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The finite-dimensional noise assumption

U By using the Doob-Dynkin lemma, the solution of the problem can be described
by the same set of random variables, i.e.

u(xw) =ul Y (e (W

U So the original problem can be restated as: Find the stochastic functionu:G 3D -R

such that
L(x,Y;u)=f(x,Y), % ID 3 G

B(x,Y;u)=g(x,Y), % 1 u

U In this work, we assume that {Y,(w)}  are independent random variables with
probability density function 7; . Let G be the image of Y. Then

N )
r(1)=0 r(x). v |
is the joint probability density of Y =(Y,,---,¥,) with support

N ,
GO GH"

i=1
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Choice of collocation points and nodal basis functions

U In the context of incorporating adaptivity, we use the Newton-Cotes
grid with equidistant support nodes and the linear hat function as
the univariate nodal basis.

ip — 1
1, ifi=1 ‘ J Jfor j=1,...,m;, if m; > 1,
Mg = . }/:_r."" ={¢ m; —1
21 41, if i > 1 0.5, for j =1, if m; = 1.

U In this manner, one ensures a local support and that discontinuities in the
stochastic space can be resolved. The piecewise linear basis functions is
defined as

aj=1 fori=1,and 1

1. {1(minv};ﬁ,iflfy;wl/(mil),

0, otherwise,

for:>1and 5 =1,...,m,.
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Conventional sparse grid collocation (CSGC)

U Denote the one dimensional mterpolatlon formula as

Zf Y7)

U In higher dimensions, a simple case IS the tensor product formula

@ o oUN(f)= > - Z OG- Y (@ @ ® a)
=1 Jn=1
U Using the 1D formula, the sparse interpolant A,., where Qis the depth of sparse grid
interpolation (q2 0,q IN,)andN is the number of stochastic dimensions, is given by the

Smolyak algorithm as ‘ : ‘ | | | |
Ay n()=A,in(H+AAN(f) D » Yt A =0

U°=0 [lifl=é+ - +in

Aq,N(f) — Z (Ail D Am) Aqsv(f)ZHSZNm; (e o)

]| <N +4q

U Here, we define the hierarchical surplus as:

e Y = A (O YY)

=
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Nodal basis versus hierarchical basis

A A
I\ a a a, a; a2 1
: N
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Nodal basis Hierarchical basis
.............................. tf(YSS)
g | /R
Y3 Y3 Y3 > Y2 Y3 Yl Y3 Y2
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f= f(Y?’)aﬁf(Yg) FIE DS+ e f = wiag +wia] +wias + wia + wya
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Hierarchical Integration

U The mean of the random solution can be evaluated as follows:

4

1, ifi=1,
Elf ()= Y Y wiz) [ d(Y)dY L R
il <N+qJ€B; ’ /F ! /0 a;(Y)dY =« 1 ifi=2

\ 21=¢ otherwise.
U Denoting faj(Y)dY = [}, we rewrite the mean as
I . .
B f (@)= > > w@)-]
[i||<N+q j€B;

U To obtain the variance of the solution, we need to first obtain an
approximate expression for u®

Gz, Y)= Y. Y uj(x) - a(Y)

[iI<N+qjeb;

Var[u(z)] = Efu*(2)] - (E[u(2)])’

- ¥ Sdwd-( T T )

li|<N+qjcB; i <N+qjch;
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Adaptive sparse grid collocation (ASGC)!

For smooth functions, the hierarchical
surpluses tend to zero as the interpolation :
level increases. 1

Finite discontinuities are indicated by the
magnitude of the hierarchical surplus.

The bigger the magnitude is, the stronger the Vi
underlying discontinuity is. 2 // \\\ 2
1 2

Therefore, the hierarchical surplus is a natural \ . 3
candidate for error control and adaptivity. If the Yi Y2
hierarchical surplus is larger than a pre-defined / \
value (threshold), we simply add the 2N A A
neighboring points to the current point. / \
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Definition of the error indicator

U The mean of the random solution can be evaluated as follows:

4

1, ifi=1,
Elf @)= > 3 wl@): [ a(Y)dy [amar =1 i
<N +qieB; r o HIAY =y g ifi=2
2= otherwise.

\

U Denoting fa}(Y)dY = [i, we rewrite the mean as
I . .
E,lf (@)= > > wiz) [
11| <N+q Jj€B;
U We now define the error indicator as follows:

wi(x) - I

T
U In addition to the surpluses, this error indicator incorporates information
from the basis functions. This forces the error to decrease to a sufficient
small value for a large interpolation level. This error indicator guarantees
that the refinement would stop at a certain interpolation level.
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High dimensional model representation (HDMR)?

U Let f(Y) be areal-value multivariate stochastic function RY - R, which
depends on a N-dimensional random vector Y =(Y,, %+ Y,) 1[0.9". A HDMR
of f(Y) can be described by

f(Y)=f, 4a afll.(l LY

s=l i <- ig ] .
where the interior sum is over all sets of Sintegers I,...,I_, that satisfy
1¢i, <-i, N .This relation means that

N
f(Y):fo -|a fi (Y') -latiz(Yl"z) +aif1i23(iY1’iY2’i¥)
i=1 ih & ipi5i <

N
st (YY) e (6 X)
|1<... %
It can be viewed as a finite hierarchical correlated function expansion in

terms of the input random variables with increasing dimensions.
U For most physical systems, the first- and second-order expansion terms
are expected to have most of the impact upon the output.

1. O. F. Alis, H. Rabitz, General foundations of high dimensional representations, Journal of Mathematical
j//_;\hemis.try 25 (1999) 127-142.
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HDMR: Compact notation

U This equation is often written in a more compact notation:

— Z fu(Y

uCp

fora given set u C Dwhere D .= {1,..., ] N} denotes the set of coordinate
indices and fo(Ys) = fo. Here, Y, denotes the |u| - dimensional vector
containing those components of Y whose indices belong to the set u
where|u| is the cardinality of the corresponding set u, i.e. Y, = (Yi)icu -

0 For example, if u = {1,3,5}, then|u| = 3 and fu(Y.) implies fiss(Y1,Y3,Y5)

U The component functions f.(Y.) can be derived by minimizing the error
functional

2

fr{f(Y) —fo—ifi(ié)— 21<Z<2 firis Yirs oo, Ya)) _d,l,(y) 0<s<N
subject to the orthogonal constraint
[ (YDA u(Y) 0 o u# v
Cornell University o
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HDMR: Component functions

i The measure d}t determines the particular form of the error functional
and of the component functions.

U By the variational principle, the component functions fu(Y4) can be
explicitly given as
fu(Yu) L= Z (_1)‘u|_|v|Pvf(Yv)

vCu

where the measure [/ induces the projection operator /2, : N — 1l

Puf(Yu) = /

'N—|ul

f(Y)dﬂ”D\u(Y)
where
dluf‘D\u (Y) = lli¢u dﬂz(y;)

U There are two different forms of HDMR induced by different measure:
ANOVA-HDMR and CUT-HDMR.
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ANOVA-HDMR versus CUT-HDMR

HDMR

ANOVA-HDMR

J L

/Lebesgue measure du(Y) =d(Y) = Hfz\ilh

PIY) [, IV 0Yo

— |u| dimensional integration

f0=/N F(Y)dY, fi(Y:) :f

@,m# Y) [T d% — £i(

Computational expensive --
requires a N-dimensional integral
. for the constant terms

Y)HdY;-—fo

fj(Y)

X

=] || Cornell University

L

CUT-HDMR

iL

i‘fl(sY Y;)

at a reference pomt Y=Y, .Y

Puf(Yu) =|f(Y )\Yzmu}

Dirac measure  du(Y

lu| dimensional function

fo=f(Y), fi(YD) =F(Y)ly—x\v; — fo
Q{}Q,Yj) = f(Y)ly=x\wi,v;) — fi¥i) — £3(¥3)

_fo’) _

N

Computational efficient -- requires
function evaluations at sample points
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CUT-HDMR

U Within the framework of CUT-HDMR, we can write

= > fulYu) = 3 2 DM MAY )vovy,

uCph uCPhv=Cu

where the notation Y=Y\Y, means that the components of Y other than
those indices that belong to the set u equal to those of the reference point.

u If the HDMR is a converged expansion, the choice of this point does not
affect the approximation. In this work, the mean of the random input
vector is chosen as the reference point.

U Therefore, the N-dimensional stochastic problem is transformed to
several lower-order |v|-dimensional problems f(Y.)y_y\y, Which can
easily solved by ASGC.:

= YD S i) v

uCDvCu || <N +qJj€Bi
where w(x) are the hierarchical surpluses for different sub-problems
indexed byv and «}(Y.)is only a function of the coordinates belonging to v

Cornell University 13
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Effective dimension of a stechastic function

0 Let f := > ucp |Ju| be the sum of all contributions to the mean value.
Here, |+| denotes the absolute value.

U Then, for the proportion « € (0, 1], the truncation dimension is defined
as the smallest integer N, , such that

>l =af,
whereas, the superposition dimension is defined as the smallest integer .,

such that )
Y.l =af

lu| <N
U The superposition dimension is also called the order of the HDMR
expansion.

U With the definition of effective dimensions, we can thus truncate the
expansion and take only a subset S of all indices u C D. Here we
assume that the set S satisfies the following admissibility condition:

uveSandvCu=vesS

This is to guarantee that all the terms can be calculated via the recursive
~expression for computing the component functions.

Cornell University 14
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Effective dimension of a stechastic function

U In practice, we always truncate the expansion by taking only a subset
of all indicesu C D. We can define an interpolation formula Asf for the S
approximation of f as

ASf — Z A(fu)

ucs

U Itis common to refer to the terms { f, : |u| = [} collectively as the] -
Aor-deemso. Then the expansion| order
number of collocation points in this expansion is defined as the sum of
the number of points for each sub-problem, i.e. M =", .5 M,

U However, the number of order- | component functions is ‘c'l:zli!(,\, iy » Which
Increases quickly with the number of dimensions. Therefore, we
developed an adaptive version of HDMR.

Cornell University 15
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Approximation error

U We fix a € (0,1] and assume that N, and N, , the corresponding
superposition and truncation dimensions, are known. With the definition

of the index set Sy, n. := {u C{1,..., N;}, |u|] < N,} , we have the
following theorem:

Theorem 1. Let & = Sy, n., and let A be the ASGC interpolant with the
same error threshold  for all the sub-problems. Then:

If — Asf] < e(Ng, Ny)e + &,

for all f € Fy. Here, the constant ¢(Ny, Ny) depends on the effective dimen-
stons. but does not depend on the nominal dimension N. ¢ 1s the truncation
error of according to the definition of effective dimensions.

U Therefore, it is expected that the expansion converges to the true value

with decreasing error threshold £ and increasing number of component
functions.

Cornell University 16
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Adaptive HDMR

U For extremely high dimensional problems, even a 2"d order expansion is
Impractical due to the increase of the number of component functions.
Therefore, we would like to develop an adaptive version of HDMR for
automatically and simultaneously detecting the truncation and
superposition dimensions.

U We assume each component function f, is associated with a weight 7u = 0
which describes the contribution of the term f..to the HDMR.

U First, we try to find the important dimensions. To this end, we always
construct the 0" - and 1st-order HDMR expansion. We define a weight:

SR, T = [ A0y

Then we define the important dimensions as those whose weights are
larger than a predefined error threshold 4, . Only higher-order terms which
consist of only these important dimensions are considered.

n;

Here, the L, norm is defined in the spatial domain.

Cornell University 17
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Adaptive HDMR

U For example, if the important dimensions are 1, 3 and 5, then only the
higher-order terms {13}, {15}, {35} and {135} are considered.

U However not all the possible terms are computed. For higher-order term,
a weight is also defined as

y — ||’]11||L2
Ta —
HZVE‘SJVKU—l Sy

Lo

We also define the important terms in a similar way. We put all the
Important dimensions and higher-order terms in to a set 7. When
adaptively constructing HDMR for each new order, we only calculate the
term fu whose indices satisfy the admissibility relation

uEeEDandv Cu=veT

Cornell University 18
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Adaptive HDMR

U Let us denote the order of expansion as pP. Furthermore, we also define
a relative error p of the integral value between two consecutive
expansion orders p.and p — 1 as

| S T = i1 o
HZ\ll\gp—l Ju

U If pis smaller than another predefined error threshold #,, the HDMR is
regarded as converged and the construction stops.

Lo

Lo

U In this way, the construction will automatically stop and then the obtained
HDMR expansion can be used as a stochastic surrogate model
(response surface) for the solution. Any statistics can be easily computed
through this expansion.

| Coarnell University 19
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Adaptive HDMR algorithim

Algorithm 2 Adaptive construction of the index set &
Initialize: Let S = {0}, R = {0} and T = {(}. Set p = 1.
Construct the zeroth and first-order component functions:
e Solve each sub-problem using the ASGC method with error threshold &
and add all the indices to S.
e Compute the weights of each first-order term. Add those dimensions which
satisty n = 6, to set 7.
repeat
e p«— p+ 1. Construct the set R whose indices satisty the admissibility
relation for |u| = p.
o IfR # {0}, for each index u € R, solve the corresponding sub-problem
using ASGC with error threshold £ and add all the indices to S.
e Compute the weight of component functions. Add those indices which
satisty n = 01 to set 7 and clear set R.
e Compute the relative error p.
until R = {0} or p < 6y;

) =) Cornell University 20
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Numerical example: Flow through random media

Basic equation for pressure and velocity in a domain
production well ./ Pu =f in D
u= kK @ In D

wheref (x) denotes the deterministic source/sink term.
Homogeneous boundary condition is applied. Mixed finite
Vol element method is used to solve the deterministic problem at

o ¢ the collocation points.
injection well

U To impose the non-negativity of the permeability, we will treat the
permeability as a log random field obtalned from the K-L expansion

Y (w) = log (K (w Zf(b

whereY is a zero mean Gaussian random field with covariance function

Cov(z,y) = o?exp (_ 1 — 1 _ |02 — ‘y2|)

L L

where [ is the correlation length and ¢ is the standard deviation.

Cornell University 21
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Numerical examEIe: K-L Eannsion

_-03f
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U The eigenvalues and their corresponding eigenfunctions can be
determined analytically. The Y; are assumed as i.i.d. uniform random
variables on [-1,1].

100

200

300

400

500

600

Series of eigenvalues
and their finite sums for
three different correlatior
lengths at s2=1.0

U According to the decay rate of eigenvalues, the number of stochastic
dimensions is N =33,10eand 500, respectively for L =1.0,0.cand0.25

U Monte Carlo simulations are conducted for the purpose of comparison.
For each case, the reference solution is taken from10° samples and all

Cornell University
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Standard deviation for different correlation lengths
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functions is 2271 while for the
full 2"d-order expansion it is
125251. The advantage of
using adaptive HDMR is
obvious.
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Standard Deviation
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Standard deviation of the v velocity-component along the cross section y=0.5 for different correlation lengths
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PDF at (0,0.5) for different correlation lengths
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PDF of the v velocity-component at point (0,0.5) for different correlation lengths
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Convergence of the normalized errors
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Algebraic convergence rate
better than MC

Nearly the same for three

cases, it does not depend

on the smoothness of the
random space
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Standard deviations for different s° with N =500
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PDF at (0,0.5) for different s?with N =500

900 180 w
s , — MC
800 = H — -
o =001 160 G =025 ———-p, = 107
700 140+ 91 =5 10'4 A
600+ 120+ ,,,.,,,91:10'4 J
. 500F . 100 g=10" |
e &)
400+ & gol i
300- 6ol i
2001 400 J
100+ 20l |
0 : ‘ ‘ ' L
0.01 0.011 0.012 0.(‘)/13 0.014 0015 0.016 00 001 002 003
/ " V
. . . 60 b
For low input variability, even 15t - _ o
order expansion is accurate sol | For moderate input va.nablllty,
15t order does not deviate
47 4 significantly from MC.
| | However, afew 2" -order
For high input variability, the 1st - terms are still needed.
order expansion deviates from 20 I
MC. More component terms are Lol |
needed to improve accuracy. et
o ‘ s ‘ L=0.25N =50(
-0.02 -0.01 0 001 002 003 004 005 006
v
PDF of the v velocity-component at point (0,0.5) for different
Cornell University
MaterialsProcess 'Design:and Control Laboratory 27




Convergence of the normalized errors withy N =500
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Direct solution of the 500
dimensional problem using ASG
is impractical due to the huge
computational cost.
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Convergence rate deteriorates
with increasing input
variability. However, it is still
better than that of MC

— Convergence of the normalized errors of the standard deviation of theV velocity-component for different
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Effect of choices of the reference

olnt

10 ¢

10

Normalized error of std

107

10

- —e— Reference point 1:
| —5— Reference point 2: (05,,0.6)
. —+— Reference point 3: (04,0.1)

TTTTE T T E

(05,0.5)

Y # Terms | # Points | N; | p
(0.5,...,0.5) 287 27968 23
(0.6,...,0.6) 880 170992 | 33 | 3
(0.1,...,0.1) 5526 1854460 | 33 | 4

U From our test studies, the mean vector always gives satisfatory results with much

rr r r rrrrrer r r rrrrerf r r rrrrerk r r rrrrree
3 4 5 6 7
10 10 . 10 10 10
# Points

less computational cost.

N, is the number of important dimension

p is the highest expansion order

U Itis also interesting to note that when'Y = (0.6, ...,0.6), in order to achieve an

error of order O(10~*) , the number of component functions is 880 while the number
Is 6018 when using conventional HDMR.

- Cornell University
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Natural Convection: Problem Definition

where IS the forcing function in the Navier-Stokes equations and
Pr is the Prandtl number of the fluid. In the problem considered later, IS the

Bousinnessq approximated buoyant force term i RaPr g, where Ra is the thermal
Rayleigh number and g is the gravity vector.

U The physical domain is taken to be a unit square. The Prandtl number is 1.0 and
the thermal Rayleigh number Ra is 1000. No slip boundary conditions are enforced
on all four walls. The left wall is maintained at a higher mean temperature of 0.5:

1 (&= |) Cornell University
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