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Abstract

Stochastic analysis of random heterogeneous media (polygstalline materials, porous
media, functionally graded materials) provides information of signi cance only if
realistic input models of the topology and property variations are used. This pa-
per proposes a framework to construct such input stochastienodels for the topol-
ogy and thermal di®usivity variations in heterogeneous medi using a data-driven
strategy. Given a set of microstructure realizations (inpu samples) generated from
given statistical information about the medium topology, t he framework constructs
a reduced-order stochastic representation of the thermal @usivity. This problem
of constructing a low-dimensional stochastic representatin of property variations
is analogous to the problem of manifold learning and parametc tting of hyper-
surfaces encountered in image processing and psychology.

Denote by M the set of microstructures that satisfy the given experimenal sta-
tistics. A non-linear dimension reduction strategy is utilized to mapM to a low-
dimensional region,A. We rst show that M is a compact manifold embedded in
a high-dimensional input spaceR". An isometric mapping F from M to a low-
dimensional, compact, connected sef 2 RY ( d ¢, n) is constructed. Given only a
“nite set of samples of the data, the methodology uses argumes from graph theory
and di®erential geometry to construct the isometric transfomation F : M ! A
Asymptotic convergence of the representation oM by A is shown. This mappingF
serves as an accurate, low-dimensional, data-driven represg&tion of the property
variations.

The reduced-order model of the material topology and thermaldi®usivity varia-
tions is subsequently used as an input in the solution of stdeastic partial di®erential
equations that describe the evolution of dependant variabés. A sparse grid collo-
cation strategy (Smolyak algorithm) is utilized to solve these stochastic equations
exciently. We showcase the methodology by constructing low-dmensional input
stochastic models to represent thermal di®usivity in two-phae microstructures.
This model is used in analyzing the e®ect of topological variions of two-phase
microstructures on the evolution of temperature in heat corduction processes.
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1 Introduction and outline

With the rapid advances in computational power and easier aess to high-
performance computing platforms, it has now become possible tomputa-

tionally investigate realistic multiscale, multidomain, mutiphysics materials
problems to an unparalleled extent. As a direct consequencetbis computa-

tional ability, there has been growing awareness that the tigly coupled and

highly-nonlinear systems that such problems are composed of a®ected to
a signi cant extent by the inherent uncertainties in material properties and
system characteristics. To accurately predict the performanad such systems,
it then becomes essential for one to include the e®ects of thesguinuncer-

tainties into the model system and understand how they propagatand alter

the nal solution.

In most complex systems involving multiple coupled physical phemena,
the material (thermo-physical) properties as well as the matial distribu-

tion (topology) vary at a length scale much smaller than the systa size.
Familiar systems include analysis of thermal transport througllevices (noz-
zle °aps, gears, etc.) that are composed of polycrystals and/or rfationally

graded materials, hydrodynamic transport through porous med and chemi-
cal °ow through packed Ttration beds. In such problems, the onlyriformation

that is usually available experimentally to quantify these vdations are sta-
tistical correlations. This leads to an analysis of the problemassuming that
the property and topological variations are random elds sasifying the exper-
imental correlations. To perform any such analysis, one must rst ostruct

models of these variations to be used as inputs in the subsequentartainty

analysis. The analysis of the e®ect of such uncertainties on the gystcan
basically be broken down into two major steps: (i) constructionfa stochastic
model (preferably a low-dimensional, continuous mappinghat encodes and
qguanti es the variation of material topology and propertiesin a mathemati-

cally rigorous way, and (ii) using this model as an input to thecorresponding
stochastic partial di®erential equations (SPDESs) that describéhe relevant
physical phenomena and solving for the evolution of the desiretependant
variables.
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There have been very few previous investigations into devplag stochastic
input representations. The recent work in [1] looks at develapy probabilistic
models of random coezcients in SPDEs using a maximum likelihddrame-
work. The random domain decomposition (RDD) method was used i2{4]
to construct probabilistic models for heterogeneous permaéty distributions.
This methodology has been shown to work very well in describipgrmeability
variations in geological strata [2]. Nevertheless, almost all tiese techniques
for constructing input models are based on the concept of tramsming ex-
perimental data and statistics into probability distributions of the property.
These techniques are usually highly application speci c, reqaiexpert knowl-
edge in assigning probabilities and invariably require some aumnt of heuristic
parameter tting.

The work introduced in this paper utilizes the available stastical information
about the variability of random media to construct a set of plasible realiza-
tions of the material topology and property. The framework slbisequently en-
codesthese property realizationgnto a low-dimensional continuous space that
represents all the possible property variations permitted byhe experimental
data. By sampling over this low-dimensional equivalent surr@ge space, one is
essentially sampling over the random space of property variatie that satisfy
the experimental data. This low-dimensional representatiois subsequently
used as a stochastic input model in the uncertainty analysis. The ajor ad-
vantages of this framework are the enormous reduction in cqahexity due to
the analysis in a low-dimensional space and more importantly ¢habsence of
the requirement of any expert knowledge. In addition, the geerality of the
mathematical developments results in a framework that can ostruct input
models for any property variability, seamlessly meshing with gnreconstruc-
tion algorithm and software that produce plausible data sets.

In our earlier work in [5], we developed a linear embedding thedology to
model the topological variations of composite microstruct@s satisfying some
experimentally determined statistical correlations. We werable to construct
a model reduction scheme (based on Principle Component Analy$RCA))
to convert the large-dimensional space describing the class otrostructures
to a low-dimensional approximation of the space. The low-dimsional model
represents the class of allowable microstructures that satisfiré experimental
correlations. This model was utilized as the stochastic inpunia stochastic
variational multiscale (SVMS) framework. Though this methodlogy proved to
be extremely e®ective in analyzing the e®ect of thermal di®ugiwariations
in two-phase microstructures, it has the following drawbacksi] it cannot be
naturally extended to multi-component materials, (2) the castruction of the
model requires the solution of computationally exacting quiratic and higher-
order non-linear equality constraints, and (3) the PCA based nel reduction
scheme constructs theclosest linear subspacef the high-dimensional input
space. The third drawback listed above is the major motivationowards de-



veloping better strategies of constructing reduced-order rdels. These model
reduction strategies only provide an approximate linear repsentation of the

input space. But most of the data sets contain essential nonlineatructures

that are invisible to PCA. Hence, one has to go beyond a linear negsenta-

tion of the high-dimensional input space to accurately acceskd e®ect of its
variability on the output variables.

We extend the concepts developed in [5] into a nonlinear dim&on reduction
strategy to embed data variations into a low-dimensional mafold that can

serve as the input model for subsequent analysis. The major cobitions of
the present work are as follows: A completely general methodgly to generate
viable, realistic, reduced-order stochastic input models baken experimen-
tal data is proposed. To the best knowledge of the authors, this ithe st

time that such a broad framework for generating models foany property

variation has been developed. We provide a rigorous mathetital basis for
the proposed framework. Furthermore, error estimates and stticonvergence
estimates of the reduced-order model are provided. This mettiology is ap-
plied to construct a reduced-order model of thermal propertyariation of a

two-phase microstructure. The model is subsequently utilizedsaa stochastic
input model to study the e®ect of material uncertainty on therral di®usion. A
highly excient, stochastic collocation based solution strategysiused to solve
the corresponding SPDE for the evolution of temperature.

The basic model reduction ideas envisioned in this work are npist limited to
generation of viable stochastic input models of property vaations. This frame-
work has direct applicability to problems where working in fgh-dimensional
spaces is computationally intractable, for instance, in vislization of property
evolution, extracting process-property maps in low-dimensial spaces, among
others. Furthermore, the generation of a low-dimensional swwgate space has
major rami cations in the optimizing of properties, processesnal structures,
making complicated operations like searching, contouringhd sorting compu-
tationally much more feasible.

The outline of the paper is as follows: In the next section the pblem of in-

terest is de ned. Following this, the central idea of the nonliear dimension
reduction strategy is described in Section 3. Section 4 layswio the mathe-

matical foundation of the proposed methodology. This is faived by Section 5
describing the numerical details of the implementation. An lilistrative numer-

ical example is presented in Section 6. We conclude in Sectidrwith a brief

discussion on future avenues of research.



2 Problem de nition

The focused application of the developed framework is to agak transport
phenomena in heterogeneous random media. In this work, weegrarticularly
interested in investigating thermal di®usion in two-phase hetegeneous media.
In such problems, the topology of the heterogeneous structuridaé microstruc-
ture) is only known in terms of a few statistical correlations. Bnote this set

satis es these statistical correlations is a valid realization ahe microstruc-
ture. Consequently, the microstructural topology should be cwidered as a
random eld (satisfying some statistical correlations) and the miostructure
in any arbitrary specimen as a realization of this eld. The themal di®usiv-
ity of the material obviously depends on the topology of the rarostructure.
We assume that the thermal di®usivity of the material is uniquelyle ned by
its microstructure (e.g. each point in a realization of a twghase medium is
assumed to be uniquely occupied by one of the two phases (0 or 1fdhat
each phase has a given di®usivity). That is, for a microstructure epi ed as
a distribution of two phases in a domain, the thermal di®usivity shtribution
is given by simply replacing the phase description (0 or 1) at eagoint on
the domain by its corresponding thermal di®usivity ® or ® ). From this
simple scaling, for each realization of the microstructure, wean compute the
corresponding realization of the di®usivity® (® = k=%2().

Let M s be the space of all microstructures that satisfy the statistical mp-
erties S. This is our event space. Every point in this space is equiprobke.
Consequently, we can de ne &zalgebraG and a corresponding probability
measureP : G ! [0;1] to construct a complete probability spaceNl s; G, P)
of allowable microstructures. Corresponding to a microstructe realization
I 2M s, we can associate a thermal di®usivity distributior®(x ;! ). That is,
the thermal di®usivity of the random heterogeneous medium ispresented as

®&x)=®&x;!); x2D; ! 2My; (1)

whereD %2 R"s |s the ngg-dimensional bounded domain that is associated with
this medium. The governing equation for thermal di®usion in s medium can
be written as:

@ux;t!)

et re [@;)rux;t! )+ f(x;t); x2D;t2[0Ti]; ! 2Ms; (2)

whereu is the temperature. Heref is the thermal source/sink and is assumed
to be deterministic without loss of generality.

The solution methodology is to rst reduce the complexity of theproblem



by reducing the probability space into a nite-dimensional spag [6]. In the
present case, the random topology satis es certain statistical aetation func-

tistics'). We utilize nonlinear model reduction techniques gee Section 3) to
decompose the random topology eld into a nite set of uncorrelaet random
variables. Upon decomposition and characterization of the rdom inputs into

be written as
uQG ) = uGt»); » = ()00 m); (3)

where» is the d-tuple of the random variables. The domain of de nition ob is
denoted by j. Eg. (2) can now be written as a { + ngg)-dimensional problem
as follows:

@QUX; t; »)

@t =1 ¢ [®x;»)r u(x;t;»)]+ f(x;t); x2D; t2[0;T¢]; »2j: (4)

For the sake of brevity, we will denote the system of equations msisting of
Eq. (4) and appropriate initial and boundary conditions (hee for simplicity
assumed to be deterministic) a8(u : x;t; ») = 0.

We utilize a sparse grid collocation framework (based on the Sigyak al-
gorithm) that results in a set of decoupled deterministic equains [7]. In
this collocation approach, a nite element approximation isised for the spa-
tial domain and the multidimensional stochastic space is approrated using
interpolating functions. One computes the deterministic solion at various
points in the stochastic space and then builds an interpolatedifiction that
best approximates the required solution [7]. The collocatiomethod collapses
the (d + ng)-dimensional problem to solvingM (where, M is the number

dimensions. Theg-th order statistics (for g, 1) of the random solution can
be obtained tt}(ough simple quadrature operations on the intpolated func-
tion u(x;») = M, u(x;»)Lk(») (Where L are the sparse grid interpolation
functions) as:

W Z
<ux)>= ud(x; »)  Lk(»)¥%»)d»; (5)
k=1 .
where%») : i ! R is the joint probability distribution function for the set
of random variablesf»;:::;»g. In the following sections, we describe the

non-linear model reduction framework for computing®(x ; »). Details of the
implementation of the Smolyak algorithm for Eq. (4) can be fond in [5].



3 Nonlinear model reduction: Its necessity and some basic id eas

In our recent work [5], a linear model reduction strategy wasayeloped to con-
vert experimental statistics into a plausible low-dimensionalepresentation of
two-phase microstructures. The rst step in that formulation was he conver-
sion of the statistical information into a set of plausible 3D re&ations. This

feature of rst converting the given experimental statistics ito a data set of
plausible 3D microstructures is continued in the developmesitfeatured here.
This is motivated by the fact that there exists a variety of matire mathemat-
ical and numerical techniques that convert experimental da and statistics
into multiple plausible 3D reconstructions of the topology ad thus property

variations. For instance, the GeoStatistical Modelling Libray [8] (GSLIB)

converts experimental statistics of the permeability (semiariograms, corre-
lations, etc.) into plausible 3D models of permeability varigons. Similarly,

there have been various techniques that have been develog®&®{12], to con-
vert experimental statistics into a plausible 3D reconstructins of two-phase
composite microstructures as well as polycrystalline mateisa

3.1 Linear model reduction: where does it fail?

As stated in Section 1, the PCA based linear model reduction teclgue that
we had previously formulated [5] has some drawbacks. The mosttical of
these is that any PCA based approach can only identify the closelhear
subspace to the actual space (which is possibly non-linear) in whithe data
reside. This directly translates into the fact that PCA tends b consistently
over-estimate the actual dimensionality of the space. This idlustrated in
Fig. 1 which shows a plot of the number of eigenvectors (using RErequired
to represent 80% of the information content of a set of images, tee number
of such sample images are increased. Each image is a 3D two-phaseostruc-
ture that satis es a speci ¢ volume-fraction and two-point corréation. Notice
that as the number of samples increases, the number of eigeneestrequired
for a moderately accurate representation of the data monotamally increases.

The issue brought out in the discussion above can be understood in @@
intuitive way by looking at the simple surface shown in Fig. 2(a)The set of
points shown in Fig. 2(a) all lie on a spiral in 3D space. The globaoordinates
of any point on the spiral is represented as a 3-tuple. Any PCA bagenodel
tries to t a linear surface such that the reconstruction error isminimized.
This is shown by the green plane which is a 2D representation dig data.
This clearly results in a bad representation of the original da. On the other
hand, knowledge of the geometry of the 3D curve results in reggenting the
global position of any point of the curve on a 2D plane, which isbtained
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Fig. 1. Plot of the number of samples versus the number of eigenvergaequired to
represent 80% of the “energy' spectrum contained in the samples.

by unravelling the spiral into a plane (Fig. 2 (b)). This is essdmlly the
intuitive concept of non-linear model reduction techniqug i.e. they try to
unravel and smoothen curves lying in high-dimensional spaces,that a low-
dimensional representation naturally arises. Thus, while PCA ls@d methods
would require a 3D representation to accurately describe theisgl shown in
Fig. 2, a non-linear model reduction method would identify ie geometry of
the curve, unravel it and provide a simple 2D representation dhe data.

(b)

Fig. 2. A set of points lying on a spiral in 3D space. The global coordiates of any
point on the spiral is represented as a 3-tuple. The gure on th left (a) shows the
reduced-order model resulting from a linear PCA based redu®n. The gure on the
right (b) depicts a non-linear strategy that results in an acurate representation of
the 3D spiral (data taken from [13]) that works by \unravelling and smoothing" the
3D spiral into a 2D sheet.



3.2 Non-linear model reduction: preliminary ideas

The essential idea of nonlinear model reduction nds its rootsiimage com-
pression and related digital signal processing principles. Figur3(a) shows
multiple images of the same object taken at di®erent left-rigland up-down
poses. Each image is a &l 64 gray-scale picture. Even though each image
shown in the gure is de ned using 6£ 64 = 4096 dimensional vector, each
image is in fact uniquely parameterized by just two values, thaght-left pose
and the up-down pose. It follows that the curve (we will hencefth refer to
this curve as the manifold) representing all possible pictures this object is
embedded inR*°% but is parameterized by a region irR?. The identi cation
of the (small set of) parameters that uniquely de ne a manifold mbedded
in a high-dimensional space is called the "'manifold learninggblem' [14{16].
This problem of estimating the low-dimensional representatioof unordered
high-dimensional data sets is a critical problem arising in stués in vision,
speech, motor control and data compression.

(@) (b)

Fig. 3. Figure (a) on the left shows images of the same object (from §]) taken
at various poses (left-right and up-down) while Figure (b) a the right shows vari-
ous two-phase microstructures that satisfy a speci ¢ voluméraction and two-point
correlation.

Analogous to the problem de ned above (using Fig. 3 (a)), we de n& prob-
lem based on the images in Fig. 3 (b). Fig. 3 (b) shows multiple erostructures
that satisfy experimentally determined two-point correlaton and volume-fraction.
Each microstructure is a 6 65£ 65 binary image. Each microstructure that
satis es the given experimental statistics is a point that lies oa curve (man-
ifold) embedded in 6% 65£ 65 = 274625 dimensional space. The problem of
‘manifold learning' or parameter estimation as applied to tis situation is as
follows:



Problem statement A: Given a set o -unordered points belonging to a man-
ifold M embedded in a high-dimensional spaé’, nd a low-dimensional
region A ¥ RY that parameterizesM , whered ¢, n.

Classical methods in manifold learning have been methods likee Principle

Component Analysis (PCA), Karhunun-Logve expansion (KLE) andnulti-

dimensional scaling (MDS) [17]. These methods have been shownetdract

optimal mappings when the manifold is embedded linearly odraost linearly

in the input space. Recently two new approaches have been deped that

combine the computational advantages of PCA with the abilit to extract the

geometric structure of nonlinear manifolds. One set of methogseserve the
local geometry of the data. They aim to map nearby points on #tamanifold to
nearby points in the low-dimensional representation. Such reds, Locally
Linear Embedding (LLE) [14], Laplacian Eigen Maps, Hessian Eigemaps,
essentially construct a homeomorphic mapping between local sé the man-
ifold to an open ball in a low-dimensional space. The completeapping is a
union of these local maps. An alternate set of approaches towardsnlinear
model reduction take a top-down approach. Such global apmches, like the
Isomap and its numerous variants, attempt to preserve the geomng at all

scales[15]. They ensure that nearby points on the manifold (with disince
de ned via a suitable metric) map to nearby points in the low-dnensional
space and faraway points map to faraway points in the low-dimeional space.
Though both approaches are viable, we focus our attention lobal methods
of non-linear dimension reduction. The global approach hasebn shown to
provide a faithful representation of the global structure of he data. Further-

more, based on our developments, it is possible to prove tight erroounds and
convergence estimates of the model reduction strategy usin@lghl methods.
Finally, recent advances in such global approaches have matiese strategies
computationally very excient.

The basic premise of the global methods (particularly the Isonpa[16] algo-
rithm) is that "only geodesic distances re°ect the true low-diensional geom-
etry of the manifold'. The geodesic distance (between two-ptds) on a man-
ifold can be intuitively understood to be the shortest distance étween the
two-points along the manifold Subsequent to the construction of the geodesic
distance between the sample pointsx( in the high-dimensional space, the
global methods construct the low-dimensional parametrizain simply as a
set of points {/) lying in a low-dimensional space that most accurately pre-
serve the geodesic distance. For example, the Isomap algorithsran isometric
transformation of the high-dimensional data into low-dimensinal points. The
global based methods solve the following version of the problestatement:

Problem statement B: Given a set di -unordered points belonging to a man-

ifold M embedded in a high-dimensional spaé’, nd a low-dimensional
region A 2 RY which is isometric toM , with d ¢ n.
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The above discussion provides a basic, intuitive picture of theon-linear model
reduction strategy. There are several features { the propeds that the mani-
fold satis es, the notion of distances in the high-dimensional spacthe opti-
mality of the low-dimensional parametrization and the accuacy of this para-
metrization { that require a rigorous mathematical footing We proceed to
develop these in the next section.

4 Mathematical formulation

This section is divided into ve parts. We rst introduce some mathenat-

ical preliminaries and de ne an appropriate distance functio D between
two points in M s. For the straightforward construction of a transformation
F :Ms ! A we ensure thatM s is topologically well-behaved, i.e. it is
smooth and has no holes. This can be ensured by showing thdts is com-
pact (Section 4.1). The next step in the construction of the trasformation is
the estimation of the pair-wise geodesic distance between alktllata points.

The geodesic distance re°ects the true geometry of the manifadtnbedded in
the high-dimensional space. We utilize developments in theaph approxima-
tions to geodesics to do the same (Section 4.2). Following thtechniques for
estimating the optimal dimensionality of the reduced-order mdel are devel-
oped (Section 4.3). Section 4.4 details the application dii¢ Isomap algorithm
(along with the estimate of the optimal dimensionality from Setion 4.3) to

construct the low-dimensional parametrization of the input dta. Finally, Sec-
tion 4.5 details a non-parametric mapping that serves as theeduced-order,
data-driven model of the material topology and thus thermatli®usivity vari-

ation.

4.1 Some de nitions and the compactness of the manifdidi

We provide a few de nitions to make the subsequent presentatiortear. De-
tailed proofs of the lemmas stated here can be found in the Appai.

De nition 4.1: By a microstructure x, we mean a pixelized representation of
a 3D topology. Without loss of generality, we assume that themioer of pixels
representing the microstructure isn = q£ q£ q.

De nition 4.2: Let M s denote the set of microstructure$ x;g satisfying a

Ms=fx 2 R"x satises fS;;:::;S,00: (6)

Note that these correlations have an increasing hierarchy offarmation con-
tent. That is, the two-point correlation contains more infomation about the
material topology and property distribution than, say, the vdume fraction.
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De nition 4.3:  We denote as "upper-correlation function'Sypper, the statisti-

For instance, if M g is the set of all microstructures satisfying a rst-order
constraint S; (volume fraction), the upper-correlation functionfor M s is the
two-point correlation function.

Remark 4.1: In most realistic systems, it is possible to experimentally de-
termine rst-order (mean) and second-order (two-point correition) statistics
fairly easily [18]. Higher-order statistics, though feasible, arexpensive to
experimentally determine. Since we are particularly intessted in converting
these experimental statistics into viable stochastic models, wellhenceforth
limit our discussion to the set of two-phase microstructures that $&fy given
“rst- and second-order statistical correlations. Nevertheless, thidevelopments
detailed below are in no way limited to second-order statisticand in fact
can be extended to include higher-order statistics in a very stightforward
manner.

For clarity of presentation, we restrict our analysis to the set fotwo-phase mi-
crostructures satisfying some volume-fraction and two-pointacrelation. Each
microstructure x is represented as a = £ g£ g pixelized binary image. Each
pixel can take values of O or 1, representing one of the two phasmsnstituting
the two-phase microstructure. We denote the set of microstructes satisfying
the given rst- and second-order statisticsS = fS;; S,g by M s,. The upper-
correlation function for M g, is the three-point correlation functionS;. That
is, Sz(a; b; 9 is the probability of nding three points, forming a triangle with
sidesa; b; cthat all belong to the same phase. Since the microstructure isdi
cretized/pixelated, a; b; ctake integer values. Also, since the microstructure is
“nite (de ned on g£ g£ q pixels), the number of such integer setsaf b; g is
“nite. Using various reconstruction techniques [19,20], it isgssible to gener-
ate a set of sampleg; 2 M g,. The aim of the present work is to utilize these
realizations to construct a low-dimensional model for the sédl ,.

De nition 4.4: The functionD : Mg, £M s, ! [0;1 ) is de ned for every
X1;X22M g, as

D (X 1, X 2) = jSupper (X l) i Supper (X 2)] . (7)

Based on Remark 4.1D is de ned as

Dxix2) = iSa(@ibig(xa) i Saaib;(x2)i ®)

(a;b;0)

over all possible combinations o&; b; c

Lemma 4.1 : (M g,; D) is a metric space.

12



Remark 4.2: Notion of distance and equivalence between two microstruesi
The function D(x 1; X ) provides a notion of distance between two microstruc-
tures x1;X2 2 M s,. Sincexq; X, belong toM s,, both have identical volume
fraction, S; and two-point correlation S,. We naturally denote them as equiv-
alent if they have the sameaupper-correlation function Sz. Since we are dealing
with statistically reconstructed microstructures, this de nition of equivalence
ensures that two microstructures are identical if their higheorder topological
characterization is identical.

Remark 4.3: Any other mapping that satis es the three properties of a met-
ric [21] can be used as a measure of equivalence and distanceceSine are
dealing with correlation statistics (that inherently result in limited information
about the topology), using the upper-correlation functions a natural way of
utilizing this limited information towards quantifying th e di®erence between
two points (microstructures) in M s,. An alternate idea of representing the dis-
tance between microstructures is to comgu;e the pixel-wise®@erence between
the two microstructures, i.e.D(x1;X32) = |Jk S (Xa( k)i xa(is) k)2

Lemma 4.2 : The metric space M s,; D) is totally bounded.
Lemma 4.3 : The metric space M s,; D) is dense.
Lemma 4.4 : The metric space M s,; D) is complete.

Theorem 4.1 : The metric space M s,; D) is compact.
Proof: Follows from Lemma 4.2 and Lemma 4.4 (see Theorem 45.1 in [22])

4.2 Estimating the pair-wise geodesic distances: graph apxmations

The Isomap algorithm attempts to nd a low-dimensional represeation, fy;g
of the points fx;g such that fy;g is isometric tofx;g based on the geodesic
distances between the points. It is therefore necessary to contgthe pair-wise
geodesic distance between all the input data poinf;g.

De nition 4.5:  Denote the intrinsic geodesic distance between points i s,
by Dy . Dy is de ned as
Dwm (X1;X2) = inf flength(°)g; 9)

where® varies over the set of smooth arcs connecting, and x,. We wish to
remind the reader that length of the arcs in the equation ab@vare de ned
using the distance metricD.

It is important to appreciate the fact that we start o® with no knowledge of
the geometry of the manifold. We are only giveMN unordered samples x;g
lying in M s,. Hence, the De nition 4.5 of the geodesic distance is not partic-
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ularly useful in numerically computing the distance betweenwo-points. An
approximation of the geodesic distance is required to procekdther. Such an
approximation is provided via the concept of graph distancélVe subsequently
show that this approximation asymptotically matches the actal geodesic dis-
tance (Eq. (9)) as the number of samplesN, increases (see Theorem 4.2
below).

The unknown geodesic distances il s, between the data points are approx-
imated in terms of agraph distancewith respect to a graph G constructed on
the data points. This neighborhood graph G is very simple to catruct [16].
Two points share an edge on the graph if they are neighbors. Theighbor-
hood information is estimated in terms of the distance metri®. x; and X
lations are subsequently represented as a weighted graph G oadrthe data
points. The edges are given weights corresponding to the distaD (X;;X;)
between points.

For points close to each other, the geodesic distance is well appmated by
the distance metricD. This is because the curve can be locally approximated
to be a linear patch, and the distance between two points on thipatch is the
straight line distance between them. This straight line distane is given by the
distance metric D, which is just the edge length between the points on the
graph, G. On the other hand, for points positioned faraway fim each other,
the geodesic distance is approximated by adding up a sequencetudrt hops
between neighboring points [16]. These short hops can be cortgul easily
from the neighborhood graph G. Denote the shortest path distarcbetween
two-points x; and x, on the graph G asDg. The key to constructing the low-
dimensional representation is to approximatd, asDg. As the number of
input data points increases, the graph distance approximatioapproaches the
intrinsic geodesic distance. The asymptotic convergence of theaph distance
to the geodesic distance is rigorously stated in Theorem 4.2. Bhtheorem
utilizes some parameters for the quanti cation of the geometrof the mani-
fold, particularly the minimal radius of curvature, r, and the minimal branch
separations,. For the sake of completeness, we state the theorem below. For
the sake of brevity, we leave out the de nitions of these abstragtarameters
(the interested reader is referred to [16,22] for discussion dfese terms).

Theorem 4.2 : Let M s, be a compact manifold oR" isometrically equivalent
to a convex domainA % RY. Let 0 <, 4;,,< 1 ar}g 0 <1< 1 be given,
and let2 > 0 be chosen such tha&a< s, and 2 - %ro 24 1. A nite sample
log(—
>

d(= 22=16)d)

= whereV is the volume ofM s, and " 4 is the volume of the

unit ball in RY. The neighborhood grapl@ is constructed onf x;g. Then, with
probability at leastlj *, the following inequalities hold for alk;y in M g,:
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(i ,1)Dm(x;y) -D s(x;y) - (1+,2)Du(X;y):

Proof: Follows from Theorem B in [23].

4.3 Estimating the optimal dimensiond, of the low-dimensional representa-
tion

M s, is intrinsically parameterized by a low-dimensional seA % RY. As a rst
step towards constructingA, the pair-wise geodesic distancef)g, are con-
structed from the neighborhood graph G. Before we can procetdther, the
intrinsic dimensionality of this low-dimensional spaced has to be estimated.

We draw from the recent work in [24,25], where the intrinsic diension of
an embedded manifold is estimated using a novel geometricabpebility ap-
proach. This work is based on a powerful result in geometric grability -
the Breadwood-Halton-Hammersley [26] theorem whedkis linked to the rate
of convergence of the length-functional of the minimal spamyg tree of the
geodesic distance matrix of the unordered data points in thegdt-dimensional
space. Consistent estimates of the intrinsic dimensiahof the sample set are
obtained using a very simple procedure.

The sequel utilizes concepts from graph theory. We provide senof the es-
sential de nitions below. For a detailed discussion of graphs, &e and related
constructs, the interested reader is referred to [27]. Considarset ofk points
(vertices) and a graph de ned on this set. A graph consists of two pes of
elements, namely vertices and edges. Every edge has two endisoin the set
of vertices, and is said to connect or join the two endpoints.

2 A weighted graph associates a weight (here, this weight is thdsthnce
between the vertices) with every edge in the graph.

2 A tree is a graph in which any two vertices are connected by esidy one
path.

2 A spanning tree of a graph (withk vertices) is a subset ok j 1 edges that
form a tree.

2 The minimum spanning tree of a weighted graph is a set of edges@himum
total weight which form a spanning tree of the graph.

De nition 4.6: The geodesic minimal spanning tree (GMST) is the minimal
spanning tree of the graph G. I;]’he length functionall (f xg) of the GMST
is de ned asL(fxg) = min 21, 76, WhereTs is the set of all spanning
trees of the graph G ande are the edge-weights of the graph. This is in fact,
simply the total weight of the tree.

The mean length of the GMST s linked to the intrinsic dimensiond of a
manifold M s, embedded in a high-dimensional spa¢¥' through the following
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theorem:

Theorem 4.3 : Let M 5, be a smoothd-dimensional manifold embedded in
R" through a mapFi'! : R4 ! M ,. Let 2 - d - n. Suppose thatfx;g,

i =1;:::;N are random points inM s,. Assume that each of the edge lengths
jej jm computed from the graplG converge tgF (x;)iF (Xj)j;asN !'1 (i.e.
the graph distance converges to the true manifold distance ki3 is guaranteed
by Theorem 4.2). Then the length functionall.(f xg) of the GMST satis es

8

21 if d°<d;
&TLUXQﬂW%”&=§‘M:W&:d; (10)

0 ifd>d;

where , is a constant, andC is a non-zero function de ned inM s,.
Proof: Follows from Theorem 2 in [28].

Theorem 4.3, particularly the asymptotic limit given in Eqg. (10) for the length
functional of the GMST provides a means of estimating the ininsic dimension
of the manifold. It is clearly seen that the rate of convergemcof L(fxQ) is
strongly dependent ond. Following [28], we use this strong rate dependence
to compute d. De ning Iy = log(L(fxg)), gives the following approximation
for Iy (from Eq. (10))

In = alog(N) + b+ 2y; (11)
where

a:dgl, (12)

b=log("mC); (13)

and 2y is an error residual that goes to zero adl ! 1  [24,25,28]. The
intrinsic dimensionality, d can be estimated by nding the length functional
for di®erent number of samplefN and subsequently nding the best t for
(a;b in Eq. (11).

4.4 Constructing the low-dimensional parametrization/A

Section 4.2 presented the construction of the geodesic distarioetween all
pairs of input points, while Section 4.3 provided an estimatio of the di-
mensionality, d, of the low-dimensional representation. Denote aMl, the
pair-wise distance matrix (based on the geodesic distance), wiglements
di = Dg(Xi;x;) wherei;j = 1;:::;N. Multi-dimensional scaling [17,29]
(MDS) arguments are used to compute the set of low-dimensionabipts that
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are isometric to these high-dimensional images. The objectiveMDS is: Given

a matrix, M, of pairwise distances betweeN (high-dimensional) points, nd a
con guration of points in a low-dimensional space such thahé coordinates of
theseN points yield a Euclidean distance matrix whose elements aresidical

to the elements of the given distance matriv .

(Vi i Yi)?= di; for all ij: (14)
k=1
This is called “coordinate recovery or parametrization': ding a set of points
given only the pair-wise distance between the points.

De ne the N £ N symmetric matrix A with elementsA;; = j %dﬁ De ne the
N £ N centering matrix [17,29],H = | j Nillowith elementsh; = & | 1=N.
De ne the N £ d matrix of points Y = (y;::5y0)". Assum% without loss
of generality that the centroid of the set of points is the orign ( N, y; = 0).

De ne the N £ N matrix B whose components are the scalar producggg dy;.

Xj T
by = YkYik =Y 0y;: (15)

k=1

The problem at hand is to estimate the coordinatey;, given M. We relate
these pointsfy;g to B. B in turn can be represented in terms of the known
distancesM = fd; g. It can easily be shown that [17,29]

B = HAH : (16)

B is a positive de nite matrix that can be decomposed as follows9P
B = o : a7

de nition (see Eq. (15), the scalar product matrix)
B=YY": (18)

From Eq. (17) and Eq. (18), an estimate olY in terms of the largestd eigen-
vectors of B follows:Y = j 4o d%, wherer 4 is the diagonal @ £ d) matrix of
the largestd eigenvalues oB andj 4 is the N £ d matrix of the corresponding
eigenvectors.

The knowledge of the optimal dimensionalityd, (from Section 4.3) is quite
useful in truncating the eigen values of the\ £ N matrix B. In contrast,
classical PCA techniques truncate the expansion based on repregey some
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percentage of the eigen-spectrum i.e. chogse the IJ,argelsteigenvalues that
account for, say, 95% of the eigen-spectrum €., , ;= N, . ;> 0:95).

A=f»2R%Yj» 2 ConvexHullfy,;:::;yN0)0: (29)

The stochastic collocation procedure for the solution of SPDEBvolves com-
puting the solution at various sample pointsy», from this space,A.

4.5 Construction of a non-parametric mapping=i 1 : AIM g,

longing to a convex setA. This convex regionA ¥ RY, denes the reduced
representation of the space of microstructuresdyl s,, satisfying the given sta-
tistical correlations S,. A can be considered to be a surrogate spaceNbs,.
One can access the complete variability in the topology and @perty distri-
bution of microstructures in M s, by simply sampling over the regionA. In
the collocation based solution strategy for solving SPDEs, onergiructs the
statistics of the dependant variable by sampling over a discretget of mi-
crostructures. Since we propose to utiliz& as a reduced representation of
M s,, we sample over a discrete set of points 2 A instead. But we have
no knowledge of the image of a random point 2 A in the microstructural

the microstructure space, an explicit mapping i * from A to M s, has to be
constructed

There are numerous ways of constructing parametric as well asn-parametric
mappings between two sets of objects. For instance, neural netiks can be

parametric mapping F i . There have been recent reports of variants of the
Isomap algorithm that along with constructing the reduced-aiter represen-
tation of the samples also construct an explicit mapping betweethe two
sets [30]. But there are two signi cant issues that have to be consigtd when
one utilizes such mapping strategies: 1) Most of these explicit ip@ing strate-
gies are essentially some form of interpolation rule that utite the sample set
of values fyg;fxg). One has to make sure that the interpolated resultx
(x = Fil(»)) for some arbitrary point » 2 A actually belongsto M s,. 2)
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Care must be taken to formulate the explicit mapping in a way tht results in
a computationally simple methodology of nding the images of gints. This
is very signi cant considering the fact that we will potentially deal with very
large pixel sized images (pixelized microstructures or property mpa) with
pixel counts of the order of 12& 128£ 128. Any strategy that involves per-
forming non-trivial operations on large data sets of (high solution) property
maps would make the complete process very inetcient. We proposeveral
strategies of constructing computationally simple mappingsdiween the two
spacesM s, and A keeping in mind the issues raised above.

4.5.1 Method 1. Nearest neighbor map

This is the simplest map (illustrated schematically in Fig. 4) tlat sets the
image of an arbitrary point in the regionA to the image of the nearest sampled
point. The nearest point is the point that is the smallest Eucli@an distance
from the given arbitrary point. This method is particularly useful when the
sampling density ® as de ned in Theorem 4.5) is large, i.e. this method
results in a reliable mapping when the number of microstructersampled x; g,

=150 ;N is large.
| n
s
o ® .f .......... sosnnen st

Fig. 4. The gure above illustrates the simplest possible mapping tveeen the low-di-
mensional regionA and the high-dimensional microstructural spaceM s,. Given an
arbitrary point » 2 A, nd the point y, closest to» from the sampled pointsfy;g,
i =1;:::;N. Assign the image value ofy, i.e. xx to the image of».

It is simple to construct error estimates for this mapping. Give an arbitrary
point » 2 A, approxmatl(?g‘ it by its closest neighbor results in an errorga,

given byex = minj=; ...y k -1 (i Yi)?. From isometry, the error between

the actual image and the mapped image is given l®/= e,. This error can be
made arbitrarily small by increasingN .
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4.5.2 Method 2: Local linear interpolation

A simple non-parametric mapping based on thk-nearest neighbors of a point
is de ned (Fig. 5) as follows: Given any point» 2 A, nd the k-nearest
neighbors,$;,i =1;:::;k (k cae:ned a priori) to » from the setfy,;g. Compute

the (Euclidean) distancel; = i gzl (vi Wp)2of»fromy;i=1;:::;k. The

point » can be represented as a weighted sum of ksnearest neighbors as
P ¥,

» = Pllzl—li (20)

i=1 I;

Utilizing the fact that the isometric embedding that generaté the points y;
from x; conserves distances, the image ofis then given by

i=1 .

X = Ell (21)

i=1

That is, the image of» is the weighted sum of the images of th&-nearest
neighbors of» (where the nearest neighbors are taken from thWe -sampled
points).

Fig. 5. The gure above illustrates a local linear k-neighbor) interpolation map-
ping between the low-dimensional regio® and the high-dimensional microstructural
spaceM s,.

The linear interpolation procedure is based on the principléhat a small re-
gion in a highly-curved manifold can be well approximated as linear patch.
This is in fact one of the central concepts that result in locaktrategies of
non-linear dimension reduction [14,15] (see Section 3 for aclission of global
versus local strategies of non-linear dimension reduction).hi§ linear patch
is constructed using thek-nearest neighbors of a point. As the sampling
density (the number of sample pointsN) used to perform the nonlinear di-
mension reduction increases, the mean radius of tkeneighborhood of a point
approaches zero (limi; maX-=y.x k» i $;k2! 0), ensuring that the linear

patch represents the actual curved manifold arbitrarily wel
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Fig. 6. Simple estimate for the interpolation error in Method 2: Let r denote the
local radius of curvature of the function near the point X exact (the Tled square).
We approximate the curve by a linear patch, resulting in someerror. This error

is the distance between the approximate linear images (the unlled square) and
the actual point, X exact (the Tled square). This distance can be approximated from
simple geometry as a function of and the local geodesic distance between the points.

It is possible to estimate approximate error bounds by computg the local
curvature of the manifold. Denote byx, the image of the point». As before,
let the k-nearest neighbors ob be §;, and their corresponding images iM g,

be ®;. The local curvature of the manifold in the neighborhood ok can be
approximated from the geodesic distances between the point&tlc denote the
radius of curvature of the manifold atx. The error in the interpolation based
representation is caused by considering the space to be locallyebr, when
it is curved (see Fi&}. 6). This error is approximated from simpl geometry as

e=max=r .« (ri rzj I?).

4.5.3 Method 3: Local linear interpolation with projection

The local linear interpolation method (Method 2) can be madexact by simply
projecting the image obtained after interpolation onto themanifold (shown
schematically in Fig. 7). This ensures that the image lies on éhmanifoldM s, .

The projection is numerically computed as follows: Denote ghmicrostructure
obtained after the interpolation step asx. The locally linear interpolation
provides a good approximation of the exact images Y4 X exact, Where X exact

is that microstructure on M s, whose geodesic distances from each of the k
microstructures Rj; i = 1;:::;k is l;. The errors in this approximation are
due to the fact that the approximation x does notusually lie on the manifold
(as seen in Fig. 7). That is,x does not satisfy the statistical correlations
S=1S5;;:::; S0 that all points on the manifold satisfy.

The projection operation essentially modi es the poink to satisfy these cor-
relations. This can be achieved computationally by performg a stochastic
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Fig. 7. The local linear interpolation method can be made exact by siply projecting
the image obtained after interpolation onto the manifold. This is illustrated in the
“gure above, where the botted blue line represents the lineanterpolation and the
curved line represents the projection operator that constucts the image lying on the
manifold.

optimization problem starting from x [11,18,31]. Since is very close toX exact,

these algorithms are guaranteed to reach the local minima desd by X eyact-

In the context of the numerical examples presented in this wky using two-

phase microstructures (see Section 6), the stochastic optimizat is done as
follows: Starting from the approximate microstructurex, compute the volume
fraction and two-point correlation of this image. Change th pixel values of
t sites in this microstructure such that the volume-fraction mathes the ex-
perimental volume fraction. Following this, randomly swap piel values in the
microstructure (accepting a move only if the error in the twgpoint correlation

decreases), until the two-point correlation matches the expenental value.

This can be considered as a version of simulated annealing, witte starting

point, X being close to the optimal point,X exact-

Fig. 8. Sample illustration of the projection step: The gure on the eft is a mi-
crostructure after interpolation. Projecting it onto the m anifold yields the mi-
crostructure on the right. There is negligible change in thethree point correlation
between the micorstructures.

One question that arises from this mapping strategy is the folang: The
initial goal of the mapping was to construct a microstructure Ifying on the
manifold) that was a distance (geodesically) from ®;. The interpolation step
ensures this distance (but the microstructure does not lie on ¢ghmanifold).
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How much deviation from this distance does the projection op&tor cause?
By swapping the pixels in the microstructure during the stochast optimiza-
tion step, the three-point correlation is being changed (wbh is a measure
of distance). But in all of our numerical experiments, this opmization con-
verged within 1000 such pixel °ips, thus negligibly a®ecting ththree-point
correlation (since the three-point correlation is computedy sampling over
65£ 65£ 65 » 300000 points, changing 0.3% of the pixels is negligibly
small). This is illustrated pictorially using a sample example stwn in Fig. 8.
The number of neighbors used for the local-linear interpol&n map isk = 10.

In all three methods detailed above, we only utilize the giveinput data
fXig to construct the mapping for an arbitrary point » 2 A. The mapped
microstructure, F i 1(») is constructed solely based on the available input mi-
crostructures and not based on direct reconstruction from momts. In the
case of the projection operation used in method 3, the mapped arostruc-
ture is moved onto the manifoldM s,. This operation changes less that:8%
of the microstructure having negligible e®ect on the thermaldhavior of the
microstructure.

In potential applications where such projection techniquesre infeasible, there
are two possible solution strategies that can be pursued: one caseuan al-
ternate de nition of the distance between the images (see Renkat.3) or one
can utilize more computationally demanding reconstructioj19] or training

frameworks [30] to construct the mappind=i 1 : AIM s,.

4.6 The low-dimensional stochastic input mod@&lil: AIM g,

Remark 4.4: In our theoretical derivations in this section, we have ensude
that A is indeed a convex, connected and compact regiorRSf. Hence, starting

Each of the microstructures inM s, (by de nition) satis es all required sta-
tistical properties, therefore they are equally probable toaxur. That is, every
point in the manifold M s, is equiprobable. This observation provides a way
to construct the stochastic model for the allowable microstrucires. De ne
the stochastic model for the topology variation as i (») : A! M where

dimensional stochastic modeF it for the microstructure is the stochastic
input in the SPDE (Eq. (4)) de ning the di®usion problem.
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5 Numerical implementation

This section contains recipes for the numerical implementai of the theoret-
ical developments detailed in the previous sections. We diwdhis section into
various subsections that sequentially discuss the data-driverrategy, starting

with the generation of the samples given some limited microstectural informa-

tion (Section 5.1), the algorithm for constructing the low-@nensional region
A (Section 5.2) and the Smolyak algorithm for the solution of ta SPDEs
(Section 5.3).

5.1 Microstructure reconstruction: creating the sampleg;

Given some experimentally determined statistical correlatiofunctions of the
microstructure, the goal is to reconstruct a large set of microsictures sat-
isfying these correlation functions. This is the rst step towardsbuilding

a reduced-order model to the microstructural space. In this wik, the mi-

crostructure is considered to be a level cut of a Gaussian Randoneld (GRF).

The statistical correlations are enforced during the reconsiction of the GRF
using the given information [32{34]. With this method, a set oN 3D models
of the property variations can be generated.

5.2 Constructing the low-dimensional regiom

The reconstruction procedure results in a large set of random sphasx; from
the spaceM s,. The following steps are followed to compute the correspondjn
points fy,g.

Step 1: Find the pair-wise distances,P between theN samplesx;, i =

between the microstructures. In the example (Section 6) usingvb-phase mi-
crostructure, we de ne the distance between two microstructuseas the dif-
ference between their three-point correlations. This opetran is obviously of
O(N?) complexity.

Step 2: Construct the neighborhood graph, G, of this sample set. That is,
determine which points are neighbors on the manifold based ¢ime distance
P(i;j ). Find the nearestk-neighbors of each point. This is performed using a
sorting algorithm (O(NlogN) complexity). Connect these points on the graph
G and set the edge lengths equal t®(i;j ). The total complexity of this
operation isO(N2logN).
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for i = 1:N

[z,]] = sort (  P(i;:)), z are the sorted distances
and | are the corresponding indices

G(L:k,i) = I(2:k+1)

Step 3: Estimate the geodesic distancéM (i;j ) between all pairs of points
on the manifold. This can be done by computing the shortest pattlistances
in the graph G. There are several algorithms to compute the shest path
on a graph. In our implementation, we utilize Floyd's algothm to compute
M (i;j ). The complexity of this step isO(N 3).

Initialize M(i;j) as
M (i;j) = P(i;j ) if i,j are neighbors or M (i;j) = 1 otherwise

for kK = 1:N
for each pair (i,j) in 1:N
M(;j) =min(M(i;j );M (i;k) + M (k;]))

Step 4: Decide on the optimal dimensionalityd, of the low-dimensional space

A. Using the graph G [28], estimate the average geodesic MST lengiris
is done as shown below.

Choose Q integers pP= p1;:::;Ppo between 1 and N
Randomly pick p samples from the N available samples
Compute the length of the MST of these samples, L(p)

Find the best least squares fit value of a for

L(p) = alog(p) + ?p
The optimal dimension d is

d= round(1 il a)

We utilize the code in [35] to compute the length functional fathe MST. The
complexity of this step isSO(NlogN).

Step 5: Construct the d-dimensional embedding using MDS.
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. 1
Using M computeA : Aj = j EM”Z

Compute B = HAH
Compute the eigenvalues of B: B = jgj

Define Y = jo 2

The low-dimensional mapping of the input sample points is giveby the rst

The complexity of this step isO(nN ?), where n is the pixel count in each
image. Here,n = p£ p£ p» 12&. For number of samplesN ¢ n, MDS is
computationally more feasible than PCA, which has a complexitof O(n2N).

Step 6: Following Remark 4.4, the low-dimensional regioA that maps to the
high-dimensional microstructural spacéV s is given by the convex hull of the

5.3 Utilizing this reduced-order representation: Stochése collocation

The above generatedd-dimensional embedding is utilized as an input sto-
chastic model for the solution of SPDEs. We utilize a sparse grid ltaxation
strategy for constructing the stochastic solution [7]. The meth essentially
solves the problem at various point® on the stochastic space and constructs
an interpolation based approximation to the stochastic solutio. The sparse
grid collocation strategy used utilizes piecewise multi-lirsg hierarchical basis
functions as interpolation functions [7]. For a given set of ethastic collocation

points (using the procedures detailed in Section 4.5} = Fi 1(»,). These mi-
crostructural images are utilized as inputs (property maps)ni the solution of
the SPDEs.

Remark 5.1: In the stochastic collocation approach, the collocation pois

are usually given in the unit hypercube, i.ep 2 [0;1]Y. As a rst step, this
point p must be mapped to a corresponding point 2 A .

26



for i=1: M

Determine the collocation point p; 2 [0;1]°
Compute the point » 2 A

Computex; = Fil(»)

Solve the PDE using Xx; as input

6 lllustrative example

In this section, we showcase the theoretical developments dégd in the pre-
vious sections with a realistic example.

6.1 Two-phase microstructures

The non-linear dimension reduction strategy is applied to catruct a reduced-
order model for the distribution of material in a two-phase medl-metal com-
posite. The problem of interest is as follows:

Compute the PDFs of temperature evolution in a metal-metabmposite mi-
crostructure when only limited statistics of the material disibution is known.

This topological uncertainty translates to uncertainties m the thermal di®u-
sivity ®(x) of the microstructure. For clarity of presentation, we divice the
solution into multiple sections. 1) The rst step is the extractionof topologi-
cal statistics from the experimental image provided. These statics are then
utilized to reconstruct a large set of 3D microstructure$ x;g; i = 1;:::;N.

2) The next step is to construct the low- dlmensmnal representain of the
class of microstructures utilizing the sampleéx;g; i =1;:::; ;N in the input
space. 3) The nal step is to utilize the reduced-order represesrtton of the
microstructural topology (and hence, the thermal di®usivity cextcient) as an
input stochastic model to solve for the evolution of the tempetare statistics.

6.1.1 Data extraction and sample set construction

We start from a given experimental image of a microstructure. e image
(204'm £ 236'm ), shown in Fig. 9, is of a Tungstan-Silver composite [37]. This
is a well characterized system, which has been used to test vasaeconstruc-
tion procedures [20,38]. The rst step is to extract the necessastatistical
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Fig. 9. Experimental image of a two-phase composite (from [3]}.

information from the experimental image. The image is cromu, deblurred
and discretized. The volume fraction of silver ip = 0:2. The experimental
two-point correlation is extracted from the image. The norralized two-point
correlation (g(r) = M) is shown in Fig. 10. The data extraction was

. pi p?
performed in Matlab.
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Fig. 10. The two-point correlation function.

The next step is to utilize these extracted statistical relatios (volume fraction
and two-point correlation) to reconstruct a class of 3D microstictures. We
utilize a statistics based reconstruction procedure based on Gasian Random
Fields (GRF). In this method, the 3D microstructure is obtaired as the level
cuts to a random eld,"' (x); x 2 D. The random eld has a eld- eld corre-
lation K (0)' (r)i = °(r). The statistics of the reconstructed 3D image can be
matched to the experimental image by suitably modifying the El- eld cor-
relation function and the level cut values (see [20] for a detad discussion).
Following the work in [20], the GRF is assumed to satisfy a speci ed & eld
correlation given by

€™ i (re=)e e sin(2var=g
1i (re=) 2/ar=d

°(r) = (22)

where the eld is characterized by the correlation length, a domain scale
d and a cuto® scale.. For a speci ¢ choice of (;d;r.), one can construct

28



a microstructure from the resulting GRF. The (theoretical) two-point cor-
relations corresponding to this reconstructed microstruct@s is computed.
Optimal values of (;d;r.) are obtained by minimizing the error between
the theoretical two-point correlation and the experimenthtwo-point corre-

lation. The theoretical two-point correlation correspondig to (;d;r¢) =

(2:229 12457 2:302)}'m is plotted in Fig. 11.

o Reconstructed

® Experimental

a(n)

©c o o
> o o =

o
N

o
Oy

20

Fig. 11. Comparison of the two-point correlation function from experiments and
from the GRF.

Using the optimal parameters of the GRF (to match with the expamental
data), realizations of 3D microstructure were computed. E&cmicrostructure
consisted of 6% 65£ 65 pixels. This corresponds to a size of 20 £ 20'm £
20'm . One realization of the 3D microstructure reconstructed usinthe GRF
is shown in Fig. 12.

Fig. 12. One instance (realization) of the two-phase microstucture.

6.1.2 Nonlinear dimension reduction and construction of theopological model

The GRF based reconstruction detailed above was used to generad set
of N = 1000 samples of two-phase microstructure. Each microstructeris
represented as a 656 65£ 65 pixel image. The three-point correlations of all
these samples are calculated. The three-point correlation éasily computed
as follows: for a given value ofg; b; 9, randomly place triangles of side lengths
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a; b; con the microstructure. Count the number of times all three vdices of
the triangle lie on the same phasesz(a; b; g is the ratio of the number of such
successful placements over the total number of tries. In our conmations, we
randomly place 500000 triangles to computeS; for each value of &; b; 9. The

total computational time to reconstruct 1000 microstructure along with their

S; was 30 minutes on 25 nodes of our in-house Linux cluster.

4000
30000

20000

10000

Log(length of MST)

0 500
Log(Samples)

Fig. 13. Plot of the length functional of the MST of the graph G for various sample
sizes.

Based on the calculateds;, the pairwise distance matrixP is computed. This
took 6 minutes to compute on a BGHz PC. From this, the geodesic distance
matrix M and the graph G are computed. These are used to estimate the
optimal dimensionality of the low-dimensional space by compung the length
functional of the MST of the graph G. The Matlab code availal@ at [35] was
utilized. Fig. 13 plots the length functional of the MST of tke graph G for
various sample sizes. The optimal dimensionality of the low-diemsional set
is related to the slope of this line (see Eq. (11)). The slope of éhcurve is
computed using a simple least squares t. The optimal dimensiongliwas
estimated to bed =9 (a» 0.885). The total computational time to estimate
the dimensionality was 8 minutes on a:8GHz PC.

Multi Dimensional Scaling is performed using the geodesic disige matrix
M. The 9 largest eigenvalues and their corresponding eigenvast are used
to represent the input samples. The low-dimensional regioh is constructed
as the convex hull of theseN (= 1000) 9-dimensional points»;. This region
coupled with the mappings developed in Section 4.5 de ne theduced-order
stochastic input modelFit:AI'M s,.

Fig. 14 illustrates the potential dizculty in choosing the dimensionality of
the region A based on simple variance errors (i.e. choose the valuedathat
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Fig. 14. (Left) The cumulative eigenspectrum of the data, id=1 R iN=1 ,i- (Right)

The residual variance for di®erent dimensionalities of the @gion A, computed from
MDS.

accounts for 90% of the variance in thrg data). I!):lg 14(a) plstthe eigenspec-
trum of the computed eigenvalues a8 (* &, ,i= N, ,:). All dimensionalities
beyondd = 4 account for over 90% of the variance in the data. Hence, ther
arises some ambiguity in simply choosing the dimensionality of ¢hreduced
mode based on this plot. Fig. 14(b) plots the residual variancef the low-
dimensional representation for various dimensionalities. Thesidual variance
measures the di®erence between the intrinsic manifold distamoatrix, M and
the pairwise Euclidian matrix, D o, recovered from MDS (see Eq. 14) for var-
ious dimensionalitiesd. It is de ned in terms of the element-wise correlation
between the two matricese =1 r?(Da;M), wherer here is the standard
linear correlation coexcient [39]. Notice that all the dimengins aboved = 8
have fairly small variance, withd = 14 having the minimum. This ambigu-
ity in choosing the dimensionality of the low-dimensional remsentation is
overcome by using the ideas discussed in Section 4.3, resultingamoptimal
dimensionality ofd = 9.

6.1.3 Utilizing the model to solve a stochastic PDE: Di®usioim random
heterogeneous media

The procedure detailed above results in the functiof ' 1. Fi ! is a mapping
from a 9-dimensional spacé to the space of microstructure s,. Fi  along
with » 2 A serve as the stochastic input for the di®usion equation. A simple
di®usion problem is considered (Eq. 4). A computational domaof 65£ 65E 65
is considered (this corresponds to a physical domain oftfa® £ 20tm £ 20'm ).
The random heterogeneous microstructure is constructed as 2E665E 65 pixel
image. The steady-state temperature pro le, when a constant tgmerature
of 0.5 is maintained on the left wall and a constant temperature of 0:5 is
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maintained on the right wall, is evaluated. All the other walt are thermally
insulated. The axis along which the temperature boundary calitions are
imposed is denoted as the&-axis (left-right) while the vertical axis is the z-
axis.

The construction of the stochastic solution is through sparse gridolloca-
tion strategies (Smolyak algorithm). A level 5 interpolatim scheme is used
to compute the stochastic solution in 9 dimensions. The stochastiagblem
was reduced to the solution of 26017 deterministic decoupleduations. Fifty
nodes (each with two 3.8G CPUSs) of our 64-node Linux cluster weunélized to
solve these deterministic equations. These are dual core processath hyper-
threading capabilities thus each node was used to perform tlemputation
for 4 such problems. The total computational time was about 21finutes.
Each deterministic problem involved the solution of a di®usionrpblem on a
given microstructure using an 6£ 64£ 64 element grid (uniform hexahedral
elements).

The reduction in the interpolation error with increasing deph of interpolation
is shown in Fig. 15. The interpolation error is de ned as the vaation of the in-
terpolated value of the function from the actual function véue juj | (u)j. This
is measured in terms of the hierarchical surpluses! (here taken as the sum of
the absolute value of the hierarchical surpluses in all stochastdimensions),
wherei is the depth of interpolation [7]. De ne the error a® = max;=y:n,, (W),
wheren,, is the number of nodes in the nite element discretization of th spa-
tial domain, D. As the level of interpolation increases, the number of sampling
points used to construct the stochastic solution increases [7]. Nu# that there
is a slight jump in the error going from an interpolation of defh 2 to depth
3. This is probably due to the presence of some highly localiz&dctuations
of the stochastic solution that is captured only when the depth fointerpo-
lation reaches 3. Nevertheless, the error reduction shown abdigdlows the
theoretical convergence estimates for using Smolyak basedenolation [7].

The mean temperature is shown in Fig. 16. The gure plots iso-sades of
temperaturesj 0:25 (Fig. 16(b)), G0 (Fig. 16(c)) and 025 (Fig. 16(d)). The
“gure also shows temperature slices at three di®erent locatiorfsioe xz plane:
y =0 (Fig. 16(e)), y = 8'm (Fig. 16(f)) and y = 16*m (Fig. 16(Q)).

The standard deviation and other higher-order statistics of tb temperature
variation are shown in Fig. 17. Fig. 17(a) plots standard devteon iso-surfaces.
Figs. 17(d){17(f) plot slices of the temperature deviation atthree di®erent
planesy = 0, y = 8'm, y = 16'm, respectively. The standard deviation
reaches 48% of the maximum temperature di®erence maintain@dpoint from

a region of high-standard deviation A = (4 ; 4; 20)*m ) is chosen and the PDF
of temperature at this point is determined. Fig. 17c plots te PDF for the
point.
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Fig. 15. Reduction in the interpolation error with increasing number of collocation
points.

«

Fig. 16. Steady-state mean temperature: (a) temperature cotour, (b-d) tempera-
ture iso-surfaces, and (e-g) temperature slices.

We conclude this section by making a few observations. The phyaideatures
of the topology variation will have an e®ect on the low-dimermnal model.
If the correlation length (of the two-point correlation) decreases, the optimal
dimensionality of the model will increase and vice versa. The el reduc-
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Fig. 17. Standard deviation of temperature: (a) standard dersiation contours, (b)
standard deviation iso-surfaces, (c) temperature PDF at a pint, and (d-f) standard
deviation slices.

tion strategy developed is data-driven: the transformation my converts the
given nite input data set into a set of low-dimensional points. Incase the
input data, fx;g all belong to a localized region oM s,, the model reduction
strategy framework will construct a low-dimensional parameization of only
this localized region. By increasing the amount of data utiied (i.e.N), one
can make sure that the complete spacédl s, is sampled, ensuring that the
data-driven model re°ects the variability in the complete spee.

7 Conclusions

A non-linear model reduction technique for converting expenentally deter-

mined statistics into viable, realistic stochastic input model®f property vari-

ability has been developed in the present work. The major adntages of
the proposed developments are: it seamlessly meshes with any nstauction

method, directly converts samples into an equiprobable loarder model of the
property, and is applicable toany property variation (for instance, property

variation in polycrystalline materials, permeability variaion in heterogeneous
porous media, etc.).

The current developments borrow generously from ideas in ig@ processing
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and psychology where the problem of manifold learning is fregntly encoun-
tered. Ideas from di®erential geometry are employed to showetccuracy and
asymptotic convergence of the reduced-order model. We shosedhe frame-
work developed to construct a realistic reduced-order stochastmodel that

describes the material and property variation in a two-phase irostructure

(starting from an experimental image of the microstructure) We utilize this

stochastic model as an input in the solution of a SPDE governingi®usion
in random heterogeneous media. The solution provides an ums&anding of
how uncertainty in the topology of the microstructure a®ectshe evolution of
a dependant variable (temperature).

The basic model reduction ideas envisioned in this work are nlihited to gen-
eration of viable stochastic input models of property variabns. This frame-
work has direct applicability to problems where working in igh-dimensional
spaces is computationally intractable, for instance, in visuiaation of property
evolution, extracting process-property maps in low-dimensial spaces, among
others. Furthermore, the generation of a low-dimensional surgate space has
major rami cations in the optimizing of properties-processesnal structures,
making complicated operations like searching, contouringhd sorting compu-
tationally much more feasible. These potentially exciting aas of application
of the non-linear model reduction framework developed hem®er fertile av-
enues of further research.

Di®erent reduction techniques (for instance, locally lineaambedding, kernel
PCA, self organizing maps) can be incorporated into the genenalodel reduc-
tion strategy formulated here. This is an area that is unexpled and could
potentially result in very excient, real time, data-driven, stochastic reduced-
order model generation techniques. In addition to the impoance of such mod-
els in process modeling of heterogeneous materials (polgtats, composites,
concrete, etc.), many other technological applications imodeling multiscale
thermal/°ow transport in geological media, soil contaminatian and reservoir
engineering remain to be explored.
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8 Appendix: Properties of the manifold

Lemma 4.1 : (M g,; D) is a metric space.

Proof : For a function D to be a metric de ned over the setM s,, it must

satisfy the properties of non-negativity, symmetry and the tangle inequal-

ity [21].

1. Positive de niteness S;(a; b; 9(x) is a non-negative, continuous function.

Foranyx;y 2M s, D(x;y), O follows fromjSs(a;b;9(x)i Ss(a;b;9(y)j,

0. Also, D(x;x) = 0, by de nition.

2. Symmetry D(x;y) = D(y;x) from the de nition of D. P

3. Triangle ineqlgality. for any x;y;z 2 M s, D(x;y) =  jSs(a;b;9(x) i

Sa(a;0;9(y)i = jSs(arh; 9(x)i,Ss(a; b; 9(2)+ Ss(a; b; 9(2)i Ss(a;b; 9(y); -
1Ss(a;b; 9(x)i Ss(a;b; 9(z)j+  jSs(a;b;9(z)i Ss(a;b;9(y)jdr = D(x;z)+

D(z;y).

Lemma 4.2 : The metric space M s,; D) is totally bounded
Proof: A metric space is bounded i®

9 rq2 R such that D(x;y)- rq; 8 X;y 2M g,:
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For each @;b; 9, Ss(a;b; 9(x) denotes the probability of a randomly placed
triangle with sides @; b; 9 having its three vertices belong to the same phase.
It follows that O - Sg(a;b;9(x) - 1. Now, for anyx;y 2 M s,

X
D(x;y)= jSa(a;b;9(x) i Ss(a;b; 9(y)j
(a;b;0)

. . X .
iSs(a;b; 9(x)j + iSs(a; b; 9(y)j
(a;b;0) X (a;b;0) X
. 2£ maxf jSs(a; b; 9(x)j; jSs(a;b; 9(y)ig
(a;b;0) (a;b;0)
X
-2 1=rg:
(ash;0)

Hence, we have shown that the metric spacé(s,; D) is bounded.rq is an
upper bound of the “diameter' of the metric space.

We can de ne a volume corresponding to this diameter, i.eM s,; D) can
be inscribed into a n-ball -dimensional sphere) of diametery. Denote this
volume asV(M s,). V(M g,) is given by the volume of the n-ball with radius
re=2, V(M s,) = (¥&2(rq=2)")=j(1 + n=2), where j(1 + n=2) is the Gamma
function [40]. Now, given any2 > 0, one can coveM s, by a nite number
of 2-balls (i.e. n-balls of radius?). An estimate on the number of such balls
required is given byi—ﬁ. Hence, the metric spacelN s,; D) is totally bounded.

Lemma 4.3 : The metric space M s,; D) is dense.
Proof: A metric space is dense i®

Given£>0; for any X 2M g,;
9 at least one y 2M s, such that D(x;y) < #:

For any givenx 2 M s,, computeSz(x)(a; b; 9. SetSz(y)(a; b; 9 = Sz(x)(a; b; 9+
f—di. Now using any appropriate reconstructing methodology (see $ien 5.1),
construct a microstructurey satisfying S;; S, as well asS;(y)(a; b; 9. Sincey
satis es S;; Sy, it belongs toM s, and since it satis esS;(y)(a; b; 9,

X
D(x;y)= jSa(a;b;9(x) i Ss(a;b;9(y)j
(a;b;0)

. 2+,
jSs(a;b; 9(x) i Ss(a;b;9(x)+ —j
(a;b;0) Fa
X 2+

(a;b;0) Fd
.+

39



Hence, M s,;D) is dense.

Lemma 4.4 : The metric space M s,; D) is complete.
Proof: Consider any Cauchy sequencéx,g, in M s,. A Cauchy sequence in
M s, satis es the following:

Given 2> 0; 9 N such that D(Xn;Xm) <2 wheneverm;n > N:

That is, D(Xn+k;Xn) ! O uniformly in k asn! 1 . We have de ned two
microstructures to be equivalent ifD(x;y) = 0 (see Remark 4.2). Hence, by
this de nition of equivalence of microstructures, it follows hat the sequence
converges to a pointx 2 M s, (the limit point of this sequence satis esS =
fS1;S,0, hence it belongs toM g,). Since every Cauchy sequence il s,
converges irM s,, the metric space M s,; D) is complete (Lemma 43.1 in [22]).
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