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ABSTRACT A gradient based optimization methodol-
ogy is developed for the design of metal forming pro-
cesses. A novel, e�cient and mathematically rigorous
scheme is developed for a continuum based sensitivity
analysis of metal forming processes that is used to accu-
rately evaluate gradients of the objective function and
design constraints. In particular, a sensitivity analysis
is developed for the Lagrangian analysis of �nite inelas-
tic deformations of hyperelastic-viscoplastic materials
involving frictional contact. A framework for shape as
well as parameter optimization for single-stage metal
forming processes is developed [1], [2]. Weak sensitiv-
ity equilibrium equations are derived for the large defor-
mation of the workpiece in a typical forming operation.
This sensitivity kinematic problem is linearly coupled
with the appropriate sensitivity constitutive and con-
tact sub-problems. Thus a linear sensitivity problem
with appropriate driving forces is identi�ed and the
analysis carried out in an in�nite dimensional frame-
work. This work on the design of single-stage forming
processes is currently expanded to include the design
of multi-stage forming processes which necessarily in-
volve the computation of both shape as well as non-
shape (parameter) sensitivities. The direct deformation
and sensitivity deformation problems are implemented
using the �nite element method. The e�ectiveness of
the proposed methodology is demonstrated by solving
a couple of practical design problems in single as well
as multi-stage forming processes.

INTRODUCTION The primary objective of a metal
forming process sequence is to e�ciently induce a de-
sired shape change on a billet while maintaining de-
sired material property levels in the �nal product. Ac-
curate prediction of large deformations, nature of the
microstructural changes in polycrystalline metals, con-
tact and friction conditions at the workpiece-die inter-
face are few of the challenges that one must consider
while developing means for the design and analysis of
metal forming processes. Desired objectives in a sin-
gle stage forming operation may include one or more of
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FIGURE 1: Schematic of a multi-stage forging sequence depict-

ing the process of uniformly increasing the cross section of an

initial round bar stock.

the following criteria: (a) uniform deformation in the �-
nal product (b) minimumwork spent in deforming the
material (c) desired microstructure in the �nal prod-
uct (d) desired shape of the �nal product etc. These
objectives can be satis�ed by controlling design vari-
ables that can represent the initial shape of the work-
piece, shape of the die, process parameters like lubrica-
tion conditions at the die-workpiece interface, thermal
boundary conditions etc. In most industrial forming
applications, the desired objectives indicated above are
seldom simple enough to be achieved in a single form-
ing operation. As a result, intermediate deformation or
preforming steps are used to e�ciently transform the
initial geometry into a �nal shape and/or with desired
material properties. Thermal processing is also used in
between deformation stages to control the microstruc-
ture or product quality. A schematic of a simple forging
sequence depicting the process of uniformly increasing
the cross section of an initial round bar stock is shown
in Fig. 1.
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Optimization of multi-stage processes may be viewed
as the design of the forming sequence, that converts
the initial workpiece to the �nal product while meet-
ing the desired manufacturing objectives and satisfying
various process constraints. A forming sequence can
be viewed at two levels for the purpose of optimization
(a) the broad identi�cation of the number, type and
order of forming/heat-treatment operations that make
up the sequence (e.g forward extrusion, open die forg-
ing etc.) and (b) the speci�c identi�cation/selection
of design variables in each of the forming operations
(e.g ram speed in extrusion, die shape or stroke in a
preforming stage etc.). In the present work, the iden-
ti�cation of the forming operations is assumed a priori
known and the focus is on making design decisions at
the second level in a robust, e�cient and automatic
manner. In particular, a gradient based approach is
used to solve the multi-stage optimization problem and
this necessitates the evaluation of the gradient of the
objective function and/or process constraints with re-
spect to the design variables in each of the forming op-
erations that constitute the sequence. Sensitivity anal-
ysis is a method which is widely used to evaluate design
gradients. In this paper, we develop a generic scheme
to compute the sensitivities of single stage as well as
multi-stage forming processes (Fig. 2). Sensitivities or
design sensitivities of the deformation or material state
are quantitative measures of changes in the deformation
and material state, respectively, as a result of pertur-
bations to the design variables. Sensitivity analysis of
a multi-stage process necessarily involves the compu-
tation of both shape as well as parameter sensitivities.
However, unlike single stage shape sensitivity analysis
where the initial workpiece shape depends explicitly on
shape design variables, the intermediate preform shape
in a generic forming stage of a multi-stage process de-
pends implicitly on the design variables (non-shape pa-
rameters) that de�ne the processing history of the in-
termediate preform.

ANALYSIS OF THE FORMING SEQUENCE The solu-
tion of the direct deformation forming sequence involves
computation of the time history of deformation as well
as material state of a body deforming as a result of con-
tact and friction at the die-workpiece interface in each of
the forming operations that make up the sequence. An
updated Lagrangian FEM formulation is used to solve
the direct deformation problem in a generic forming
stage in which material occupying an initial con�gura-
tion (intermediate preform) Bo (t = to) is deformed to
obtain a �nal con�guration (�nal preform)Bf (t = tf ).
In describing the deformation, �eld variables are moni-
tored that occupied locationX in the intermediate pre-
form and occupies a location x = x̂(X ; t); t 2 [to; tf ] in
the deformed con�guration. A material point at a lo-
cation Y in Bi occupies a position X in Bo as a result
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FIGURE 2: Schematic of the continuum sensitivity algorithm in

a generic forming stage.
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FIGURE 3: Schematic of a generic forming stage

of the deformation history. A schematic of a generic
forming stage is represented in Fig. 3, along with the
virgin product. The total deformation gradient F , with
respect to the virgin con�guration Bi is assumed to be
decomposed as :

F = rY ~x(Y ; t) =
@~x(Y ; t)

@Y
= F e F p (1)

where F e is the elastic deformation gradient and F
p

is the plastic deformation gradient. The equilibrium
equations can be expressed in the intermediate preform
con�guration Bo as

rX� P + f = 0 (2)

where the Piola-Kirchho� I stress P (X ; t) is expressed
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as

P (X ; t) = detF r T F�T

r
(3)

and f refers to the referential body force density. T

represents the Cauchy stress and F r = F (F o)
�1

is the
relative deformation gradient with respect to the inter-
mediate preformBo. Here F o refers to the deformation
gradient of the intermediate preform with respect to the
virgin product i.e. rYX .

In order to solve the equilibrium equations, the con-
stitutive relationship between the Cauchy stress T and
the deformation gradient F should be speci�ed. Fol-
lowing Anand et al. [4], the hyperelastic-viscoplastic
constitutive equations are summarized here:

F e = Re U e

�T = L
e [lnU e]

�D
p

= _F p(F p)
�1

=
3

2
_~�p

�T
0

~�

~� =

r
3

2
�T
0

�
�T
0

_~�p = f(~�; s)

_s = g(~�; s) (4)

where Re
;Ue are computed from the polar decompo-

sition of F e, �T is the pullback of the Kirchho� stress

with respect to Re, �T
0

is the deviatoric part of �T , ~� is
the equivalent stress, ~�p is the equivalent plastic strain
and s is the isothermal scalar resistance to deformation.

Contact and friction is modeled following the scheme
suggested by Simo and Laursen in [5]. A schematic of
the contact problem is shown in Fig. 4. The die D
is parametrized in two dimensions using a parameter
� and the function y(�); 0 � � � 1. We introduce
a �xed right-handed basis (e1; e2; e3) and a convected
basis (r; e2;�) at each point de�ned by a particular
value of �. The tangent vector �1 and the unit tangent
vector r are given by

� 1 = y
;�

r =
� 1

jj� 1jj
(5)

The die separates the space into admissible and inad-
missible regions and � � @Bo refers to the part of the
boundary that could potentially come in contact. We
de�ne the gap function g of any point x in space as the
shortest distance of that point from the die:

�y � x = g(x) �(�y) (6)

where �y 2 D is the value of y that minimizes the norm
jjx � yjj. With this de�nition of the gap function, the
impenetrability constraints are given as follows: For all
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FIGURE 4: A schematic of the contact sub-problem in a generic

forming stage showing the de�nition of the gap function, of the

admissible and inadmissible regions.

X 2 �, with xn+1 = x̂(X ; tn+1)

g(xn+1) � 0

�N = �� �

�Ng(xn+1) = 0 (7)

where �N is the absolute value of the contact pressure.
The vector � is the current traction per unit area in
@Bo. The Coulomb friction law can be written as:

�T = ��+ �N�

� := jj�T jj � ��N � 0

vT = �
�T

jj�T jj

� � 0

�� = 0 (8)

The solution of a generic stage in a forming sequence
involves the solution to the principle of virtual work
given as: Calculate x̂ (X; t) such that:Z
Bo

P (F r)�rX ~u dVo =

Z
�

�� ~u dAo +

Z
Bo

f� ~u dVo (9)

for every admissible test function ~u. The weak form is
solved in an incremental-iterative manner as a result of
material as well as geometric non-linearities.

The FEM is used for the solution of the weak form
and the standard bi-linear quadrilateral with four Gauss
integration points (full integration) performs poorly in
the incompressible limit exhibiting an excessively sti�
locking response. Moran et al. extended the B-bar

3



ASME conference, xxxx 2000

method orginally proposed by Hughes, to �nite defor-
mations [6]. The deformation gradient F was multi-
plicatively decomposed into volumetric and deviatoric
parts and a subsequent assumption in the treatment of
the volumetric part was used in the discretized inter-
nal virtual work term. A reduced integration scheme
was used in the treatment of the volumetric term and
this introduced oscillations (hour-glass modes) in the
solution. An a priori stabilization procedure using a
scalar parameter was proposed to avoid these modes.
de Souza Neto et al. proposed the F-bar method which
also uses the notion of the volumetric-deviatoric decom-
position of F [7]. The method di�ers from the B-bar
method in that, the assumption on the treatment of the
volumetric part was only used in the constitutive rela-
tionship rather than in the internal virtual work. The
F-bar method with an a priori stabilization factor has
been shown to work well for the current applications.

The continuum (compatible) deformation gradient
F r with respect to the reference con�guration Bo ad-
mits the volumetric-deviatoric decompostion:

F r = F
vol
F
dev

F
vol = J

1

3 I

F dev = J�
1

3F

J = det(F ) (10)

In the context of the �nite element method, a discrete
representation of F r i.e. �F h in a typical �nite element
is de�ned as:

�F h = �F
vol

h
F dev

h

�F
vol

h
= �J

1

3

h
I =

2
4NINTX

a=1

Jha(��a) �Na

3
5

1

3

I

F dev

h
= Jh

�

1

3F h (11)

where ��a; a = 1; :::; NINT represent the reduced
quadrature points and �Na are the extrapolation (bar)
shape functions such that �Na(��b) = �ab. A schematic
of this decomposition is shown in Fig. 5. The use
of a pre-determined number of volumetric degrees of
freedom circumvents the issue of locking in nearly-
incompressible deformations. However, the reduced in-
tegration leads to hour-glass instabilities in the defor-
mation pattern [8]. In order to obtain a stable solution,
an a priori stabilization method which introduces an
empirical (small, positive) scalar parameter � ! 0, is
used to de�ne the assumed deformation gradient as

F ave

h
� �F h + (1� �) �F h (12)

In the F-bar method, only the constitutive response
is modi�ed. Thus P � P (F ave

h
) is used in the �nite

Boh
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FIGURE 5: A schematic of the volumetric-deviatoric multiplica-

tive decomposition used in the �nite element model of the de-

formation

element representation of the internal work term i.e

G
int

h
�
X
e

Z

e

P (F ave

h
) �rX ~uhdVo (13)

Let us now consider the mechanics in-between two
forming stages. This phase usually consists of an un-
loading process where one of the dies is removed from
contact with the workpiece. The unloading process is
elastic and as a result there is no evolution of the in-
termediate relaxed (unstressed) con�guration and the
isotropic scalar internal variable s. The unloading pro-
cess is therefore modeled as a non-linear (�nite deforma-
tion) elasto-static boundary value problem. If B repre-
sents the �nal con�guration of the workpiece at the end
of the loading phase with the total deformation gradient
given as F = F

e
F

p, then the solution to the unloading
process results in the �nal body con�guration Bu with
the total deformation gradient given as Fu = F e

u
F p.

The modeling of the unloading phase (residual stresses)
can be quite signi�cant in the design of forgings with
thin sections where residual stresses cause signi�cant
warpage. The workpiece material also undergoes a re-
covery process, whereby the material state evolves in
the absence of an applied stress. The duration in-
between forming stages is therefore characterized by the
evolution of the inelastic internal variable s.

SENSITIVITY FIELDS In this section, we introduce no-
tions of the sensitivity of various physical �elds with
respect to small changes in the design variables of the
forming sequence given in Fig. 3. The deformation his-
tory leading to the intermediate preform which de�nes
Bo is described as follows:

X = ~X(Y ; to;�Y ); 8 Y 2 Bi (14)
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where �
Y
represents the collection of design variables

in all previous forming stages. The deformation in a
generic (current) forming stage can be then represented
as:

x = x̂(X ; t;�); 8 X 2 Bo; t 2 (to; tf ) (15)

where � = �
X
[�

Y
and �

X
represents the (non-shape)

design variables in the current forming stage.
Consider the dependence of Lagrangian �elds � =

�̂(X ; t) on �. This dependence can be expressed as
follows

� = �̂( ~X(Y ; to;�Y ); t;�) =
~�(Y ; t;�) (16)

The explicit dependence of Lagrangian �elds on �
X
i.e.

� = �̂(�; �;�
X
) re
ects the unknown dependence of the

�elds on the non-shape design parameters of the current
stage and can be treated in an analogous manner as in
single stage forming processes. The explicit dependence

of Lagrangian �elds on �
Y
i.e. � = �̂(�; �;�

Y
) re
ects

the unknown dependence of the �elds on the design pa-
rameters of previous forming stages. This dependence
includes, for example (a) the variation of the current

deformation as a result of changes in Q = ~Q(Y ; to;�Y )
which represents a collection of variables (F p

; s) that
characterizes the intermediate preform Bo (b) the vari-
ation in the contact history as a result of changes in
the intermediate preform shape Bo. These explicit de-
pendencies are di�cult to quantify directly. Lagrangian
�elds also depend implicitly on �

Y
through the variable

X as a result of the deformation processing history.

The design di�erential
�

� of a Lagrangian �eld is de-

�ned as the total Gateaux di�erential of � = ~�(Y ; t;�)
in the direction �� computed at �:

�

��
�̂

�(X ; t;�;��) =
~�
�(Y ; t;�;��)

=
d

d�
~�(Y ; t;� + ���)

����
�=0

(17)

In the above equation � could represent either �
X

or

�
Y
. The design di�erential or sensitivity

�

� can be
understood as representing the di�erence between two
�elds �, that result due to di�erent designs de�ned by
� and � +�� i.e.

�

� = ~�(Y ; t;�+��)� ~�(Y ; t;�) +O

�
jj��jj

2
�
(18)

It is emphasized that the �elds ~�(�) and ~�(�+��) are
computed for material points that occupy the same lo-
cation Y in the design independent virgin con�guration
Bi. In the particular case where � represents the non-
shape design parameters of the current forming stage

Y

X

Yβ

B

B

F
x

x = x (X, t  ; 

B

~

~

Q = Q (Y, t  ; 

)
Y

X = X (Y, t  ; β

)
Y

β

)
Y

β
X

β

β

,

o

o

x + x
o

X

F + F
o

X
β

^ β  +
X

β
X

, βY)x + x = x (X , t ;
o

Generic forming stage

o

i r r

t

r

^

β  + 
X

FIGURE 6: Schematic representation of the design sensitivity of

the deformation in the current forming stage due to variations

in the (non-shape) design parameters of current forming stage.

i.e. �
X
, it is noted that equation (18) takes the usual

form for the de�nition of parameter sensitivity:

�

� = �̂(X; t;�
X
+��

X
;�

Y
) �

�̂(X ; t;�
X
;�

Y
) + O

�
jj��

X
jj
2
�

(19)

The general representation in equation (18) allows for
an uni�ed treatment of shape as well as parameter sen-

sitivity. The quantity
�

� is of the same nature as �. A
graphical representation of the notion of sensitivity due
to variations in the design parameters �

X
and �

Y
are

shown in Figures 6 and 7, respectively. In Fig. 7 the

tensor L� � rX

�̂

X(Y ; to;�Y ;��Y ) =
�

F o F o

�1 refers

to the design velocity gradient. In the particular case
of variations of the design parameter �

X
, the design

velocity gradient is L� = 0 (Fig. 6).

In order to provide insight on the notion of multi-
stage sensitivity, we consider the following develop-
ments. Design sensitivities with respect to variations
in the parameter �

X
are treated in an analogous fash-

ion as in single stage parameter sensitivity analysis.
We therefore consider design sensitivity with respect
to variations in the parameter �

Y
here. Consider the

dependence of �̂(X; t) on �
Y
, this dependence results

from the fact that the intermediate preform shape @Bo

and state �eld distribution Q depend on �
Y
. In partic-

ular we have :

�̂(X ; t;�
Y
) = ~�(Y ; t;�

Y
)

= ��(Y ; t; @Bo(�Y ); Q(�Y )) (20)

Using equation (20) in equation (18), we can obtain
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that:

�

� =
@ ��(Y ; t; @Bo; Q)

@(@Bo)

�
@(@Bo)

@�
Y

[��
Y
]

�

+
X
i

@ ��(Y ; t; @Bo; Q)

@Qi

�
@Qi

@�
Y

[��
Y
]

�
(21)

To evaluate
�

�, one must �rst compute the Gateaux dif-
ferentials of @Bo and Q with respect to a perturbation
��

Y
in the design parameters of all previous forming

stages. These Gateaux di�erentials, which de�ne per-
turbations in the intermediate preform shape and state
can be used to compute the Gateaux di�erential of �
in the current forming stage. Thus, the computation
of sensitivities for multi-stage processes must be per-
formed in a sequential manner. The independent driv-
ing forces for the computation of sensitivities in the cur-
rent forming stage are the design di�erentials of @Bo

and Q. The recognition of the linear dependence of
�

�
on these design di�erentials (equation (21)) enables the
e�cient computation of design sensitivities of the cur-
rent forming stage as demonstrated in the developments
that follow.

SENSITIVITY WEAK FORM A weak form for the linear
sensitivity analysis of a generic forming stage is iden-
ti�ed by considering the sensitivity of the equilibrium
equations and boundary conditions at the continuum
level (Fig. 2). A uni�ed weak form is developed to com-
pute sensitivities with respect to any design parameter
�. Appropriate features are then identi�ed which con-
trast the sensitivity analysis performed with respect to
�
X
from �

Y
. The sensitivity problem is posed using a

total Lagrangian formulation. The sensitivity deforma-
tion problem is developed on the intermediate preform
Bo. The design sensitivity of the equilibrium equation
(2) results in:

�

rX� P +
�

f= 0; 8 X 2 Bo; 8 t 2 [to; tf ] (22)

A variational form for the sensitivity equilibrium
equation can be posed as [1],[2]:

Z
Bo

�

P �rX ~�dVo �

Z
Bo

�
P

h
rX� L�

T

i�
� ~�dVo

�

Z
Bo

�
PL�

T

�
�rX ~� dVo =

Z
�

�
�

� �

h
L�� (N
N )

i
�

�
� ~� dAo (23)

where ~� is a kinematically admissible sensitivity defor-
mation �eld expressed over the reference con�guration
Bo. The primary unknown of equation (23) is the de-

sign di�erential
�

x=
~�
x(Y ; t;�;��). In order to obtain

the �nal form of the variational sensitivity problem, the

relationships between (a)
�

F r and
�

x (b)
�

P and
�

x (c)
�

�

and
�

x need to be developed. The relationship between
�

F r and
�

x is purely kinematic and is given as follows
(Fig. 7):

�

F r =
�

rX x = rX

�

x � F rL� (24)

The relationship bewteen
�

P and
�

F r is obtained from
the sensitivity constitutive problem and takes the form:

�

P = A [
�

F r ] + B (25)

where A is a fourth order operator and B a second order

constant. The relationship between
�

� and
�

x is obtained
from the sensitivity contact problem as:

�

� = C [
�

x] + d (26)

where C is a second order tensor and d a vector.
In the case where the design sensitivity analysis is

performed to study the e�ects of variations in the pa-
rameter �

X
(Fig. 6), a value of L� = 0 is used and the

driving force for the sensitivity problem are variations
in the boundary conditions.
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Consistent with the direct deformation analysis
where an assumed (discrete) representation of the de-
formation gradient F r was used in the FE solution of
the weak form, a sensitivity analysis is developed for
the FE solution of the assumed strain F-bar method.
Let us denote the terms in the left-hand side of the
sensitivity weak form in equation (23) by Sint. The
assumed strain sensitivity analysis involves the modi�-
cation of the term Sint in the FE representation of the
sensitivity weak form. In the F-bar method, only the

constitutive response is modi�ed. Thus
�

P�
�

P (
�

F

ave

h
)

takes the form :

�

P = A [
�

F

ave

h
] + B (27)

The assumed (discrete) sensitivity deformation gra-
dient is obtained by the design di�erentiation of
the volumetric-deviatoric decomposition introduced in
equation (11) (Fig. 5):

�

F

ave

h
= �

�

F h + (1� �)
�

�F h

�

�F h =
�

�F

vol

h
F dev

h
+ �F

vol

h

�

F

dev

h

�

�F

vol

h
=

I

3
�J
�

2

3

h
[

NINTX
a=1

Jha(��a)tr[
�

F h (��a)F
�1
h
(��a)] �Na]

�

F

dev

h
= Jh

�

1

3

�

F h �
1

3
Jh

�

1

3F htr[
�

F h F h

�1] (28)

Using the expressions given above, the assumed sen-
sitivity deformation gradient which is used in the FE
representation of the sensitivity weak form is given as
follows:

�

F

ave

h
=

(
�

�

F h + (1� �)[
�Jh
J
]

1

3 �

F h

)
+

1� �

3

2
4NINTX

a=1

Jha(��a)tr[
�

F h (��a)F
�1
h
(��a)] �Na

3
5 �J�1

h
�F h �

1� �

3

�
tr[

�

Fh F h

�1] �F h

�

The term in the �rst paranthesis has the identical form
that relates F ave

h
and F h in the direct deformation

problem. The latter terms result due to the fact that
the assumed material gradient relationship depends on
the current state of deformation and has to be linearized
as well. To complete the analysis, the kinematic rela-

tionship between
�

F

ave

h
and

�

xh needs to be developed.
This is obtained by using equation (24) in the expres-

sions for
�

F h and
�

F h (��a):

�

F h = rX

�

xh � F hL

�

F h (��a) = rX

�

xh (��a) � F h(��a)L(��a) (29)

The modi�ed term Sint in the �nite element represen-
tation is given as: Sint

h
�

X
e

Z

e

�
�

P (
�

F

ave

h
)�

h
P (F ave

h
)LT

i�
�rX ~�

h
dVo �

Z

e

�
P (F ave

h
)
h
rX� LT

i�
� ~�

h
dVo

SENSITIVITY CONSTITUTIVE PROBLEM As part of

this sub-problem, the relationship between
�

P and
�

F r at
time tn+1 as used in the solution of the sensitivity defor-
mation problem is computed. The solution of the direct
deformation problem is known at time tn+1. Due to the
non linear material response, the constitutive sensitiv-
ity problem is history dependent and the solution of the
sensitivity problem at time tn is assumed known. Thus,
the solution of the sensitivity constitutive sub-problem
is advanced within the incremental solution scheme by
integrating the evolution equations for the sensitivity of
the plastic deformation gradient F p and the evolution
equation for the sensitivity of state variable s [1],[2].

The evolution of the sensitivity of the plastic defor-
mation gradient F p is obtained by the design di�eren-
tiation of the 
ow rule as:

@
�

F p

@t
= �D

p
�

F p +
�

�D
p

F p (30)

The evolution equation for
�

s is obtained by taking the
direct variation of the state variable evolution (equation
(4)) i.e.

@
�

s

@t
= g~�

�

~� + gs
�

s (31)

Time integration of these sensitivity constitutive equa-
tions is performed using the same Euler-backward tem-
poral integrator which was used for the corresponding
equations in the direct constitutive problem. The rela-
tionship between the sensitivity of the deformation gra-
dient F r and the sensitivity of the elastic deformation
gradient F e is obtained using :

�

F =
�

F
e
F

p + F
e

�

F
p =

�

F r F o + F r

�

F o (32)

The relationship between
�

T and
�

F e is obtained us-
ing the sensitivity of the hyperelastic constitutive law

(equation (4)). The relationship between
�

F p

n+1 and
�

F e

n+1 is obtained after the temporal integration of the
evolution equations developed in equations (30) and

7
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(31). Therefore, one can �nally obtain a relationship

between
�

T and
�

F r (using equation (32)). Note that

the relationship between
�

P and
�

F r is known, if the re-

lationship bewteen
�

T and
�

F r is computed. (by consid-
eration of the relation between the two stress measures
in equation (3)).

The sensitivity constitutive sub-problem is essen-
tially identical for studying variations with respect to
�
X

or �
Y
. The main feature which contrasts these is

in the interpretation of
�

F r , which in the case of vari-
ation with respect to �

Y
is clearly dependent on L� .

Consider the design sensitivity analysis to study the ef-
fects of variation in the parameter �

Y
. Let Q = (F p

; s)
represent the collection of plastic deformation gradient
and the isotropic resistance to deformation. As a result
of the deformation process history de�ned by the design
parameters �

Y
, the intermediate preform is character-

ized by a speci�c distribution
�

Q which a�ects the initial
conditions of the sensitivity constitutive problem.

The sensitivity deformation problem presented here
can also be used in the analysis of the sensitivity of the
unloading process at the end of the forming stage. In
this case, we need to consider the sensitivity of a �nite
deformation elasto-static problem. Thus the sensitivity
constitutive problem presented above is modi�ed and
the material deformation behaviour treated as elastic
in the unloading phase. In particular the relationship

between
�

P and
�

F r is determined by an elastic consti-
tutive law with frozen sensitivities of state during the

unloading phase
�

F p

u =
�

F p and
�

su =
�

s. The duration
inbetween forming stages is characterized by the evolu-
tion of the sensitivity of the inelastic internal variable
(recovery phase).

SENSITIVITY CONTACT PROBLEMAs part of this sub-
problem, the relationship between the sensitivity of the

contact traction
�

� and
�

x at time tn+1 as used in the
solution of the sensitivity deformation problem is com-
puted. The sensitivity of a function f = f(x), denoted

by
�

[f(x)] generally consists of two parts, the �rst part,
�

f , denotes the contribution due to changes in the func-

tion f with x constant and the second part, rf
�

x,
denotes the contribution due to changes in the variable
x with f constant:

�

[f(x)] =
�

f + rf
�

x (33)

In the case where � = �
X

represents the die shape,

explicit changes in the die shape are represented by
�

y�
(�) = y

(�+��)(�)�y�(�) and result in explicit changes

in the normal and tangential vectors to the die (
�

��;
�

r�
). For computing the sensitivity with respect to all

other parameters �, we have
�

y� = 0.

As a result of the non-smooth nature of the con-
tact/friction conditions, the following regularizing as-
sumptions are made in the computation of the sensitiv-
ities, to allow for di�erentiability : Transition from stick

to slip condition and/or from contact to non-contact (or

vice versa) does not occur at a material point as a result

of a pertubation to the design parameters[1],[2].
Consideration of the strong form of the normal

contact constraints in the direct deformation problem
yields for points in contact g(xn+1) = 0 and �N > 0.
Thus, the normal contact sensitivity constraint is ob-

tained as
�

g(xn+1)= 0 and
�

�N 2 <. The following
penalty form is used to enforce this constraint:

�

�N =
�

�Nn
+�N

�

g(xn+1) (34)

where
�

�Nn
is the sensitivity of the normal traction

component at the beginning of the time integration
step. Consideration of the tangential contact con-

straints yields that for points in sticking contact, _�� = 0.
The corresponding sensitivity constraint takes the form:
�

_��=
_�
�� = 0. The following penalty formulation of the

sticking sensitivity constraint is introduced:

_�
�� =

1

�T

_�
��T (35)

Integration of this equation results in the following:

�

�T =
�

�Tn + �T

�
�

�� �
�

��n

�
(36)

where
�

�Tn is the sensitivity of the tangential traction
component at the beginning of the time integration

step. In the case of slip,
�

�T is well de�ned by the
Coulomb friction law as:

�

�T =

��
� �N

1

jj�1jj

�
(37)

The sensitivity of the contact traction vector is given
as:

�

� =
�

�N�(�y) �
�

�T�1(�y) (38)

and can be shown to take the form:

�

� =
�

g 
1 +
�

�� 
2 + 
3 (39)
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where 

i
are known vectors computed using the devel-

opments described above. It can be shown that,
�

�� which
represents the sensitivity of the amount of inelastic slip

is related to
�

x. This linear relationship between
�

�� and
�

x can be developed by consideration of the fact that the
closest point �y on the die to a point x is the projection
of the point x on to the die. The linear relationship

between the sensitivity of the gap function
�

g(x) and
�

x

can be obtained by the design di�erentiation of the gap
function.

DESIGN EXAMPLES Two representative examples for
metal forming design are presented here. The material
chosen for the workpiece is 1100-Al at a temperature of
673 K [9]. The F -bar method with a stabilization fac-
tor � = 10�03 and four noded quadrilateral elements is
used in the simulation. Additional details on the direct
problem can be found in [10]. Bezier curves are used
for the representation of the dies and preforms with the
control points of the curve used as design variables.

Preform net-shape design in a single stage forging process

to minimize the upsetting force: Design a preform shape
of height 2H that encompasses (overlaps) a prescribed
shape of height 2h in a single stage upsetting process
and requires the minimalupsetting force during the pro-
cess. Fig. 8 presents a schematic of the optimization
problem.

A friction coe�cient of 0:4 is assumed at the die-
workpiece interface. The forging force is here taken
as the maximum force in the axial direction during the
process. This force at the �nal stroke expressed in terms
of the contact tractions as follows:

f(�) =

Z
�

� � eZ dAo (40)

where � � Bo. While computing the shape sensitivity
of the force, it is important to note that the initial area
(the subset of �) that is in contact with the die changes
with the preform. Therefore:

�

f =

Z
�

�

� � eZ dAo +

Z
�

� � eZ

�

dAo (41)

Di�erentiation of the term
�

dAo can be shown to be
related to L�. The free surface R� is assumed to be

parametrized using 6 basis functions as in Example 4 of
[2]. The inequality constraint on the shape of the �nal
product is expressed in the form of an overlap equality
constraint as follows:

h(�) =

Z
�F

h g(�) i d�F

g(�) = rp � x1(�) (42)

?H

Unfilled regions

h

Preform

f

Desired shape to be encompassed

= force

FIGURE 8: Schematic of a 1
4

geometry model of the preform

shape design problem which minimizes the upsetting force in an

upset forging process (H = 1:0 mm;h = 1:0 mm) (Example

1).

where rp is the prescribed shape, h�i is the Macauley
bracket and �F is the free surface. The prescribed shape
rp is a cubic function of the height from the equatorial
plane of the �nal product z:

rp(z) = a z
3 + bz

2 + c z + d (43)

and the constants are speci�ed as a = 1:0; b = �3:0; c =
2:25; and d = 1:0. A penalty method is used to con-
vert the constrained optimization problem to an uncon-
strained one. The penalty function chosen is given as:

min P (�) = f(�) + ! h(�) (44)

and the penalty parameter is taken as ! = 1003. The
steepest-descent method is used to solve the uncon-
strained minimization problem de�ned by the penalty
function. Figure 9 represents the variation of the ob-
jective function during iterations. Results indicate that
optimal preform is obtained using 13 iterations includ-
ing 4 line searches. Figure 10 represents the undeformed
and deformed con�gurations for the initial, intermedi-
ate and the optimal preforms as well as the prescribed
�nal shape to be encompassed. It is noted that the ini-
tial preform corresponding to that of right cylinder of
radius 1:00 mm required a force of 78:21 N, but rep-
resents an infeasible solution. The optimal preform re-
quired a force of 76:65 N. After feasibility was satis�ed
in the optimization iterations (corresponding to itera-
tion 3), a decrease in the upsetting force of 18:23% was
observed. The importance being able to model such
a net-shape optimization application is realized in the
shop 
oor where tools and equipment required to apply
the forging force are often subject to limitations.

Preform die shape design in a two-stage forging sequence

to minimize barreling: Design the die shape in the pre-
forming stage, so that the forging sequence comprised
of a subsequent �nishing stage with a 
at die yields a

9
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FIGURE 9: Variation of the modi�ed objective function versus

the optimization iteration index (Example 1).

FIGURE 10: The initial, intermediate (iterations 4 and 7) and

optimal die shapes of the upset forging process minimizing the

upsetting force (Example 1).

circular cylinder of radius r and height 2h (i.e. a �nal
product of given height with no barreling). The virgin
product has a speci�ed radius R and height 2H. Fig.
11 provides a schematic of this optimization problem.

A friction coe�cient of 0:20 was assumed at the die-
workpiece interface. The initial preform die shape was
chosen to correspond to that of a 
at die and the die
strokes for the two stages are speci�ed. The preform
die shape is represented using a 6th order B�ezier curve
with 5 independent variables.

r(�) = 1:5(1 � �); � 2 [0:0; 1:0]

z�(�) =

6X
i=1

�i�i(�) (45)

The height of the die at r = 0 was speci�ed and as a

H

R

h

r

?

Given
shape

Desired
shape

Preforming stage

Finishing stage

FIGURE 11: Schematic of a 1
4
geometry model of the two-stage

design problem which minimizes barreling in an upset forging

process (H = 1:0 mm;h = 0:5 mm;R = 1:00 mm; r =
1:4142 mm ) (Example 2).

result of the axisymmetry of the problem, the die shape
was assumed to have a zero slope at r = 0. This lead
to the following basis functions:

�1 = (1:0� �)6

�2 = 6:0(1:0� �)5 �

�3 = 15:0 (1:0� �)4 �2

�4 = 20:0 (1:0� �)3�3

�5 = 15:0 (1:0� �)2�4

�6 = (6:0 � 5�)�5

and the variable (�6 = 1:3) was chosen which �xed the
height and the slope of the die at r = 0. The �nite
dimensional optimization problem can be now posed
as:

min f(�) =

Z
�F

(x1(�)� r)2d�F +

Z
�T

(x2(�) � h)2d�T

where � = (�1; :::; �5) and �F , �T refer to the free sur-
face and top surface of the �nal product, respectively.

Since we consider a 1
4
geometry model in the present

simulation, the modeling of the unloading phase which
necessitates removal of one of the dies from contact with
the workpiece is not possible. Therefore, the residual
stresses are considered negligible (zero) before the start
of the second stage. FromFigure 13, it is clear that with
the initial 
at preform die shape, there is a signi�cant
amount of barreling in the �nal product. The steepest-
descent method is used to solve the minimization prob-
lem. Figure 12 represents the variation of the objective

10
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FIGURE 12: Variation of the objective function which quanti�es

the amount of barreling in the �nal product versus the optimiza-

tion iteration index (Example 2).

function during iterations. Results indicate that the
near-optimal preform is essentially obtained using 9 it-
erations. Note that although the barreling has been
signi�cantly reduced, it has not been completely elim-
inated. Similar observations were also made for higher
coe�cients of friction (e.g. 0:4). Figure 13 represents
the initial, intermediate and �nal products for the pre-
forming and �nishing stages of the forming sequence.
Figure 14 represents the distribution of equivalent plas-
tic strain and the state variable in the �nal product
corresponding to the optimal preform die shape. The
values represented here are the result of processing in
both the preforming and �nishing stages.
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