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1. Introduction: Thermal and hydrodynamic transport in random heterogeneousiedia are ubig-
uitous processes occurring in various scales. Any realistic pretthn methodology must satisfactorily
deal with some important issues related with the property varigon in such media, namelythe e®ect
of multiple length scalesand the statistical nature of properties It is not possible to experimentally
determine the complete structure of the media at the nest scalén most cases, only a few statistical
properties of the structure are experimentally determinedThis necessitates viewing the microstruc-
ture (and properties) as a random eld that satis es certain statistal properties/correlations.
Most of the upscaling formulations that account for the e®ectsf the ne-scale on the coarse scale
are deterministic in nature [1{3]. The presence of uncertairgs, either due to input uncertainties or
formulating the microstructure as a random eld, can be modetkin the system through reformulation
of the governing equations as stochastic partial di®erentiatjeations (SPDES). A recent approach to
model uncertainty is based on the spectral stochastic nite elememethod (SSFEM) [4]. The SSFEM
method cannot be easily applied to problems involving high-sthastic dimension [5,6]. There have
been recent e®orts to couple the fast convergence of the Galerkethods with the decoupled nature
of Monte-Carlo sampling. The Smolyak algorithm was used redgnto build sparse grid interpolants
in high-dimensional space [6]. This method, called the stochastollocation method, e®ectively de-
couples the solution to the high-dimensional SPDE into the sdiwn of a set of deterministic PDEs.
Though the elds of multiscale modeling as well as stochastic melkihg are relatively mature, there
has not been much work on a combined stochastic, multiscale framork of analysis. In the present
work, an extension of the deterministic variational multisca method (VMS) to include uncertainties
that arise from random topology of the underlying medium is mposed. A sparse grid collocation
strategy is utilized to construct the stochastic solution. The psposed methodology illustrates a gen-
eral scheme to easily solve the twin problems of multi-length deavariations in properties and the
corresponding uncertainties associated with them.
In most analyses of di®usion through random heterogeneous methi@ properties (property statistics)
are usually assumed to be analytically known functions. Physidalmeaningful/useful solutions can
be realized only if property statistics are experimentally dlained and used. We propose a method-
ology to utilize this experimentally available data to genete the stochastic inputs required in the
stochastic variational multiscale (SVMS) framework. In the rst sep, a class of 3D microstructures,
satisfying the experimental correlations, is reconstructed. Aodel reduction scheme (Principle Com-
ponent Analysis (PCA), Karhunun-Logve expansion (KLE)) is usetb convert the in nite-dimensional
space describing the class of microstructures to a nite-dimens@ approximation of the space. The
“nite-dimensional model represents the class of allowable migtructures that satisfy the experimen-
tal correlations. This model is utilized as the stochastic indun the stochastic variational multiscale
(SVMS) framework. To the best knowledge of the authors, this ishe rst time that a data-driven
model has been utilized to generate inputs to a stochastic frawork with an ultimate goal of ob-
taining the probability distribution of the physical elds (e.g. temperature in a di®usion process) that
arise from the randomness of the topology and properties of thederlying medium.

2. Problem de nition: We are interested in analyzing di®usion through 3D heterogeneorandom
media, with the only available information being (experimetal) two-dimensional image(s) of the
random microstructure. Obviously, the microstructure is inheently random (i.e. it is unknown) in that
its topology varies from specimen to specimen. Nevertheless, tbpology of the microstructure satisfy
some statistical properties as a result of the physical process pde.g. extrusion, sintering) used to
obtain the microstructure. Consequently, the microstructurltopology can be considered as a random
“eld (satisfying some statistical properties) and any microstructte is then a realization of this eld.
Note that only certain statistical moments of the microstructue and its properties are known (from the



2D experimental images). Let us denote these properties by,(:::; P,). Any random microstructure
that satis es these statistical properties has a nite probabilityof being the microstructure. This
statement can be stated rigourously as follows: Let - be the spacé all microstructures that satisfy the

Consequently, we can de ne &:algebraF and a corresponding probability measur® : F ! [0; 1]
to construct a complete probability space (5 F ; P) of allowable microstructures.

The governing equation for thermal di®usion in a random hetegeneous medium (due to the topo-
logical randomness) is
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where u is the temperature, f is the thermal source/sink and® is the thermal di®usivity (that is
random due to the topological uncertainty). The variableu depends on the random eld , which
belongs to an in nite-dimensional probability space. The solitn methodology is to rst reduce
the complexity of the problem by reducing the probability spae into a nite-dimensional space. We
utilize model reduction techniques like Karhunen-Logveadansform and principle component analysis to
decompose the random eld into a nite set of independent randonmaviables. Upon decomposition and

where » is the N-tuple of the random variables. The domain of de nition b» is denoted by j. The
di®usion equation Eq. (1) can now be written as
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For the sake of brevity, we will denote the abovél + d dimensional system a8(u : x;t; ») = 0. The
problem of interest is posed as following:
Given image(s) of the random microstructure, compute the digoution of temperature through this
class of microstructure, taking into account the random topogy of the microstructure. We solve
this problem in the following steps, (1) Extract the relevant satistical properties from the (two-
dimensional) image and reconstruct a data set of 3D microstruates, (2) Construct a reduced-order
model (from the reconstructed dataset) to represent this clas$ microstructures, (3) Use this reduced-
order model as the stochastic input to solving Eq. (2).
3. Data driven reconstruction of the microstructure class: In most cases, the microstructure
is imaged in a few specimens and certain statistical correlatie are extracted. These experimentally
determined correlations can be easily computed using simpledge processing procedures. The most
important correlations are usually the volume fraction and he 2-point correlation function.
Given some experimentally determined statistical correlatiofunctions of the random media, the goal
IS to reconstruct a large set of microstructures satisfying thesermelation functions. There are various
techniques for reconstructing random media from the given gelation functions. A straightforward
methodology is the Gaussian random eld method. Here, the microstture is considered to be
a level cut of a Gaussian Random Field (GRF). The statistical coelations are enforced during
the construction of the GRF. This method has been shown to be weuseful in describing porous
materials, blends, polymers and ceramics. Up to third-order calation statistics have been used to
reconstruct the random media [7]. Using this method, a large daset of 3D microstructures satisfying
the experimentally determined statistical correlation are @nstructed.
4. Model reduction:  Principle component analysis is a powerful technique to ohtalow-dimensional
representation of a large amount of data. Using a set of large-dimsional data called the snapshots,
the method decomposes the data into an optimal orthonormal b&s. Few basis vectors selected in
the order of importance can be used for the representation ofdrhigh-dimensional data sets. This
method is well suited to the representation of microstructuresThe rst N eigen-images (usually
N ¢ M, whereM is the total number of reconstructed microstructures) represéing most of the
energy spectrum of the decomposition is chosen. Any random mistaucture (1) belonging to the



space of allowable michstructures - can then be represented asunique linear combination of the
N eigen-imagest = t + N, aU®; 1 2-; (a;;:::;ay) 2 RV: Let us denote the transformation of
any microstructure| 2 -into the set of N real coexcientsa;:::;ay by F. The functionF :- | RN
represents the reduced-order model of the in nite-dimensiohapace - in N dimensional space. It is
important to note that F is injective but not surjective. That is, every microstructurel, 2 - has a
unique mapping (1"); s :;af\lk)) 2 RN. On the other hand, every point a(lm); o ;a(Nm)) 2 RN results
in a microstructure |, that need not belong to -.

For the mapping to be useful in the solution of the SPDE Eq. (1)F has to be made bijective. The
co-domain ofF has to be contracted toH ¥ RN such that F : - ! H is bijective. An equivalent
de nition of the spaceH % RN, that will clarify the contraction procedure, is given as:

Find_the largest proper subseH ¥ RN such that, for any point(a;;:::;ay) 2 H, the imagel =
1+ N aU® belongs to the space. Every imagel 2 - satis'es certain stat[_sjical properties

R
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Fig. 1. Sequential contraction of R to H: A simple example in three-dimensional space (a) Enforcing tie
“rst-order statistics; (b) Enforcing the pixel bounds; and (c) Enforcing one second-order statistic. [8]

N-tuple (a;;:::;ay) can take. For example, the rst order constrainlt_) of constant valme fraction
results in a linear equality constraint on the N-tuple given by, = bh+ X, ab; whereh = hUDi is
the mean value of the individual eigen-images ang) is the mean value of the mean image. Similarly
second-order and higher-order constraints can be derived. @8ubspaceé is constructed by solving a
constrained minimization problem with the given constraintsA sequential approach of enforcing the
constraints hierarchically is followed (see Fig. 1). The predure described provides a way to construct
the stochastic model for the allowable rBicrostructures:

DeneG:H! -suchthat I(!)=1+ N, »U®D i=1;:::;N, where» are independent uniform
random variables chosen frontH. Gis the inverse ofF . This low-dimensional stochastic modeG for
the microstructure is the stochastic input in the PDE de ning theproblem Eq. 2.

5. Collocation techniques for solving SPDEs: In the collocation approach, a nite element
approximation is used for the spatial domain, while the multidnensional stochastic space is approx-
imated using interpolating functions. The interpolating furctions are mutually orthogonal and the
resulting equations are decoupled. In this method, one contes the deterministic solution at various
points (determined using the Smolyak algorithm) in the stochstic space and then builds an interpo-
lated function that best approximates the required solution,6]. The collocation method collapses
the N + d-dimensional problem to solving M (where, M is the number of dolcation points) deter-
ministic problems in d dimensions. The statistics of the ran('i_pm solution can be obtaindtirough
simple quadrature operations on the interpolation functiom = = M., u(x; »,)Lk(»). The "nal solution
strategy is as follows: A stochastic collocation method inl ©~ | % RN along with a "nite element
discretization in the physical spaceD % RY is used. Given a particular level of interpolation of the
Smolyak algorithm in N -dimensional random space, we de ne the set of collocation nodes g\,
on which the interpolation function is constructed. Given a jecewise FEM meshX ! 2 H3(D), Tnd,

fork =1;:::; M, ul(x) = u"(x;») 2 X; syeh that, B(u(») : »;x;t) =0; i =1;:M: The “nal
numerical solution takes the formun(x; ») = = ¥, uf(x)Lk(»):
6. Solving the deterministic equations - The variational mu ltiscale method (VMS):  The

collocation method reduces the stochastic di®usion problem anfa set of deterministic problems.
These deterministic problems correspond to solving the thermdl®usion problem on a set of unique



microstructures. These heterogeneous microstructure realiimans exhibit property variations at a
much smaller scale compared to the size of the computational dam D. Performing (multiple)
fully-resolved calculation on these microstructures becomeemputationally expensive. We consider
a computational scheme that involves solving for a coarse-satut while capturing the e®ects of the
“ne-scale on the coarse-solution based on the the variational nigtale method.
In the VMS approach, the exact solutioru is assumed to be made up of contributions from the coarse-
scale solutionu® that can be resolved using a coarse-mesh and a subgrid solution. Thain idea is
to develop models for characterizing the e®ect of the subgridigion u™ on the coarse-scale solution
and to subsequently derive a modi ed coarse-scale formulationahonly involves u®. To achieve this,
the variational formulation is rst split into two equations representing each of the scales:

(u§ + uf;ve) + (@ u® + @ uf;r vO) = (fv©);8ve 2 VE (3)

(U + U vE) + (@ uC+ @ uF;r vh) = (fivF);8ve 2 V! (4)
Eq. (4) can be solved (usually by making some locality assumption$) obtain an approximate
model for the subgrid solutionuF. This model can then be used in Eg. (3) to eliminatai” and
obtain a modi ed formulation only in terms of u®. Assuming a piecevgise polynomial nite element
representation for the coarse-solution inside a coarse-elemaf(x;t) = = N uC(t%2 -(x), We seek a
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similar representation for the ne-scale solutions™{x;t) = = N! uC(t9AF (x;19. By assuming twice-
di®erentiability of the subgrid basis functions, we can write th strong formulation (after a sequence
of mathematical arguments) for the “ne-scale basis as: Findf such that AF;; ir¢  ®&(x)r AF j

r¢ ®x)r 2-(x) = 0: Solving the above equation forA¥ involves additional computation of the
term ®x)r 2 -(x). To avoid that, we introduce a new variable ©(x;t%) =2 -(x) + AF(x;t9, that
simpli es the ne-scale basis equations to €} jr¢ (®Xx)r ©-) = 0. We can now substitute the ne-
scale solutionuF ( evaluated from the above equation as a function of the ne-skeabasis, ©) in the
coarse-scale variational formulation given in Eq. (3) to obia the following VMS equations

(US;; ©VO) + (UC©-; ;VE) + (UE® ©-;r V&) = (f;v©): (5)
The deterministic VMS problem in exciently solved in a parallel G+ framework. Each processor
computes the ne-scale basis functions for a set of coarse-eletaemnd constructs a part of the global
sti®ness matrix and load vector.
7. Numerical example: An illustrative example showcasing the theoretical developmendetailed
above is provided. We start from a given experimental image.hE image (20dm £ 236'm ), shown
in Fig. 2 (left), is of a Tungstan-Silver composite. The rst steps to extract the necessary statistical
information from the experimental image. The image is cromu, deblurred and discretized. The vol-
ume fraction and two-point correlation is extracted from tle image. The next step is to utilize these
extracted statistical relations to reconstruct a class of 3D miostructures using Gaussian Random
Fields (GRF). Using optimal parameters of the GRF (described ifB]), realizations of 3D microstruc-
ture were computed (see Fig. 2, middle). Each microstructureonsisted of 12%E 129£ 129 pixels.
Principle component analysis of the microstructure data set vealed that the rst 9 eigen-images
could represent about 95% of the eigen-spectrum (see Fig. 2 htlg The stochastic dimension is set
at N = 9. The sequential contraction ofRN to H was implemented as a set of Matlab routines. The
above procedure results in the functiois. G is a 9-dimensional function that serves as the stochastic
input for the di®usion equation.
A simple di®usion problem is considered. A computational domaof 128£ 128£ 128 is considered. A
level 5 interpolation scheme is used to compute the stochastic@idn in 9 dimensions. The stochas-
tic problem reduced to the solution of 15713 deterministic deapled equations. Each deterministic
problem was solved on a 8 8 £ 8 coarse-element grid (uniform hexahedral elements) with dac
coarse-element having 16 16£ 16 ne-scale elements. Fig. 3 plots the mean, standard deviatiamd
PDFs of the steady state temperature distribution. All calculaions were carried out on 32 nodes of
our 128 node linux based supercomputing cluster.
8. Closing remarks:  While the example presented in this paper refers to di®usion immdom



Normalized eigenvalue

Fig. 2. Left, Experimental image of a two-phase composite; Mildle, One instance (realization) of the recon-
structed two-phase microstructure; Right, Eigen-spectrum d the reconstructed microstructural images.
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Fig. 3. Left: Steady-state mean temperature: (a) temperatue contour; (b-d) temperature iso-surfaces;
(e-g) temperature slices. Right, Standard deviation of tempgerature: (a) standard deviation iso-surfaces;
(b-c)temperature PDF at two points. (d-f) standard deviation slices;

heterogeneous media, the work outlined here can be directipplied to model the e®ects of random

topology in other transport processes (e.g. °ow in porous medidermal/°ow transport in geological

media, soil contamination and reservoir engineering).
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