion (GPCE) 
methods [2][3][4][5]. This approach requires extensive revamping of a deterministic simulator to convert it into its 
stochastic counterpart and has issues with scalability when applied to large scale problems. To solve large-scale 
problems involving high-dimensional stochastic spaces (in a scalable way) there have been recent efforts to couple 
the fast convergence of the Galerkin methods with the decoupled nature of Monte-Carlo sampling [6][7]. The 
Smolyak algorithm has been used recently to build sparse grid interpolants in high-dimensional space 
[8][9][10][11]. Using this method, interpolation schemes for the stochastic solution can be constructed with orders 
of magnitude reduction in the number of sampled points. The sparse grid collocation strategy provides a seamless 
way to scalably incorporate the effects of multiple sources of uncertainty in an embarrassingly parallel way. It only 
utilizes solutions of deterministic problems to construct the stochastic solution. This allows the use of deterministic 
legacy codes in a stochastic setting.  

The construction of viable stochastic input models based on limited data is a very interesting and challenging 
mathematical problem.  The recent work in [12] looks at developing probabilistic models of random coefficients in 
stochastic PDEs (SPDEs) using a maximum likelihood framework. The random domain decomposition (RDD) [13] 
method was used to construct probabilistic models for highly-variable permeability distributions [14]. All these 
techniques are very specialized to particular applications and require some amount of expert knowledge in 
allocating probability distributions. In [15][16], we have recently developed techniques to utilize statistical 
information about the variability in the property of random media and produce viable low-dimensional descriptors 
as inputs to the SPDE describing the evolution of the dependent variable.  

In the present work we are interested in analyzing flow through random heterogeneous media given limited 
statistical information about the multiscale permeability variation. We link stochastic analysis and multiscale 
methods to investigate this problem. The key contributions of the current work are: (i) Data-driven strategies are 
utilized to encode the limited information and subsequently construct a finite dimensional representation of the 
multiscale permeability variation. (ii) A stochastic variational multiscale method is formulated to incorporate the 
effects of the multiscale (stochastic) permeability. (iii) Adaptive sparse grid collocation strategies are utilized to 
effectively solve the multiscale SPDEs [17].  

2 PROBLEM DEFINITION 

Denote the domain as sdnD Ì � , where sdn is the number of space dimensions. The characteristic length scale 

of D is L . Denote the length scale of permeability fluctuation asl . In the problems that we are interested in solving, 
the characteristic length of the domain is a couple of orders of magnitude larger than the characteristic length scale 
of the permeability fluctuationsl L� . We are interested in evaluating the pressure, p and velocity, u  in the 

domain, D . The variables ( ) ( )( ), pu x x depend on the (multiscale) permeability distribution, ( )k x in the domain. 

However, the complete permeability distribution is unknown. Only some limited statistics and/or snapshots of the 
permeability are given. This limited information available to characterize the permeability necessitates assuming 
that the permeability is a realization of a random field. This is mathematically stated as follows:  

LetWbe the space of all allowable permeability variations. This is our event space. Every 

point ( ){ }, , ,k k Dw w= " Î ÎWx x in this space is equiprobable. Consequently, we can define as -algebraF and a 

corresponding probability measure [ ]: 0,1P F ® to construct a complete probability space( ), ,F rW of allowable 

permeability. To make this abstract description amenable to numerical simulation, a finite dimensional 
approximation/representation [18] of this abstract set is necessary. Various data-driven strategies to represent the 
setWare discussed in Section 4. The stochastic permeability is represented as( ) ( ) ( )1, , , ,Nk k Y Y kw º ºx x x Y� , 

where 1, NY Y� are uncorrelated random variables. 

The pressure and velocity are characterized by the following set of equations 
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Here, the source/sink term( )f x is taken to be deterministic.  

        The basic idea is to solve the problem on a coarse spatial discretizationcD  while taking into account   the fine-
scale variation in the stochastic permeability [19][20][21][22][23][24][25]. In the next section, we detail a 
stochastic extension to the variation multiscale method to solve this problem. The stochastic multiscale formulation 
is based on the multiscale formulation detailed in the papers by Juanes et al.[26] and Arbogast et al.[27].  

3 STOCHASTIC VARIATIONAL MULTISCALE FORMULATION 

3.1 Variational multiscale formulation 

For the problem to be physically relevant, we assume that the stochastic permeabilityk is positive and uniformly 
coercive. As stated in Section 2, the abstract representation of ( ),k w× in W is replaced by a more tractable finite 

dimensional representation( ),k ×Y , with NY Î G Ì � . Corresponding to the probability measure [ ]: 0,1P F ® , we 

denote the equivalent probability measure [ ]: 0,1r G ® . The governing equations for the velocity and pressure 

given in the mixed form are as follows: 

 
1 0k p

f

- + Ñ =

Ñ × =

u

u
 (2) 

with the following boundary conditions op p= on pD¶  and ou× =u n on uD¶ . Without loss of generality, we assume 

that the boundary conditions are deterministic and that the Neumann condition is homogeneous [26],0ou =  on uD¶ . 

      The next step is to introduce the appropriate function spaces in which the velocity and pressure lie. We 
introduce the following tensor function spaces ( ) ( )2 2W S W L L Dº Ä º G Ä with the inner product defined 

as( ) ( )2 2, :
W D

p p p d p dxr
G

º = � �Y and ( ) ( )2 ,S H L H div DH º Ä º G Ä . We will also use the function space 

defined as ( ){ }V : , , 0 on  uD= ÎH × × = ¶ " ÎGu u u Y n Y . Thus, the problem can be written in mixed variational 

form: Find( ), V Wp Ì ´u such that 

 
( ) ( )

( ) ( )

1, , , ,  V
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w w f w

- - Ñ× = - × " Î

Ñ× = " Î

v u v v v
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where ,f g is defined as ( )
pD

d fgdr
G ¶� �Y x . 

In the variational multiscale approach, the exact solutionu is assumed to be made up of contributions from two 
different (spatial) scales namely, the coarse-scale solution ( ),c ×u x that can be resolved using a coarse (spatial) mesh 

and a sub-grid solution ( ),f ×u x  such that: c f= +u u u and c fp p p= + . This additive sum decomposition induces a 

similar decomposition for the spatial part of the fine-scale tensor-product function spaces into a direct sum of a 
coarse-scale and a sub-grid tensor-product function spaces, e.g. W W Wc f= Å . The main idea is to develop models 

for characterizing the effect of the sub-grid solution ( ),f ×u x on the coarse scale solution and to subsequently derive 

a modified coarse scale formulation that only involves ( ),c ×u x . The additive decomposition provides a way of 

splitting the fine-scale problem given by Eq. (3) into a coarse-scale problem and a sub-scale problem. Testing 
against the coarse-scale test functions results in the coarse-scale variational problem:  Find( ), V Wc c c cp Î ´u such 

that 

 
( )( ) ( )( )

( )( ) ( )
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, , ,           W

c c f c c f c o c c

c c f c c c

k p p p

w w f w
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Ñ × + = " Î

v u u v v n v

u u
 (4) 

Similarly testing against the sub-scale test functions results in the sub-scale variational problem:  
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Find( ), V Wf f f fp Î ´u such that 

 
( )( ) ( )( )

( )( ) ( )
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, , ,           W

f c f f c f f o f f

f c f f f f

k p p p
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The key is to solve Eq. (5) for fu and construct a functional representation of the sub-scale variation, fu and fp in 

terms of the coarse-scale variation,cu : ( ) ( ),  f c f cp= F = Yu u u . This representation can be subsequently used to 

remove explicit dependence of fu and fp in Eq. (4) as: 

 
( )( )( ) ( )( )( )
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c c c c c c
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Ñ× + F = " Î

v u u v u v n v
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 (6) 

The key problem is now to solve Eq. (5) over each coarse scale element and utilize this sub-grid stochastic solution 
to solve the stochastic coarse scale equation Eq. (6). For a detailed discussion on the solution of the two scale 
stochastic problems please refer to the paper [28]. 

3.2 The stochastic multiscale framework  

 The abstract framework to solve the stochastic multiscale problem defined by Eq. (1) is as follows: 

 

Figure 1: Schematic of the developed stochastic multiscale framework 

      As seen in the figure, the key steps involved are: 
·  From limited data determine the fine-scale stochastic permeability. This requires data driven strategies to 

construct viable finite dimensional representation of the stochastic permeability. Different techniques are 
discussed in Section 4. 

·  Using variational stochastic mixed multiscale method to solve for the stochastic multiscale velocity and 
pressure. Adaptive techniques to solve the above set of stochastic partial differential equations are 
discussed in Section 5. 

4    REPRESENTING THE FINE SCALE STOCHASTIC PERMEAB ILITY: CONSTRUCING LOW 
DIMENSIONAL MODELS 

 The first step towards solving the stochastic PDEs is some form of numerical representation of the input 
random processes - i.e. the stochastic permeability( ),k wx . A finite dimensional representation of the abstract 

probability space is a necessary prerequisite for developing any viable framework to solve Eq. (1) . In this 
section, we discuss various techniques that can be utilized to represent the input uncertainties, with an emphasis 
on utilizing experimental data to construct these representations. We detail three strategies that can be utilized 
based on the amount and type of data available to quantify the uncertainty in the fine-scale permeability. 

In many situations, extensive experimental studies are available and semi-variograms of permeability 
distribution are constructed. Semi-variograms are statistical relations that represent the two-point correlation 
between the permeability at two spatial locations. Furthermore, some notion of the mean permeability variation is 
also available. In such cases, the Karhunen-Loève expansion can be used to convert these experimental statistics 
into a viable low-dimensional stochastic model of the permeability variation.  

In some situations, correlations that are amenable to such analytical model reduction strategies may not be 
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available. This may be because higher order correlations are available, or because the data is implicitly stored in 
geo-statistical libraries or reconstruction strategies/software [29]. In these cases, it may be possible to construct a 
finite number of plausible reconstructions of the permeability distribution in the complete domain. Depending on 
the number of such realizations (which is determined by accuracy and computation complexity considerations) 
two data-driven techniques for representing the stochastic permeability can be utilized. If the number of plausible 
data sets is limited (~10-100) it is possible to use linear model reduction ideas (i.e. Principal Component 
Analysis (PCA), Proper Orthogonal Decomposition (POD)) to construct a low-dimensional stochastic input 
model for the permeability variation. On the other hand, when the number of realizations available is fairly large, 
one can utilize non-linear model reduction strategies (Manifold learning algorithms) to construct low-dimensional 
representations. 

We discuss each of these three strategies below: 

4.1 The Karhunen-Loève expansion 

A useful approach to representing random fields is to recognize that such fields usually have some amount of 
spatial correlation. There is rich literature on techniques to extract/fit correlations for these random fields from 
input experimental/numerical data. This is an area of intense ongoing research [12]. The assumption of the 
existence of some correlation structure of the random field provides an elegant way of representing the random 
field as a finite set of uncorrelated random variables. This technique is called the Karhunen-Loève expansion. 

The Karhunen-Loève expansion is essentially founded on the idea that the space of all second-order random 
processes (i.e. processes with a finite second moment) can be defined as a Hilbert space equipped with the mean-

square norm. ( ) ( ) ( )
1

, i i
i

k kw V w
¥

=

= �x x , where ( ){ }
0i i

V w
¥

=
form a basis of the space and{ } 0i i

k
¥

=
are the projections of 

the field onto the basis. The Karhunen-Loève expansion (KLE) considers finite-dimensional subspaces of the 
Hilbert space that best represent the uncertainty in. The KLE for a stochastic process( ),k wx is based on the 

spectral decomposition of its covariance function( )1 2,hhR x x . By definition, the covariance function is symmetric 

and positive definite and has real positive eigenvalues. Further, all its eigenfunctions are orthogonal and span the 
space to which ( ),k wx   belongs. The KL expansion can be written as 

 ( ) ( )( ) ( ) ( )
0

, , i i i
i

k E k f Yw w l w
¥

=

= +�x x x  (7) 

where ( )( ),E k wx denotes the mean of the process and( ){ }
0i i

Y w
¥

=
forms a set of uncorrelated random variables 

whose distribution has to be determined. ( )( )
0

,i i i
fl

¥

=
x form the eigenpairs of the covariance function: 

 ( ) ( ) ( )1 2 2 1 1 1,hh iD
R f d fl=� x x x x x  (8) 

The chief characteristic of the KLE is that the spatial randomness has been decomposed into a set of deterministic 
functions multiplying random variables. These deterministic functions can also be thought of as representing the 
scales of fluctuations of the process. The KLE is mean-square convergent to the original process ( ),k wx . More 

interestingly, the first few terms of this expansion represents most of the process with arbitrary accuracy. The 
expansion in Eq. (7) is typically truncated to a finite number of summation terms, N . 

4.2 Linear model reduction strategies 

In case the analytical representation strategy described in the previous subsection is infeasible, one is forced 
to look at other model reduction strategies to construct viable low-order models.  

The permeability distribution satisfies some statistical correlations, i.e. it has some order/structure over the 

domain. Denote these correlations as{ }1, , pS S S= � . Some of the statistics can be extracted experimentally, while 

others might be gappy. Some of this information is assumed to be available to reconstruction libraries/software [29] 
that generates plausible models of the permeability variations. Assume that the permeability distribution in the 
domain is given at the nodal points of the fine-scale discretization of the domain. Denote this data set 

as ( ) ( ){ }1 , ,
h

D
Nk x k x=k � , where hN is the number of nodal points in the fine-scale discretization of the domain. 

This is stated mathematically as follows: LetW denote the set of all permeability distributions as 
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 { }{ }1   satisfies the statistics , ,hND D
pS S SW = Î =k k� �  (9) 

Using these reconstruction software, it is possible to construct a finite set of plausible permeability distributions in 
the domain, 1 , ,D D

Mk k� , that satisfy experimental data. Note that we denote each realization of the permeability in 

the domain D
ik  as a vector of lengthhN . If the number,M , of such reconstructed vectors is not large (~ 50M < ) 

linear model reduction strategies like PCA and POD can be utilized to encode the information contained in 
theM plausible snapshots of the permeability distribution. This is described below: The average permeability 

vector is computed as
1

1/
MD D

ii
M

=
= �k k . The average permeability vector( )Dk is then subtracted from all the 

permeability vectors asD D D
i i¬ -k k k for 1, ,i M= � .The eigenvectors ( )kU of the h hN N´ covariance 

matrix
1

1/
M D D

i ii
C M

=
= � k k  satisfying the equation 

 ( ) ( ) ,   1, ,k k
k hCU U k Nl= = �  (10) 

along with the eigenvalues are computed. This set of eigen-images and eigenvalues form the best basis to represent 
the permeability vector. The computation of this basis becomes a computationally intensive process because of the 
possibly large dimensionality( )hN of the correlation matrix. The `method of snapshots' provides a computationally 

more efficient way to compute these basis images [30][31].   
The first N eigen-images (usuallyN M� ) representing most of the energy spectrum of the decomposition are 

chosen. Any random (plausible) permeability vector( )I belonging to the space of allowable permeability 

distributionsWcan then be represented as a unique linear combination of theN eigen-images: 

 ( ) ( )1
1

,   ,  , ,
N

iD N
i N

i

I YU I Y Y
=

= + ÎW Î�k � �  (11) 

Denote the transformation of a permeability distribution I ÎW  into the set ofN real coefficients { }1, , NY Y=Y �  

by F .The function : NF W ® � represents the reduced-order model of the infinite-dimensional space W 
in N dimensional space. 1 : nF - ® W�  serves as the low-dimensional representation that can be used as a 
stochastic input model for the permeability. 

As detailed in [16], not every NÎY � results in a plausible permeability distribution. In case some of the 
statistical correlations from experimental observations are explicitly known, these can be used to constrain the range 
of possibleY . This methodology -- called subspace reducing [16]-- imposes physical and statistically known 
information about the permeability variation as constraints in Eq. (11) and finds the range NG Ì � of 
allowableY that result in plausible permeability variations. In case no such statistical information is provided, the 
domainGcan be determined as follows: Denote by, 1, ,iY i M= � the reduced representation of the M input 

permeability vectors D
ik . These M data sets represent all the data available for constructing the model. A practical 

approach is to assume that the M datasets represent the extreme ranges of variation possible. The allowable values 
of plausible permeability variations would then lie within the convex-hull generated by these M data sets. That is 

 { }{ }1:  convexhull , , N
MG = Î ÌY Y Y Y� �  (12) 

4.3 Non-linear model reduction strategies 

The PCA based model reduction scheme constructs the closest linear subspace of the high-dimensional input 
space. This is a fairly good approximation when the number of data sets is limited. But as the amount of data 
available increases, PCA based techniques tend to consistently over-estimate the actual dimensionality of the space 
[16]. This is primarily due to the fact that the space of all plausible permeability distributions( )W is a non-linear 

space. The large number of available data-points effectively populates this non-linear space. In this context, non-
linear transformation strategies offer the possibility of constructing optimal low-dimensional representations of this 
space. As before, assume that M  plausible permeability vectors are available. Using the unordered 

data{ }
1
,  

MD D
i ii =

ÎWk k , the problem of interest is to find a low-dimensional parameterization of W , i.e. a 

set ,  N
hN NG Î � � , such that there is a one-to-one correspondence betweenWandG. 
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The solution strategy is based on the so-called principle of “manifold learning” [16]. The basic strategy is to 
show that this set of unordered points lies on a manifold embedded in a high-dimensional space. That is, W is a 
manifold embedded in a high-dimensional space. The mathematical framework is then to “unravel and smoothen” 
this manifold and represent it as a smooth low-dimensional curve, G. This “unraveling and smoothing” 
corresponds to a topological transformation that preserves some notion of the geometry of the manifold. The 
framework essentially boils down to two mathematical steps: 

·  Defining the appropriate manifold on which this high-dimensional data lie on and identifying some 
properties of the manifold, and 

·  Defining the appropriate transformation that results in the low-dimensional equivalent space. 
By defining an appropriate distance functionD between two points inW , we construct a metric space( ),DW . 

The first constraint that we impose during the construction of a transformation :g W ® G is thatW is topologically 

well-behaved, i.e. it is smooth and has no holes.  This can be ensured by showing thatW is compact [16]. The next 
step is to choose a geometric feature of the manifold and construct a transformation that keeps this feature invariant 
under the transformation. The key notion is that by keeping specific geometrical features of the embedded manifold 
invariant one can construct a low-dimensional representation that is equivalent to the manifold. A natural choice of 
a geometric feature is the distance metric. This results in an isometric mapping to transformW intoG. The 
important idea is that the distance that encodes the geometric information about the non-linear manifold in the 
geodesic distance. The geodesic distance reflects the true geometry of the manifold embedded in the high-
dimensional space.  

Construction of G reduces to finding a low-dimensional representation,{ }iY of the given data 

points 1 , ,D D
Mk k� such that{ }iY is isometric to 1 , ,D D

Mk k� based on the geodesic distances between the points. 

Denote the intrinsic geodesic distance between points inWby MD . MD  is defined by  

 ( ) ( ){ }, inf lengthD D
M i jD

g
g

*

*=k k  (13) 

where *g varies over the set of smooth arcs connecting D
ik and D

jk . The essential step in preserving distances is to 

first compute the pair-wise distance in the manifold between all the data points{ }1 , ,D D
Mk k� . This brings an 

apparent paradox that has to be resolved: The intrinsic geometry of the manifold is unknown. To detect the 
geometry as a means of constructing a low-order representation, we utilize the notion of the geodesic distance. But 
the construction of the geodesic distance requires some idea of the underlying geometry of the manifold (see Eq. 
(13)). An approximation of the geodesic distance is required to proceed further. Such an approximation is provided 
via the concept of graph distance. The unknown geodesic distances inWbetween the data points are computed in 
terms of a graph distance with respect to a neighborhood graphG constructed on the data points. This 
neighborhood graphG is very straightforward to construct. Two points share an edge on the graph if they are 
neighbors (with the edge length being proportional to the distance,D  between them) [16]. For points close to each 
other, the geodesic distance is well approximated by the distance measured by the distance metricD . This is 
because the curve can be locally approximated to be a linear patch, and the geodesic distance between two points on 
this patch is the straight line distance between them. On the other hand, for points positioned faraway from each 
other, the geodesic distance is approximated by adding up a sequence of short hops between neighboring points. 
These hops can be computed easily from the neighborhood graphG . This approximation asymptotically matches 
the actual geodesic distance (Eq. (13)) as the number of samples,M  increases [16]. 

The computation of the approximate geodesic distance between all pairs of points is a key step in the 
framework. By appropriately defining the distance metricD , we have encoded all the information about the 

geometry of the manifold (utilizing the given set of data{ }1 , ,D D
Mk k� ) into the geodesic distance matrix (denoted 

as� ). The estimation of the low-dimensional representation of{ }1 , ,D D
Mk k� can now be posed as: 

Find a configuration of points{ }1, , ,  N
M i ÎY Y Y� � , such that these points yield a Euclidean distance matrix 

whose elements are identical to the elements of the geodesic distance matrix� . That is, find{ } 1

M

i i =
Y such 

that i j ijM- »Y Y . The principle of Multi-dimensional scaling (MDS) can subsequently be used to compute the set 

of low-dimensional points that best represent the high-dimensional points. The MDS procedure essentially 
computes the eigen-decomposition of the geodesic matrix and sets the low-dimensional points as linear 
combinations of the largestN eigenvectors of the geodesic matrix.  

The fact thatW is compact ensures thatGis a convex, connected region inN�  [16]. This provides a natural, 
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elegant way of constructingGfrom theM low-dimensional points{ } 1

M

i i =
Y : 

 { }{ }1|  convex hull , ,N
MG = Î ÎY Y Y Y� �  (14) 

The intrinsic dimensionalityN of the low-dimensional representation can be estimated by using a variant of the 
Breadwood-Halton-Hammersley [32] theorem (a powerful result in geometric probability) where it is linked to the 
rate of convergence of the length-functional of the minimal spanning tree of the geodesic distance matrix of the 
unordered data points in the high-dimensional space. 

5    ADAPTIVE SPARSE GRID COLLOCATION METHOD 

The above generated N-dimensional representation of the stochastic fine-scale permeability is utilized as an 
input stochastic model for the solution of SPDEs defined by Eq (1). We utilize an adaptive sparse grid collocation 
strategy for constructing the stochastic solution [11][17]. We briefly describe the development of the adaptive 
sparse grid collocation strategy here. The interested reader is referred to our recent work in [17]. 

 
The basic idea of this method is to utilize a finite element approximation for the spatial domain and approximate 

the multi-dimensional stochastic space using interpolating functions defined on a set of collocation points 

{ } 1

M

i i =
ÎGY . The interpolation can be constructed by using either full-tensor product of 1D interpolation rule or the 

so called sparse grid interpolation method based on the Smolyak algorithm [33]. Since the number of support points 
grows very quickly as the number of stochastic dimensions increases in the full-tensor product case, we mainly 
focus on the sparse grid method and discuss the proposed adaptive algorithm. 

5.1 Smolyak algorithm 

The Smolyak algorithm provides a way to construct interpolation functions based on a minimal number of 
points in multi-dimensional space. Using Smolyak method, univariate interpolation formulae are extended to the 
multivariate case by using tensor products in a special way. This provides an interpolation strategy with potentially 
orders of magnitude reduction in the number of support nodes required. The algorithm provides a linear 
combination of tensor products chosen in such a way that the interpolation property is conserved for higher 
dimensions. 

Let us consider a smooth function : [0,1]Nf ® � . In the 1D case, we consider the following interpolation 

formula to approximatef : ( ) ( )1

imi i i
j jj

U f f Y a
=

= ×�  with the set of support nodes 

{ }[0,1] for 1,2, ,i i i
j j iX Y Y j m= Î = � where ( ) ( ), [0,1]i i

j j ji N a a Y CÎ º Î  are the interpolation nodal basis 

functions, and im is the number of elements of the setiX . We assume that a sequence of the 1D formula is given 

with differenti . In the multivariate case 1N > , the tensor product formulae are 

 ( )( ) ( ) ( )
1

1 1 1

1 1

1 1 1

,
N

N N N

N N

N

mm
i i ii i i

j j j j
j j

U U f f Y Y a a
= =

Ä Ä = × Ä Ä� �� � � �  (15) 

which serves as building blocks for the Smolyak algorithm. 
With 0 1

10, ,| |i i i
NU U U i i-= D = - = +i � for NÎi � , andq N³ , the Smolyak algorithm constructs the sparse 

interpolant ,q NA  as [34][35] 

  

 ( )( ) ( ) ( )( )

( )

1 1

,

, 1,
| | | |

N N

q N

i ii i
q N q N

q q

A f

A f A f f-
£ =

D

= D Ä Ä D = + D Ä Ä D� �
i i

� �
����������	

 (16) 

To compute the interpolant ,q NA from scratch, one needs to compute the function at the nodes covered by the 

sparse grid ,q NH : 

 ( )1
,

1 | |

Nii
q N

q N q

H X X
- + £ £

= ´ ´
i

�
  (17) 
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The construction of the algorithm allows one to utilize all the previous results generated to improve the 
interpolation. By choosing appropriate points for interpolating the 1D function, one can ensure that the sets of 

points iX are nested( )1i iX X +Ì . To extend the interpolation from level1i - to i , one only has to evaluate the 

function at the grid points that are unique toiX , that is, at 1\i i iX X X -
D = . Thus, to go from an 

order 1q - interpolation to an orderq interpolation inN dimensions, one only needs to evaluate the function at the 

differential nodes ,q NHD given by 

 ( )1
,

| |

Nii
q N

q

H X XD D
=

D = ´ ´
i

�
  (18) 

5.2 Choice of collocation points and the nodal basis functions 

The advantage of choosing equidistant nodes is its capability for allowing adaptivity.  We consider the 1D 
interpolation with the number of nodes defined as 11,  if 1;2 1,  if 1i

im i i-= = + > . Then the supports nodes are 

 
1

 ,  for 1, , ,  if 1;  0.5,  for 1,  if 1
1

i
j i i i

i

j
Y j m m j m

m
-

= = > = =
-

�  (19) 

It is noted that the resulting grid points are nested and it is called “Newton-Cotes” grid. The simplest choice of 1D 
basis function is the standard linear hat function [35] : ( ) 1 ,  if [ 1,1];  0,  otherwise.a Y Y Y= - Î -  This mother of all 

piecewise linear basis functions can be used to generate arbitrary i
ja with local support 1 1[ 2 , 2 ]i i i i

j jY Y- -- + by 

dilation and translation, i.e. 

 
( ) ( )1

1

1 1 ,  if 1/ 1
1 for 1,  and 

0,          otherwise

i i
i j j ii

j

m Y Y Y Y m
a i a

� - - × - - < -�
= = = �

��
 (20) 

for 1i > and 1, , .ij m= � The N-dimensional multi-linear nodal basis functions can be constructed using tensor 
products as follows: 

 ( ) 1

1
1

: ,N k

N k

N
i ii

j j j
k

a a a a
=

= Ä Ä = Õi
j Y �  (21) 

where the multi-index ( )
1
, N

Nj j= Îj � � and , 1, ,kj k N= � , denotes the location of a given support node in thek -

th dimension. 

5.3 From nodal basis to multivariate hierarchical basis 

Let us consider the incremental interpolant formula Eq. (16). This formula takes advantage of the subset 
property of the nested grid points 1i iX X +Ì . Here, we follow closely [35] to provide a clear development of the 
derivation of the hierarchical basis and the hierarchical surpluses. We start from the 1D interpolating formula using 
nodal basis as discussed in the previous section. We have ( ) ( ) ( )1i i if U f U f-D = -  with 

( ) ( ) ,i i
j

i i i
j jY X

U f a f Y
Î

= ×�  and ( ) ( )( )1 1i i iU f U U f- -= , we obtain 

 ( ) ( ) ( )( ) ( ) ( )( )( )1 1

i i i i i i
j j j

i i i i i i i i i i
j j j j j j j

Y X Y X Y X

f a f Y a U f Y a f Y U f Y- -

Î Î Î

D = × - × = × -� � �  (22) 

and, since ( ) ( )( )1 10,i i i i i
j j jf Y U f Y Y X- -- = " Î , we obtain 

 ( ) ( ) ( )( )( )1

i i
j

i i i i i
j j j

Y X

f a f Y U f Y
D

-

Î

D = × -�  (23) 

recalling that 1\i i iX X X -
D = . Clearly, iXD has 1

i
i im m mD -= - points, since 1i iX X +Ì . For simplifying the notation, 

we consecutively number the elements iniXD , and denote the j -th point of iXD as i
jY . Then we can rewrite the above 
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equation as  

 ( ) ( ) ( )( )( )1

1

im
i i i i i

j j j
j

i
jw

f a f Y U f Y
D

-

=

D = × -�
����������	

 (24) 

Here, we define i
jw as the 1D hierarchical surpluses, which is just the difference between the function value at the 

current and previous interpolation levels. We also define the set of functionsija as the hierarchical basis functions. 

For the multi-dimensional case, through a new multi-index set 

 { }: :  for 1, , , 1, , ,k k k

k

i i iN
j kB Y X j m k ND D= Î Î = =i j � � �  (25) 

we can define the hierarchical basis as { }: , .ka BÎ £k
j j k i  

     Now we apply the 1D Eq. (24) to obtain the sparse grid interpolation formula for the multivariate case in a 
hierarchical form. From Eq. (16), we obtain 

( ) ( ) ( ) ( ) ( )( )( )1 1 1 1

1 1 11, , 1,
1

,  , , , ,N N N N

N N N

i i i ii i i i
q N q N j j j j q N j j

q q B
i
jw

A f A a a f Y Y A f Y Y- -
£ - = Î

= D Ä Ä D D = Ä Ä × -� � �
ii i j

� � � �
����������������	

(26) 

For smooth functions, the hierarchical surpluses tend to zero as the interpolation level increases. On the other hand, 
for non-smooth functions, steep gradients/finite discontinuities are indicated by the magnitude of the hierarchical 
surplus. The bigger the magnitude is, the stronger the underlying discontinuity is. Therefore, the hierarchical surplus 
is a natural candidate for error control and implementation of adaptivity.  
     As a matter of notation, the interpolation function used will be denoted as ,N k NA + , wherek is called the level of 

the Smolyak interpolation. We consider the interpolation error in the space 

 { }: : [0,1] ,  continues, 2, ,N
N iF f D f m i= ® £ "m�  (27) 

where 0
NÎm � andD m is the usual N -variate partial derivative of order :m ( )1

1/ Nmm
ND Y Y= ¶ ¶ ¶m m � . Then the 

order of the interpolation error in the maximum norm is given by [34][35]: 

 ( ) ( )( )3 12
, 2log ,

N

q Nf A f M M
--

¥
- = O  (28) 

where ( )( )dim ,M H q N= is the number of interpolation points. 

5.4 From hierarchical interpolation to hierarchical integration 

Any functionuÎG can now be approximated by the following reduced form from Eq (26) : 

 ( , ) ( ) ( )
q B

u w a
£ Î

= ×� �
i

i i
j j

i j

x Y x Y  (29) 

It is just a simple weighted sum of the value of the basis functions for all collocation points in the current sparse 
grids. Therefore, we can easily extract the useful statistics of the solution from it. The mean of the random solution 
can be evaluated as follows: 

 [ ]( ) ( ) ( )
q B

u w a d
£ Î G

E = ×� � �
i

i i
j j

i j

x x Y Y  (30) 

where the probability density function ( )r Y is 1 since we have assumed uniform variable variables on a unit 

hypercube[0,1]N . The 1D version of the integral in the equation above can be evaluated analytically: 

 
1 1

0
( ) 1,  if 1;  1/ 4,  if 2;  2 ,  otherwise.i i

ja Y dY i i -= = =�  (31) 

This is independent of the location of the interpolation point and only depends on the interpolation level in each 
stochastic dimension due to the translation and dilation of the basis function. Since the random variables are 
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assumed independent of each other, the value of the multi-dimensional integral is simply the product of the 1D 

integrals. Denoting ( )a d I
G

=� i i
j jY Y , we can write Eq. (30) as[ ]( ) ( )

q B

u w I
£ Î

E = ×� �
i

i i
j j

i j

x x . Thus, the mean is just an 

arithmetic sum of the hierarchical surpluses and the integral weights at each interpolation points. 
       To obtain the variance of the solution, we need to first obtain an approximate expression for2u , 
i.e. 2 ( , ) ( ) ( )

q B

u v a
£ Î

= ×� �
i

i i
j j

i j

x Y x Y . Then the variance of the solution can be computed as: 

 ( ) ( ) ( )( )
2

22Var ( ) ( )
q B q B

u u u v I w I
£ Î £ Î

� �
	 
= E - E = × - ×	 
 	 
 � �
 � 
 �
 � � �

� �
� � � �

i i

i i i i
j j j j

i j i j

x x x x x  (32) 

5.5 Adaptive sparse grid interpolation 

In this section, we will develop an adaptive sparse grid stochastic collocation algorithm based on the error 
control of the hierarchical surpluses. Before discussing the algorithm, let us first introduce some notation. The 1D 
equidistant points of the sparse grid in Eq. (19) can be considered as a tree-like data structure as shown in Figure 2. 
It is noted that special treatment is needed here from level 2 to level 3. For the boundary nodes in level 2, we only 
add one point along the dimension (there is only one son here instead of two sons for all other levels of 
interpolation). Then we can consider the interpolation level of a grid pointY as the depth of the tree( )D Y . For 

example, the level of a point 0.25 is 3. Denote the father of a grid point as( )F Y , where the father of the root 0.5 is 

itself, i.e. (0.5) 0.5.F =  We denote the sons of a grid point ( )1, NY Y=Y � by 

 ( ) ( ) ( )( ) ( )( ){ }1 2 1 2 1 2Sons , , , , , , , ,  or , , ,N N NS S S F S S S S S F S= = = =Y S Y Y� � � �  (33) 

From this definition, it is noted that, in general, for each grid point there are two sons in each dimension, therefore, 
for a grid point in a N -dimensional stochastic space, there are 2N sons. It is also noted that, the sons are also the 
neighbor points of the father. Recall from the definition of grid points from Eq. (19) and the definition of 
hierarchical basis that the neighbor points are just the support nodes of the hierarchical basis functions in the next 
interpolation level. By adding the neighbor points, we actually add the support nodes from the next interpolation 
level, i.e., we perform interpolation from level| |i to level| | 1+i . Therefore, in this way, we refine the grid locally 

while not violating the developments of the Smolyak algorithm Eq. (26) . The basic idea here is to use hierarchical 
surpluses as an error indicator to detect the smoothness of the solution and refine the hierarchical basis 

functionsai
j whose magnitude of the hierarchical surplus satisfies w e³i

j . If this criterion is satisfied, we simply add 

the2N neighbor points of the current point from Eq. (33) to the sparse grid. 

 
Figure 2: 1D-tree like structure of sparse grid 

Therefore, let 0e > be the parameters for the adaptive refinement threshold. We propose to use the following 
iterative refinement algorithm beginning with a coarsest possible sparse grid ,N NL , i.e., with theN -dimensional 

multi-index ( )1, 1=i � , which is just the point( )0.5, ,0.5 .�  

(1) Set level of Smolyak construction 0k = . 
(2) Construct the first level adaptive sparse grid,N NL .   

·  Calculate the function value at the point( )0.5, 0.5� . 

·  Generate the2N neighbor points and add them to the active index set. 
·  Set 1k k= + . 
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(3) While maxk k£ and the active index set is not empty: 

·  Copy the points in the active index set to an old index set and clear the active index set. 
·  Calculate in parallel the hierarchical surplus of each point in the old index set according to 

( ) ( )( )1 1

1 11,, , , ,N N

N N

i ii ii
j j j N k N j jw f Y Y f Y Y+ -= - L� �  

Here, we use all of the existing collocation points in the current adaptive sparse grid 1,N k N+ -L . This allows us to 

evaluate the surplus for each point from the old index set in parallel. 

·  For each point in the old index set, ifw e³i
j : 

Generate2N neighbor points of the current active point according to Eq (33) ; 
Add them to the active index set. 

·  Add the points in the old index set to the existing adaptive sparse grid 1,N k N+ -L . Now the adaptive sparse 

grid becomes ,N k N+L . 

·  1k k= +  
(4) Calculate the mean and the variance, the PDF and if needed realizations of the solution. 

 

6 NUMERICAL EXAMPLES 

6.1 Stochastic elliptic problem 

In this example, we first investigate the effectiveness to detect important dimensions and convergence of the 
adaptive spars grid collocation (ASGC).   

Here we adopt the model problem from [10] 

 
( ) ( )( ) ( )

( )
, , ,    in  ,

, 0             on ,

N Na u f D

u D

w w w

w

-Ñ × × Ñ × = × ´G

× = ¶ ´G
 (34) 

with the physical domain ( ){ }2, [0,1]D x y= = Îx . To avoid introducing errors of any significance from the domain 

discretization, we take a deterministic smooth load( ) ( ) ( ), , cos sinNf x y x yw = with homogeneous boundary 

conditions. The deterministic problem is solved using the finite element method with 900 bilinear quadrilateral 
elements. Further more, as in [10], in order to eliminate the errors associated with a numerical K-L expansion solver 
and to keep the random diffusivity strictly positive, we construct the random diffusion coefficient( ),Na xw with 1D 

spatial dependence as 

 ( )( )
( )

( )( ) ( )
2 2 21/ 2 1

8

1

log , 0.5 1 cos 2 1
2

n LN

N n
n

L
a x e x n Y

pp
w p w

- -

=

� �
- = + -� �� �

� �
�  (35) 

where ( ) , 1, ,nY n Nw = � are independent uniformly distributed random variables in the interval 3, 3	 
-
 � . Small 

values of the correlation lengthL correspond to a slow decay in the above equation, i.e., each stochastic dimension 
weighs almost equally. On the other hand, large values ofL result in fast decay rates, i.e., the first several stochastic 
dimensions corresponding to large eigenvalues weigh relatively more.  
       To study the convergence of the algorithm, we consider a problem where the interpolation level increases 
linearly. We estimate the ( )2L D approximation error for the mean and the variance. Specifically, to estimate the 

computation error in theq -th level, we fixN and compare the results at two consecutive levels, e.g. the error for the 

mean is ( ) ( ), 1,q N N q N NA u A u+	 
E -
 � . Similar error is defined for the variance. The results are shown in Figure 3 for 

different correlation lengths and dimensions.  
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Figure 3: The convergence of the stochastic elliptic problem in 10,25,50,75N = dimensions for different correlation 

lengths using the ASGC method 

6.2 Stochastic flow through random heterogeneous porous media 

  In this second example, we look at the effect of localized uncertainties in permeability and how they propagate 
into the complete domain. A schematic of the domain is shown in Figure 4. The region consists of a250 150´ ft 
domain where the fine-scale permeability is given in 1 sq-ft blocks. An injection well is located at the bottom left 
corner of the domain while a production well is placed at the top right corner of the domain. No flow boundary 
conditions are enforced on all the four boundaries. 

                                  

Figure 4: Left: Schematic of the domain. The permeability is uncertain in part of the domain; Right: The fine –
scale log permeability distribution in the domain. The axes are scaled ( 1 unit = 50 ft) 

The fine-scale discretization of the domain corresponds to250 150´  element triangulation. The fine-scale 
permeability in the domain is shown in Figure 4. The permeability shows variation of 5 orders of magnitude. 
Furthermore, there is a localized region of uncertain fine scale permeability in the central portion of the domain, 
corresponding to a50 50´ ft domain. Aggressive coarse-scaling is performed at the complete domain is 
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characterized using a coarse50 30´ element discretization. 
We are given a finite number of snapshots of plausible fine-scale permeability distributions in the uncertain 

permeability block. Based on the number of available snapshots, we consider two cases (a) for small number of 
snapshots, a linear model reduction strategy is utilized to construct a data-driven model of the fine-scale 
permeability in the domain, and (b) if a large number of snapshots are available, a non-linear model reduction 
strategy is utilized. 
      Small number of snapshots: 

 In this case, a data-set containing85plausible fine-scale permeability distribution in the uncertain part of the 
domain is available. Based on the discussion in Section 4.2, the covariance matrixC (see Eq. (10)) is constructed 
using these 85 permeability distributions and the eigenvalue problem is solved. Figure 5 plots the eigen-spectrum of 
the covariance matrix. The first six eigenmodes accurately represent the variability in the given data-set. These 
eigen-modes are utilized to construct the corresponding low-dimensional representation of the stochastic-fine scale 
permeability distribution in the central block of the domain (Eq. (12)). The dimensionality of the representation is 6. 

 

Figure 5: The eigen-spectrum of the data set. The first 6 eigen-modes represent most of the variation that the 
input data set exhibits 

12 nodes of our local Linux cluster (corresponding to 48 processors) were utilized. The total computational time 
was about 24 hours to solve this 6 2+  (stochastic + space) dimensional problem. Figure 6 (left) plots the 
convergence of the stochastic pressure with increasing number of collocation points, while Figure 6 (right) plots the 
convergence of the stochastic velocity flux with increasing number of collocation points. 

               

Figure 6: Convergence of the stochastic solution with increasing number of collocation points. Left: Stochastic 
coarse scale pressure, Right: Stochastic coarse scale velocity 

Figure 7 plots the mean contours of the stochastic coarse-scale pressure and flux in the x direction. Note the 
highly dendrite-like structure of the x-direction flux. Due to the large variation in the permeability, the flow tries to 
find the path with the largest permeability resulting in this dendrite-like structure. 
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Figure 7: Mean contours of the stochastic coarse-scale solution. Left: Coarse-scale pressure, Right: coarse-scale 
x-direction flux 

Figure 8 plots the standard deviation contours of the coarse-scale stochastic pressure and x-direction flux. 
Upstream of the uncertain permeability block, the standard deviation of the coarse scale pressure and velocity are 
both negligible. Most of the deviation in the pressure occurs in the uncertain domain with its effects felt 
downstream of the uncertain domain. The velocity flux has maximum deviation in the region of uncertainty and the 
deviation rapidly decays in the rest of the domain. 

 
 

Figure 8: Variance of the stochastic coarse-scale solution. Left: Coarse-scale pressure, Right: Coarse-scale x-
direction flux 

From the stochastic solution, the probability distribution function of the coarse-scale pressure and x-direction 
flux is plotted at two spatial locations. The first point (50, 50) is upstream of the localized uncertain region, while 
the second point (125, 75) is in the region of uncertain fine-scale permeability. The PDFs are plotted in Figure 9 
and Figure 10. For the point upstream, the probability distributions are peaked and have a very small range of 
variation. In comparison, the point in the region of uncertainty has a significantly larger range of variability. 

             

Figure 9: Probability distribution functions of the coarse scale pressure (left) and flux (x-direction) (right) for a 
point upstream of the uncertainty 
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Figure 10: Probability distribution functions of the coarse scale pressure (left) and flux (x-direction) (right) for a 
point in the uncertain domain 

 
 
Large number of snapshots: 

In this case, a data-set containing 1500 plausible fine-scale permeability distribution in the uncertain part of the 
domain is available. Based on the discussion in Section 4.3, the neighborhood graph G is constructed using these 
1500 permeability distributions. Following this the geodesic distance matrix is computed. The BHH theorem [16] is 
used to compute the intrinsic dimensionality of the dataset. The dimensionality is related to the slope of the length 
functional of the minimal spanning graph (MST) of the neighborhood graph G of the dataset (see [16]). Figure 11 
plots the variation in the length functional of the MST. The optimal dimensionality was estimated to be 5d = . The 
corresponding low-dimensional representation of the stochastic-fine scale permeability distribution in the central 
block of the domain (Eq. (14)) is constructed. 

 

Figure 11: Plot of the length functional of the MST of the graph G for various sample sizes. The intrinsic dimension 
is related to the slope of the graph 

50 nodes of our local Linux cluster (corresponding to 200 processors) were utilized. The total computational 
time was about 12 hours to solve this 5+2 (stochastic + space) dimensional problem.  Figure 12 plots the mean 
contours of the stochastic coarse-scale pressure and flux in the x direction. The mean results are very similar to the 
results obtained by generating a data-driven model utilizing a much lower amount of initial information. 
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Figure 12: Mean contours of the stochastic coarse-scale solution. Left: Coarse-scale pressure, Right: coarse-
scale x-direction flux 

On the other hand, Figure 13 plots the standard deviation contours of the coarse-scale stochastic pressure and x-
direction flux. The utilization in more information (larger number of snapshots to build the input model) results in a 
overall reduction in the standard deviation in the domain, though the general trends are similar (compare Figure 8 
and Figure 13). 

   

Figure 13: Variance of the stochastic coarse-scale solution. Left: Coarse-scale pressure, Right: Coarse-scale x-
direction flux 

    From the stochastic solution, the probability distribution function of the coarse-scale pressure and x-direction 
flux is plotted at the same two spatial locations. The PDFs are plotted in Figure 14 and Figure 15. For the point 
upstream, the probability distributions are peaked and have a very small range of variation. In comparison, the point 
in the region of uncertainty has a significantly larger range of variability. Comparing Figure 15 and Figure 10 
illustrates the effect of the incorporation of more data into the construction of the stochastic input model. 

         
 

Figure 14: Probability distribution functions of the coarse scale pressure (left) and flux (x-direction) (right) for a 
point upstream of the uncertainty 
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Figure 15: Probability distribution functions of the coarse scale pressure (left) and flux (x-direction) (right) for a 
point in the uncertain domain 

 

7 CONCLUSION 

Though the extension of deterministic modeling and design of components, devices and phenomena to include a 
stochastic aspect is very promising both in terms of fundamental understanding of physical phenomena as well as 
for enhanced performance in the presence of uncertainty, there seems to be a bottleneck in its more general 
application. Two issues seem to result in this bottleneck: (1) The availability of an easy to use and implement 
strategy to solve stochastic partial differential equations that preferably relies on available deterministic solvers (2) 
The problem of constructing realistic input models to perform such stochastic analysis. This paper addresses these 
two issues. The adaptive sparse grid collocation approach provides a non-intrusive approach to stochastic modeling. 
Various techniques for constructing realistic input models are also discussed. Several numerical examples 
illustrating the construction of input stochastic models and the subsequent solutions of the stochastic partial 
differential equations are provided. 

As an application of these developments, we have extended the state-of-art in deterministic multiscale modeling 
of flow through heterogeneous media to a stochastic multiscale framework. We accomplish this in three steps. In the 
first step, a variational stochastic mixed multiscale formulation is developed to incorporate the effects of stochastic 
fine scale permeability. The input to this is a finite dimensional representation of the stochastic permeability that is 
constructed from limited permeability information in the form of snapshots or statistics. We utilize various data-
driven model reduction strategies to embed this limited information into viable stochastic input models of the 
permeability. The resulting stochastic multiscale PDEs are solved utilizing an adaptive sparse grid collocation 
strategy. We showcase the complete formulation through realistic large scale applications of flow through 
heterogeneous random media. This is (to the best knowledge of the authors) the first instance of a stochastic 
variational multiscale treatment of flow through random heterogeneous media.  
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