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The finite-dimensional noise assumption
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üBy using the Doob-Dynkin lemma, the solution of the problem can be described 

by the same set of random variables, i.e. 
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üSo the original problem can be restated as: Find the stochastic function                

such that
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üIn this work, we assume that              are independent random variables with 

probability density function      . Let        be the image of     . Then   
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Choice of collocation points and nodal basis functions

üIn the context of incorporating adaptivity, we use the Newton-Cotes 

grid with equidistant support nodes and the linear hat function as 

the univariate nodal basis. 
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üIn this manner, one ensures a local support and that discontinuities in the 

stochastic space can be resolved. The piecewise linear basis functions is 

defined as
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Conventional sparse grid collocation (CSGC)
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LET OUR BASIC 1D INTERPOLATION SCHEME BE SUMMARIZED AS

IN MULTIPLE DIMENSIONS, THIS CAN BE WRITTEN AS

üDenote the one dimensional interpolation formula as 

üIn higher dimensions, a simple case is the tensor product formula 

üUsing the 1D formula, the sparse interpolant , where    is the depth of sparse grid 

interpolation                      and     is the number of stochastic dimensions, is given by the 

Smolyak algorithm as   
( )00,q q² Í N
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üHere, we define the hierarchical surplus as:
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Nodal basis versus hierarchical basis
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Nodal basis Hierarchical basis
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Hierarchical Integration
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üThe mean of the random solution can be evaluated as follows:

üDenoting                            we rewrite the mean as

2u

üTo obtain the variance of the solution, we need to first obtain an 

approximate expression for 
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Adaptive sparse grid collocation (ASGC)1
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×For smooth functions, the hierarchical 

surpluses tend to zero as the interpolation 

level increases. 

×Finite discontinuities are indicated by the 

magnitude of the hierarchical surplus.

×The bigger the magnitude is, the stronger the 

underlying discontinuity is.

×Therefore, the hierarchical surplus is a natural 

candidate for error control and adaptivity. If the 

hierarchical surplus is larger than a pre-defined 

value (threshold), we simply add the 2N 

neighboring points to the current point.
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Definition of the error indicator
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üThe mean of the random solution can be evaluated as follows:

üDenoting                            we rewrite the mean as

üWe now define the error indicator as follows:

üIn addition to the surpluses, this error indicator incorporates information 

from the basis functions. This forces the error to decrease to a sufficient 

small value for a large interpolation level.  This error indicator guarantees 

that the refinement would stop at a certain interpolation level.
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High dimensional model representation (HDMR)1
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üLet         be  a real-value multivariate stochastic function:            , which 

depends on a N-dimensional random vector                            . A HDMR 

of        can be described by 
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It can be viewed as a finite hierarchical correlated function expansion in 

terms of the input random variables with increasing dimensions. 

üFor most physical systems, the first- and second-order expansion terms 

are expected to have most of the impact upon the output. 

1. O. F. Alis, H. Rabitz, General foundations of high dimensional representations, Journal of Mathematical 

Chemistry 25 (1999) 127-142.
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HDMR: Compact notation
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üThis equation is often written in a more compact notation:

for a given set             where                           denotes the set of coordinate 

indices and                  . Here,      denotes the     - dimensional vector 

containing those components of    whose indices belong to the set     , 

where     is the cardinality of the corresponding set    , i.e.                      . 

üFor example, if                       , then              and            implies   

üThe component functions            can be derived by minimizing the error 

functional   

subject to the orthogonal constraint

for
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HDMR: Component functions
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üThe measure       determines the particular form of the error functional 

and of the component functions. 

where the measure      induces the projection operator

where

üBy the variational principle, the component functions            can be 

explicitly given as 

üThere are two different forms of HDMR induced by different measure: 

ANOVA-HDMR and CUT-HDMR.
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ANOVA-HDMR versus CUT-HDMR
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HDMR

ANOVA-HDMR CUT-HDMR

Lebesgue measure Dirac measure

dimensional integration dimensional function

at a reference point

Computational expensive --

requires a N-dimensional integral 

for the constant terms

Computational efficient -- requires 

function evaluations at sample points
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CUT-HDMR
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üWithin the framework of CUT-HDMR, we can write

where the notation                means that the components of     other than 

those indices that belong to the set     equal to those of the reference point.  

üIf the HDMR is a converged expansion, the choice of this point does not 

affect the approximation. In this work, the mean of the random input 

vector is chosen as the reference point.

üTherefore, the    -dimensional stochastic problem is transformed to 

several lower-order     -dimensional problems                    which can 

easily solved by ASGC: 

N

where            are the hierarchical surpluses for different sub-problems 

indexed by    and           is only a function of the coordinates belonging to 
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Effective dimension of a stochastic function
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üLet                            be the sum of all contributions to the mean value.     

Here,     denotes the  absolute value.

üThen, for the proportion                 , the truncation dimension is defined 

as the smallest integer      , such that 

whereas, the superposition dimension is defined as the smallest integer     , 

such that

üThe superposition dimension is also called the order of the HDMR 

expansion.

üWith the definition of effective dimensions, we can thus truncate the 

expansion and take only a subset    of all indices            . Here we 

assume that the set     satisfies the following admissibility condition: 

This is to guarantee that all the terms can be calculated via the recursive 

expression for computing the component functions.     
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Effective dimension of a stochastic function
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üIt is common to refer to the terms                       collectively as the -

ñorder- termsò. Then the expansion order is the maximum of   . The 

number of collocation points in this expansion is defined as the sum of 

the number of points for each sub-problem, i.e.

l

üIn practice, we always truncate the expansion by taking only a subset    

of all indices           . We can define an interpolation formula        for the 

approximation of    as   

l

üHowever, the number of order- component functions is                , which 

increases quickly with the number of dimensions. Therefore, we 

developed an adaptive version of HDMR.
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Approximation error
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üWe fix                  and assume that      and       , the corresponding 

superposition and truncation dimensions, are known. With the definition 

of the index set                                                             , we have the 

following theorem: 

üTherefore, it is expected that the expansion converges to the true value 

with decreasing error threshold    and increasing number of component 

functions.
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Adaptive HDMR
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üFor extremely high dimensional problems, even a 2nd order expansion is 

impractical due to the increase of the number of component functions. 

Therefore, we would like to develop an adaptive version of HDMR for 

automatically and simultaneously detecting the truncation and 

superposition dimensions. 

üWe assume each component function     is associated with a weight         

which describes the contribution of the term     to the HDMR. 

üFirst, we try to find the important dimensions. To this end, we always 

construct the 0th - and 1st-order HDMR expansion.  We define a weight:

Then we define the important dimensions as those whose weights are 

larger than a predefined error threshold      . Only higher-order terms which 

consist of only these important dimensions are considered.

Here, the     norm is defined in the spatial domain. 
2L
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Adaptive HDMR
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üHowever not all the possible terms are computed. For higher-order term, 

a weight is also defined as

We also define the important terms in a similar way. We put all the 

important dimensions and higher-order terms in to a set    . When 

adaptively constructing HDMR for each new order, we only calculate the 

term       whose indices satisfy the admissibility relation

üFor example, if the important dimensions are 1, 3 and 5, then only the 

higher-order terms {13}, {15},  {35} and {135} are considered. 
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Adaptive HDMR
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üLet us denote the order of expansion as       Furthermore, we also define 

a relative error    of the integral value between two consecutive 

expansion orders     and          as  

üIf     is smaller than another predefined error threshold     , the HDMR is 

regarded as converged and the construction stops.

üIn this way, the construction will automatically stop and then the obtained 

HDMR expansion can be used as a stochastic surrogate model 

(response surface) for the solution. Any statistics can be easily computed 

through this expansion.
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Adaptive HDMR algorithm
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Numerical example: Flow through random media
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Basic equation for pressure and velocity in a domain

where        denotes the deterministic source/sink term. 

Homogeneous boundary condition is applied. Mixed finite 

element method is used to solve the deterministic problem at 

the collocation points.

üTo impose the non-negativity of the permeability, we will treat the 

permeability as a log random field obtained from the K-L expansion

injection well

production well

1 1³ ()f x

where    is a zero mean Gaussian random field with covariance function Y

where     is the correlation length and     is the standard deviation. 
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Numerical example: K-L Expansion

üThe eigenvalues and their corresponding eigenfunctions can be 

determined analytically. The      are assumed as i.i.d. uniform random 

variables on [-1,1].

üAccording to the decay rate of eigenvalues, the number of stochastic 

dimensions is                and       , respectively for                 and      .    

Series of eigenvalues

and their finite sums for 

three different correlation 

lengths at 2 1.0s =

33,108N= 500 1.0,0.5L= 0.25

üMonte Carlo simulations are conducted for the purpose of comparison. 

For each case, the reference solution is taken from     samples and all 

errors are defined as normalized     errors. In all cases,           .       
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Standard deviation for different correlation lengths

Standard deviation of the    velocity-component along the cross section               for different correlation lengths   v 0.5y=

2 61.0, 10s e -= =

3error 1.46 10-= ³ 3error 1.19 10-= ³

3error 1.39 10-= ³

33N= 108N=

500N=

Number of component 

functions is 2271 while for the 

full  2nd-order expansion it is 

125251. The advantage of 

using adaptive HDMR is 

obvious.
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PDF at (0,0.5) for different correlation lengths

PDF of the     velocity-component at point           for different correlation lengths   v (0,0.5)

2 61.0, 10s e -= =

33N= 108N=

500N=
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Convergence of the normalized errors 

Convergence of the normalized errors of the standard deviation of the     velocity-component for different correlation lengths  v

2 4

11.0, 10s q -= =

33N= 108N=

500N=

Algebraic convergence rate

better than MC

Nearly the same for three 

cases, it does not depend 

on the smoothness of the 

random space
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Standard deviations for different       with 

Standard deviation of the    velocity-component along the cross section               for different      . v 0.5y= 2s

48.08 10e -= ³ 47.37 10e -= ³

32.86 10e -= ³
0.25, 500L N= =

2s 500N=
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PDF at (0,0.5) for different      with

PDF of the    velocity-component at point           for differentv (0,0.5)
2s

0.25, 500L N= =

2s 500N=

For low input variability, even 1st -

order expansion is accurate

For high input variability, the 1st -

order expansion deviates from 

MC. More component terms are 

needed to improve accuracy.

For moderate input variability, 

1st order does not deviate 

significantly from MC. 

However,  a few 2nd -order 

terms are still needed.
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Convergence of the normalized errors with

Convergence of the normalized errors of the standard deviation of the   velocity-component for differentv 2s

500N=

Convergence rate deteriorates 

with increasing input 

variability. However, it is still 

better than that of MC

Direct solution of the 500 

dimensional problem using ASGC 

is impractical due to the huge 

computational cost.
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Effect of choices of the reference point 

Ni is the number of important dimension

p  is the highest expansion order

üFrom our test studies, the mean vector always gives satisfatory results with much 

less computational cost.  

üIt is also interesting to note that when                              , in order to achieve an 

error of order              , the number of component functions is 880 while the number 

is 6018 when using conventional HDMR. 
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Natural Convection: Problem Definition

where                                is the forcing function in the Navier-Stokes equations and 

Pr is the Prandtl number of the fluid. In the problem considered later,              is the 

Bousinnessq approximated buoyant force term ïRaPr��g, where Ra is the thermal 

Rayleigh number and g is the gravity vector.

üThe physical domain is taken to be a unit square. The Prandtl number is 1.0 and 

the thermal Rayleigh number Ra is 1000. No slip boundary conditions are enforced 

on all four walls. The left wall is maintained at a higher mean temperature of 0.5:


