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1 Introduction

There have been significant developments in the field of crystal
plasticity modeling and evolution of microstructure. For defor-
mation of FCC and BCC metals which deform predominantly by
crystallographic slip there is already a well developed mathemat-
ical theory [1–5]. Plastic deformation of hexagonal closed packed
crystalline (HCP) materials due to slip and twinning is less de-
veloped. HCP materials are characterized by highly anisotropic
mechanical behavior. Twinning and slip have shown to be impor-
tant deformation modes for these materials at low temperature.
Hence, realistic modeling of HCP crystalline materials requires
modeling of the deformation twinning in the constitutive equa-
tions.

The closed packed directions for crystallographic slip on HCP
materials are < 112̄0 > family of directions. Since these are per-
pendicular to the c-axis of the HCP crystals they lack the ability
to cause deformation along that axis. Twinning is considered to
be the mechanism that provides the inelastic deformation along
the c-axis.

The problem of incorporating the twinning mechanism into crys-
tal plasticity has been addressed in [6–10]. In these works, twin-
ning is treated as pseudo-slip and it is assumed that there exist
a critical resolved shear stress for twinning systems. Since twin-
ning consists of a sudden change in crystal orientation, texture
evolution due to twinning is different from that of slip. Various
models have been used to model texture evolution due to twin-
ning. One of the major difficulties in addressing the texturing due
to twinning has been to account for the new crystal orientation
generated by the twinning. In [7,11] a probabilistic approach is
used to avoid the difficulties associated with increasing number
of discrete crystal orientations. In these models, the orientations
of grains are updated only if the twinned volume fraction has
reached a certain value.
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Theoretical investigations of texture development are typically
based on discrete aggregate models. In these models, the poly-
crystal response is modeled through a representative volume of
material with discrete aggregates. An alternative method for tex-
ture evolution is to use a continuous representation of orientation
through the orientation distribution function (ODF) [6]. In this
method, the distribution of crystal orientations is modeled over a
three-dimensional orientation space. Finite element schemes for
the ODF were proposed in [4–6,12,13]. These are based on a
finite element representation of the ODF using piecewise polyno-
mial interpolating functions. This approach avoids using discrete
orientations and problems associated with increasing the number
of elements to account for new orientations created by twinning
during the process. However, it lacks the ability to capture grain
boundary accommodation and interaction between grains.

Further, in contrast to existing works, based almost entirely on
Euler angle spaces, the analysis of HCP polycrystals that follows
is based on Rodrigues’ space. Using this representation one can
use the crystal symmetries to reduce the space to a geometrically
simple region [6]. This will allow the texture evolution equations
to be solved over a reduced region of the space called fundamental
region. Moreover, due to symmetry of the space, textures have
a particularly simple structure over Rodrigues’ space. On this
representation, a conservation equation for the ODF evolution for
material deforming by combinations of multiple slip and twinning
is introduced similar to [6] which takes into account sudden jumps
in orientations as a consequence of twinning.

The orientation distribution function is updated in Rodrigues
space by solving this conservation type equation using the finite
element method. In addition to modelling texture evolution, this
also provides the means to predict the response of HCP polycrys-
tals. In [6], a constitutive model was employed for HCP polycrys-
tals but no effort was made in modeling the material stress-strain
response.
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In this paper, a rate-independent constitutive model is used for
predicting the response of HCP polycrystals due to slip and twin-
ning. Grain boundary effects are incorporated in the simulation
using the approach suggested in [7]. A new probabilistic criterion
for arresting twinning is proposed which is capable of predict-
ing different strain hardening stages reported in the literature.
A total Lagrangian approach is used to model the texture evo-
lution. The continuum representation of texture used in this pa-
per, enables one to model the texture evolution independent of
the choice of an aggregate and to avoid the difficulties associ-
ated with increasing the number of discrete crystal orientations
due to twinning. The model is validated for tension, shear and
compression modes.

The plan for the paper is as follows. In Section 2, the mathemati-
cal model for twinning is discussed and it is shown that twinning
can be considered as a pseudo-slip. In Section 3, a continuum de-
scription of polycrystals is represented along the necessary equa-
tions for texture evolution. In Section 4 the constitutive model
for polycrystalls undergoing slip and twinning is represented. Sec-
tion 5 discusses the reorientation of crystals. Section 6 presents
some numerical applications of the methodology. Section 7 con-
tains the discussion.

2 Twinning model

In modeling the twin as a pseudo-slip, the approach in [6] is
adopted here. Consider a single crystal consisting of untwinned
and twinned parts with volume fraction of the twinned part equal
to λ. Let ntw be a unit normal vector to the twinning plane and
btw be the twinning plane direction (Fig. 1). Let x be the original
position of a lattice point and x′ be its twinned position. The
displacement under twinning is proportional to x · ntw [6]:

x′=x + γ0b
tw(x · ntw)
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=(I + γ0(b
tw ⊗ ntw))x = Ftwx (1)

where γ0 is a constant of proportionality and Ftw, the deformation
gradient for the twinned part. The deformation gradient for the
untwinned part is the identity tensor (Fntw = I). The average
deformation gradient for the grain is calculated as follows:

F = λFtw + (1− λ)Fntw = I + λγ0b
tw ⊗ ntw (2)

Since in this model twinning occurs continuously, λ̇ exists and is
finite. Hence, the average macroscopic velocity gradient for the
entire grain can be written as [6]:

L = Ḟ F−1 = λ̇γ0b
tw ⊗ ntw = γ̇Stw (3)

From this we see that twinning on a single twin system could
be considered as a pseudo-slip with the shear rate γ̇ and Schmid
tensor
Stw = btw ⊗ ntw.

3 Overview of representation of HCP polycrystals

To set forward the necessary background for later developments,
a very brief description of microstructure associated with poly-
crystalline plasticity is provided. Consider a macroscopic material
point and let it be associated with the underlying microstructure
M. Using the Taylor hypothesis, response of any crystal of the
polycrystal is determined only by its orientation and does not
depend on attributes of neighboring crystals. The rotation R re-
lates the crystal lattice frame, êi, to a sample reference frame ei

as ei = R êi. The orientation R is not unique because of crystal
symmetries. This non-uniqueness has traditionally been resolved
by restricting the choice of orientation to a fundamental region.

The ODF (orientation distribution function), represented asA(r),
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is used to represent the crystal density over the fundamental
region. In this paper, the representation of the ODF given by
A(r, t) is Eulerian and Â(s, t) is Lagrangian (A(r, t) = A(r̂(s, t), t)
= Â(s, t)). When texture development is modeled, a reorienta-
tion vector r̂(s, t) is computed that maps the location r in the
reoriented region (at time t) to the corresponding location s in
the reference fundamental region (at time t = 0).

The evolution of ODF can be considered by the conservation
equation which in the Lagrangian framework has the following
format [14]

∫

Ω

(
Â(s, t) J(s, t) − Â(s, 0)

)
dΩ = 0 (4)

where J(s, t) is the Jacobian determinant of the re-orientation of
the crystals and Â(s, 0) = A0(s) is the ODF associated with the
reference map and can be thought of as the initial texturing of the
material. The Lagrangian version of the conservation equation is
then defined as:

Â(s, t) J(s, t) = Â(s, 0) = A0(s) (5)

The conventional Eulerian rate form of the conservation equation
is obtained by considering the rate of Eq. (5) as

∂A(r, t)

∂t
+5A(r, t) · v(r, t)

+A(r, t)5 ·v(r, t) = 0 (6)

where v(r, t) is the Eulerian re-orientation velocity. Such an Eu-
lerian representation of the ODF is useful in cases where elastic
effects are negligible. In a Lagrangian framework, the reorienta-
tion r̂ has to be calculated from the reorientation velocity using
the following relation:
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dr̂

dt
= v̂(r, t) (7)

The Jacobian determinant of the reorientation of the crystals can
then be calculated as J(r, t) = det(∇(r̂)).

3.1 Representing twinning in the orientation space

Twinning can be modeled as the reflection of the orientation in
the twinning plane. Let n be the unit vector normal to the twin-
ning plane. The mapping of the crystal through twinning can be
represented as [15]:

x′ = x− 2n(n.x) = (I− 2n⊗ n)x = T1x (8)

where T1 = I − 2n ⊗ n and I is the identity matrix. Since
this mapping represents a reflection, one would end up with
detT1 = −1. To represent this mapping with rotation, we need to
have detT = +1. We can achieve this through another reflection
detT2 = −1 that maps the lattice to itself. The resultant map
would be T = T2T1. Since all the crystallographic lattices are
symmetric with respect to reflection around the origin, one can
choose T2 = −I. For the 3D case, detT2 = −1 and one will end
up with [15]

Tx = (−I)(−I + 2n⊗ n)x

= (I− 2n⊗ n)x = T1x (9)

The resultant operator T can be seen as rotation of crystal axis
about the twin plane normal through an angle of π. Under the
quaternion parametrization of rotation space, this rotation can
be represented by a quaternion:

T q = ±[0,n] (10)

The steps required for calculating the lattice reorientation in the
fundamental region due to twinning is summarized as follows:
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(1) Convert parametrization of crystal lattice orientation in Ro-
drigues space (h) to the quaternion representation (hq).

(2) Perform the quaternion product q = T qhq

(3) Project q to an equivalent rotation qF in the fundamental
region based on crystal symmetries.

(4) Convert qF to the Rodrigues parametrization, hnew.

3.2 Conservation of the ODF considering slip and twinning

Twinning of the crystal lattice on a particular twin system uniquely
maps the orientation to another location in the fundamental re-
gion. Thus, twinning results in loss of volume fraction of a partic-
ular orientation and accumulation of the orientation at another
location in the orientation space. These can be regarded as source
and sink terms in the conservation equation (Eq. 4). Since the ma-
terial volume must be conserved, material leaving from a source
must show up at a sink.

At an orientation A(r, t), the source (φ) at an instant t contains
two terms arising from the loss of volume fraction of that orien-
tation due to twinning and the gain of orientation from its twin
images at positions rk in the orientation space. This is shown
schematically in Fig. 2. Thus φ(A, r, t) is given as [6],

φ(A, r, t) =
∑

k∈αtw

A(rk, t)λ̇k(rk)

−A(r, t)
∑

k∈αtw

λ̇k(r) (11)

Here, αtw is the set of images of the current crystal orientation
with respect to the twin planes of the twin systems and λ̇k refers
to the rate of change in volume fraction of the orientation at
time t due to twinning in the twin system given by k. Thus, the
presence of the conservation term modifies the evolution of the
ODF in the form,
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∫

Ω

J(s, t)(Â(s, t)−Φ(s, t))dΩ (12)

=
∫

Ω

Â(s, 0)dΩ

where Ω is the reference fundamental region and

Φ(s, t)=
t∫

0

φ(s, t)dt (13)

The total volume fraction of twinned crystals can be calculated
by only considering the untwinned portion (Ã) of the ODF as,

∫

Ω

J(s, t)(Ã(s, t)− Φ̃(s, t))dΩ (14)

=
∫

Ω

Â(s, 0)dΩ

Here, the source term due to the presence of twinning (Φ̃) is given
as [6],

Φ̃(s, t) =
t∫

0

φ̃(s, t)dt (15)

and

φ̃(s, t) = −Ã(s, t)
∑

k∈αtw

λ̇k(s) (16)

Only the volume fraction that is lost from each orientation is
calculated. The other term in φ(s, t) that corresponds to the ori-
entations coming from the other twin images is not used. Since
we concentrate only on the volume fraction of crystals that is
lost due to twinning, the equation for (Ã) no longer follows ODF
conservation. The volume fraction of twins is given by Ã(s, t) as,
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f = 1−
∫

Ω

Ã(s, t)dΩ (17)

The ODF, in the present work, is approximated with finite ele-
ment polynomial functions defined over an explicit discretization
of the orientation space based on Rodrigues parametrization. The
parametrization of R is derived from the natural invariants of R:
the axis of rotation n and the angle of rotation ζ. The angle-
axis parametrization (r) is obtained by scaling the axis n by a
function of the angle ζ as r = n tan

(
ζ
2

)
. The orientation R is

related to the parametrization r as

R=
1− r• r

1 + r• r
(I) (18)

+
2

1 + r• r
(r ⊗ r + I × r)

The polycrystal average of an orientation dependent property,
Υ(r, t), is determined as follows

〈Υ〉 =
∫

Ωt

Υ(r, t) A(r, t) dΩt

=
∫

Ω

Υ(r̂(s, t), t) (A0(s)

+Φ(s, t)J(s, t))dΩ (19)

where dΩt is defined as the volume element on the current fun-
damental region. One can conclude that if the re-orientation and
initial texture are known the average property for the polycrystal
can be calculated. Hence, there is no need to compute the current
ODF, A(r, t).
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4 Constitutive sub-problem for HCP crystals deforming
through slip and twinning

During deformation process of a HCP polycrystal, the deforma-
tion is manifested in the crystal in the form of crystallographic
slip, twinning and lattice re-orientation of crystals. Re-orientation
of the crystals occurs in an ordered manner such that a prefer-
ential orientation or texture develops. Consider a point on the
reference fundamental region corresponding to a particular crys-
tal orientation. In an appropriate kinematic framework for large
deformation inelastic analysis, the total deformation gradient is
decomposed into plastic and elastic parts as follows (Fig. 3)

F n+1 = F e F p (20)

where F e is the elastic deformation gradient and F p, the plastic
deformation gradient, with detF p = 1. This decomposition of
the deformation gradient results in the following

F e = F n+1 (F p)−1 (21)

In the following scheme, all vector and tensorial quantities are
expressed in the reference sample frame, i.e., the initial (macro-
scale) configuration. Furthermore, crystal specific properties like
the stiffness and compliance have to be transformed to the sample
reference frame using the crystal orientation r. At time t = tn+1,
the following steps are followed to update the texture and obtain
the necessary quantities at a material point in the sample. The
data that is known at time t = tn+1 includes {F n, F n+1}, the
deformation gradients at time t = tn and tn+1, the Cauchy stress
T n and the ODF A(r, tn) at time tn. The task of the constitutive
sub-problem is to identify the elastic-plastic decomposition of the
deformation gradient and the Cauchy stress at time tn+1. Further,
this information is used to calculate reorientation of the crystals
which is in turn used to update the ODF.
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In the constitutive equations to be defined below, the Green elas-
tic strain measure is defined on the relaxed configuration (plas-
tically deformed, unstressed configuration) B̄. It is represented
as Ē

e
= 1

2

(
F eTF e − I

)
. The conjugate stress measure is then

defined as T̄ = detF e(F e)−1T (F e)−T where T is the Cauchy
stress for the crystal in the sample reference frame. In the fol-
lowing analysis, crystal specific properties like the stiffness and
compliance are transformed to the sample reference frame for
each crystal using the position r in the orientation space. The
trial elastic strain (Ē

e
trial) is first calculated as:

F e
trial =F (F p

n)
−1

Ē
e
trial =

1

2
((F e

trial)
TF e

trial − I)

(22)

This is followed by a calculation of a trial stress T̄ trial and trial
resolved shear stress τ α

trial on each slip and twin system:

T̄ trial =Le[Ē
e
trial]

τ α
trial = T̄ trial · S0

α

(23)

Here Sα
0 = mα ⊗ nα is the Schmid tensor and γ̇α is the plastic

shearing rate on the αth slip or twin system. mα and nα are the
slip or twin direction and plane normal, respectively. There is a
critical resolved shear stress above which slip and twin systems
are activated. Such a set PA of potentially active slip and twin
systems are identified initially based on the trial resolved stress
as the systems with |τ α

trial| − sα(t) > 0.

The evolution of plastic deformation gradient can be written as

Ḟ p = LpF p (24)
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The flow rule should be modified to take into account the grain
boundary accommodation effect. In [7], the use of an extra isotropic
term is suggested for this purpose. The shearing rates on the slip
and twin systems, γ̇α is found using the following flow rule,

Lp = (1− ξ)
∑
α

γ̇αsign(τα)Sα
0 + ξM (25)

M = ε̇0(
σ̄ − sth

s
)

1
m

(
3T

′

2σ̄
) (26)

σ̄ =

√√√√3

2
T

′ · T ′
(27)

where ε̇0 is a constant, ξ is nonzero only if σ̄ > sth and s is an
internal variable with a threshold value sth. As suggested in [7],
the localized non-crystallographic effects around grain boundaries
can be approximated by a grain boundary layer with a very small
volume fraction (ξ ¿ 1). The layer is assumed to follow a simple
isotropic flow rule. Hence, the isotropic term is added to the flow
rule to account for grain boundary effects. Since the assumption
of fully bounded grains leads to unrealistically high stress this
term helps in bounding the stress level.

Using an Euler-backward time integration procedure, one can
write,

F p
n+1 = (I + ∆tLp)F p

n (28)

Substituting Eq. (28) in Eq. (21) results in

F p
n+1 = F e

trial(I − (1− ξ)∆t×
∑
α

γ̇αsign(τα)Sα
0 − ξM∆t) (29)
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During plastic flow the active systems are assumed to follow the
consistency condition: |τ α| = sα and a simple non hardening as-
sumption is used for the slip and twin resistances (ṡ(i) = 0). The
bar stress (the conjugate to the green elastic strain;the second
Piola-Kirchhoff stress) is then given by,

T̄ = T̄ trial − (1− ξ)
∆t

2

∑

β

sign(τ β
trial)γ̇

βLe[Bβ]

− ξ
∆t

2
Le(F e

trial
TF e

trialM + (M )TF e
trial

TF e
trial)

(30)

The updated shearing rates γ̇β are obtained by solving the fol-
lowing equation:

| τ α| = |τ α
trial| − (1− ξ)

∆t

2
×

∑

β

sign(τ α
trial)sign(τ β

trial)γ̇
βLe[Bβ] · Sα

0

− ξ
∆t

2
sign(τ α

trial)L
e(F e

trial
TF e

trialM

+ (M)TF e
trial

TF e
trial) · Sα

0 (31)

where, α ∈ PA and,

Bβ = [(Sβ
0 )

T (F e
trial)

TF e
trial + (F e

trial)
TF e

trialS
β
0 ]

(32)

The system of equations for xβ = γ̇β ≥ 0 takes the form:

∑

β∈PA
Aαβxβ = bα (33)

where,

Aαβ =
∆t

2
sign(τ α

trial)sign(τ β
trial)L

e[Bβ] · Sα
0
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(34)

bα = |τ α
trial| − sα − ξ

∆t

2
sign(τ α

trial)

×Le(F e
trial

TF e
trialM

+(M )TF e
trial

TF e
trial) · Sα

0
(35)

If for any slip system γ̇β ≤ 0, then this slip system is removed
from the set of potentially active systems. The system of Eqs. (33)
is solved until for all slip systems γ̇β > 0.

The plastic part of the deformation gradient and the Cauchy
stress are computed as follows,

F p =(I + ∆tLp)F p
n

T =F e[det(F e)]−1T̄ (F e)T

(36)

The change in the volume fraction of twin systems used in Eq. (3)
for updating the average macroscopic velocity gradient is now
given as,

λ̇α(t) =
γ̇α

γ0

(37)

5 Reorientation of crystals

The reorientation velocity is given as follows:

v =
∂r

∂t
=

1

2
(ω + (ω · r)r + ω × r) (38)
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where r is the orientation (Rodrigues’ parametrization) and ω

represents the spin vector defined as ω = vect
(
ṘeReT

)
=

vect (Ω) where Re is evaluated through the polar decomposition
of the elastic deformation gradient F e as F e = ReU e. Con-
sidering the Euler-backward time integration of ṘeReT = Ω,
where Ω is the spin tensor, leads to the following:

Re
n+1 = exp(∆tΩn+1)R

e
n (39)

and

Ωn+1 =
1

∆t
ln

{
Re

n+1R
eT
n

}
(40)

From the elastic deformation gradients, Re
n+1 and Re

n are eval-
uated and one can evaluate the spin tensor Ωn+1 using Eq. (40)
and then the re-orientation velocity from Eq. (38). Further, post-
processing involves computing the average Cauchy stress from

〈T 〉 =
∫

Ωt

T (r, t) A(r, t)dΩt (41)

5.1 Arresting of twin systems

Experimental results show that the volume fraction of twins for
HCP materials saturates at a level significantly smaller than
unity [16]. This shows that after twinning starts some restriction
must be imposed on propagation of twins.

A number of different mechanisms have been proposed to deter-
mine where the deformation twinning activity should stop [6,16].
In [6], it is assumed that twins are not likely to form if they are
going to intersect existing twins. A random function was used
to relate the probability of intersection of twins to their volume
fraction. Then this random function is used to stop the twinning
activity. The random function was constructed from geometric
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arguments in which a hypothetical grain is considered as an av-
erage of real grains.

As suggested in [17], only a small portion of grains show cross
twinning in comparison to the total number of twins. Hence, for
arresting the twin systems the following method is used. For al-
most all twin systems, the twinning is stopped after the satura-
tion volume fraction is reached. However, based on a probabilistic
criterion given below, some of these twin systems may get acti-
vated. This method is used to activate the primary systems that
undergo twinning and deactivate the rest due to obstacles to twin-
ning. The small probability of cross twinning is also taken into
consideration by allowing the twinning to happen after the twin-
ning volume fraction passes the saturation volume fraction and
satisfies the inequality criterion described below. The algorithm
used for arresting twinning is summarized below:

f < fsat twinning is allowed
f > fsat twinning is allowed only if f > Pf

where Pf is a random variable. In this paper, Pf is assumed to
have a uniform random distribution between 0.3 and 1.0 [7] and
fsat is assumed to be 0.2 as suggested in [6].

6 Numerical results

6.1 Example 1: Validation of texture evolution for Titanium

In this example texture evolution is examined for Titanium which
has a HCP structure. A plane strain compression mode is as-
sumed with a true strain rate equal to unity. The active slip and
twinning systems are shown in Table 1. The values used for the
elastic moduli are the following [18]:

C11 = 256.6 GPa, C12 = 0.36 GPa, C13 = 69.7 GPa, C33 =
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325.13 GPa, C55 = 46.71 GPa.

No grain boundary effect is considered for this example. The fol-
lowing material parameters for slip and twinning systems are used
for constitutive model:
sbasal = 8.0 MPa, sprismatic = 1.0 MPa, spyramidal = 10.0 MPa
and stwin = 1.25 MPa.

The initial texturing of the material is assumed to be random.
The orientation distribution function is represented in Rodrigues
space in Fig. 4. The reference fundamental region is obtained
from this space after applying the necessary HCP crystal sym-
metries. It is discretized into 111 tetrahedral elements. The total
Lagrangian ODF corresponding to an effective strain of ε = 0.5
is shown in Fig. 5. It is in a very good agreement with the results
of [6] shown in the same figure.

6.2 Example 2: Validation of constitutive model and texture evo-
lution for Titanium

For validating the constitutive model α-titanium is used in this
example. The result of stress-strain curve and final texture is
compared with the experimental result reported in [19]. No grain
boundary effect is considered for this example and the same slip
and twinning systems as Example 1 are used with the following
material parameters taken from [19]

sbasal = 150 MPa, sprismatic = 30 MPa, spyramidal = 120 MPa,
stwin = 125 MPa.

It should be emphasized here that the differences between the
material parameters used in [6,19] is due to the fact that in [6]
there was no attempt to match the stress-strain response with
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experimental results.

The initial texturing of the material is assumed to be random.
The texture prediction for simple shear mode shown in Fig. 6 is
in a good agreement with experimental results reported by Wu
et al. [19]. The predicted result captures the strong textures in
{0001} and {101̄0} pole figures. Although the work in [19] failed
to completely capture the strong features seen in {0001} pole
figure obtained from experiment, the present work was able to
show a good agreement with the experimental result.

Finally, the predicted stress-strain response for the simple shear
mode is compared with experimental data in Fig. 7. The exper-
imental data and numerical result reported in [19] are in good
agreement with the computed result in this work. It should be
emphasized that in [19] a strain hardening model is used. The
present work is thus able to capture well the strain hardening
effect.

6.3 Example 3: Validation of constitutive model and texture evo-
lution for magnesium alloy AZ31B

To examine the constitutive model and the algorithm for tex-
ture evolution, magnesium alloy AZ31B (96.486% Mg, 2.798%
Al, 0.715% Zn, Balance, Mn, Fe) is studied. The experimental
results taken from [7] are obtained from a hot-extruded rod of
alloy AZ31B subjected to tension and simple compression tests.
The initial texture of the specimen is shown trough {0001} and
{101̄0} pole figures in Fig. 8. The material is subjected to a sim-
ple tension test with a constant true strain rate 2× 10−4s−1. The
following values are used for the elastic moduli [20]:

C11 = 58 GPa, C12 = 25 GPa, C13 = 20.8 GPa,
C33 = 61.2 GPa, C55 = 16.6 GPa.
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The operative slip and twinning systems are assumed to be basal
(0001) < 112̄0 >, prismatic 101̄0 < 112̄0 >, pyramidal 101̄1 <

112̄0 > slip systems and pyramidal 101̄2 < 1̄011 > twinning
systems. These are shown in Table 1. The material parameters
used for constitutive model are:

sbasal = 0.55 MPa, sprismatic = 105 MPa, spyramidal = 105 MPa,
stwin = 18 MPa.

for slip and twinning systems and

sth = 170 MPa, s = 220 MPa, ε̇0 = 0.001 s−1, m = 0.07,
ξ = 0.05
for grain boundary accommodation [7].

The calculated {0001} and {101̄0} pole figures after 15% strain
in simple tension are shown in Figure 9. Comparison between
the final computed texture from the current study and the exper-
imental data from [8] shows a good agreement. We believe that
the failure of the computed crystallographic texture to show a
perfect symmetric pattern in the {101̄0} polefigure is due to the
fact that the current model considers the texture as a continu-
ous distribution and spatial configuration of crystals is neglected.
Whereas, in the experiment reported by Staroselsky and Anand
[8] both the initial and final textures correspond to a specific
spatial configuration of crystals.

The stress-strain curve is also compared in Fig. 10 with the re-
sults given in [7]. In [7], the polycrystal is modeled as a discrete
set of orientations, whereas in this work, ODF representation of
the polycrystal is used to avoid the dependency of the final result
on the initial selection of the spatial configuration of the orien-
tations. This work provides a general approach by representing
all the structures that have the same orientation distribution. Al-
though in both cases the initial pole figures look alike, the anal-
ysis in [7] is based on a specific selection and ordering of crystal
orientations in the model. They argue that they select the initial
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orientation of their discrete crystals such that they obtain the de-
sired pole figures for the initial texture. In contrast, in the current
method all textures with the desired pole figures are considered
through the orientation distribution function. If a discrete repre-
sentation of texture is used, one needs to split the finite elements
to take into consideration the newly generated orientations due
to twinning. In this work, however, application of a continuous
representation of texture eliminates this problem.

The predictive capabilities of the model were also tested for the
simple compression mode. The stress-strain curve is compared
in Fig. 11. The computed result for texture evolution is given in
Figure 12 and shows good agreement with the experiment data
reported by Staroselsky and Anand [7].

Comparing Figs. 10 and 11, we note that the already reported [7]
asymmetric behavior of tension and compression modes is ap-
parent. This behavior can be explained by the evolution of the
texture. The compressive mode of deformation and the initial
texture makes the twinning and basal slipping to be more ac-
tive. During the texture evolution the crystals align their c axis
along the compression direction which makes the resolved shear
stress on the basal plane to be very small and the pyramidal slip
systems become active [7].

Again, the experimentally measured and numerically modeled re-
sponse show a good agreement. The reader should notice that the
model used by Staroselsky and Anand [7] considers the actual
spatial configuration of the crystals and as they point out in their
paper due to the non-hardening model used, the observed strain
hardening is related to the evolution of the microstructure. Con-
sidering the fact that the current model neglects the exact spatial
configuration of microstructure and uses a 1-st order representa-
tion, the stress-strain result shows an acceptable agreement with
that of experiment. Notice that although a non-hardening model
is used this work is able to capture the hardening part of the
stress-strain curve by restricting the twinning after the satura-
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tion limit is met. The strain hardening curve is also shown in
Fig. 13. The same trend for strain hardening in simple compres-
sion mode is reported in [19]. It should be noticed that the fsat

and probability function Pf discussed earlier are responsible for
the different stages seen in the figure.

Looking at Eq. (30) and neglecting the grain boundary effect for
now (assuming ξ = 0) makes this more clear. It is obvious that
the role of the second term on the right hand side is to reduce
the amount of stress. This reduction is caused proportional to
the amount of plastic strain.

When volume fraction of the twinned part is less than fsat all sys-
tems are allowed to contribute to the flow rule which causes stage
A in which strain hardening is decreasing. After reaching fsat the
corresponding twin systems are taken out of the active systems
which makes it harder for the plastic strain to develop, hence
mimicking stage B which has an increasing strain-hardening rate.
After the volume fraction of the twinned part passes the lower
range of the Pf function, there will be a probability of includ-
ing the twin systems in the active systems. This in turn initiates
stage C which is characterized by a decreasing strain hardening
rate.

From this example it is apparent that the method discussed in
this work is able to reproduce the stress-strain relation and tex-
ture evolution of magnesium alloy AZ31B.

7 Conclusions

In this paper, a continuum approach for representing HCP poly-
crystals undergoing both slip and twinning is presented using a
Lagrangian framework. The proposed methodology is applied to
Titanium and Magnesium alloy AZ31B and the computed texture
and stress-strain response have shown to be in good agreement
with experiments and results from other numerical approaches.
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The need for splitting existent elements to allow for newly gener-
ated orientations is eliminated by using a continuous method in
the space of ODFs. This continuous method is general and can
be used with any single crystal constitutive model. In addition,
the probabilistic approach presented here is able to match exper-
imental results using only a few parameters. In fact, the current
non-hardening model is able to capture the macro- and micro-
behavior of polycrystals without a need to search for harden-
ing parameters. The proposed methodology is based on reported
physical phenomena of twinning like saturation of twinning and
existence of different stages in the strain-hardening regime.

The continuum representation of texture used in this paper rep-
resents the volume fraction of crystallographic orientations but it
neglects the size, topology and shape of the grains. The authors
recognize the fact that considering the spatial configuration of
crystals leads to models that have greater flexibility in matching
experimental data. The present model, however, is a great tool
for fast exploration of the process/structure/property space since
it was shown to reasonably represent the microstructure evolu-
tion without significant computational cost. In addition, the con-
tinuous representation of texture provides a natural framework
for designing of texture-dependent properties using a mathemati-
cally rigorous continuum sensitivity method (CSM) [4,21]. When
a viable texture distribution is obtained for desired material prop-
erties, a more accurate model can be used subsequently to inves-
tigate the effect of the spatial distribution of the microstructure.
Work is on progress in applying this model to multiscale design
applications.
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Fig. 1. The lattice in the twinned region has a special orientation in relation
to the untwinned crystal, defined by a reflection across the twinning plane.
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Fig. 2. Images of r in the orientation space with respect to twin system k. The
orientation r acts as a source to the images rk while it gains volume fraction
when it acts as a sink to the volume fraction lost by rk.
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Fig. 3. Evolution of various material configurations for a single crystal as
needed in the integration of the constitutive model. Here mα denotes the
slip direction and nα denotes the slip normal, which together define the slip
systems. F r is the relative deformation gradient. The mechanism at time tn
is slip alone. At time tn+1, twin systems are activated which causes additional
lattice reorientation (Rtwin) and a pseudo-slip.
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Fig. 4. (left) - Initial random texture shown in Rodrigues fundamental space
for HCP symmetries; (right) - Computed texture shown in Eulerian format.
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Fig. 5. (left) - Computed texture shown in fundamental space from
(Myagchilov and Dawson, 1999); (right) - Computed texture from this work.
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Fig. 6. Computed crystallographic texture in simple shear for α-Ti at γ=-1.00.
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Fig. 7. Comparison between experimentally measured and numerically simu-
lated stress-strain curve (Wu et al., 2007) and the result from this work.
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Fig. 8. Initial texture used in this work for Mg.
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Fig. 9. Computed crystallographic texture in simple tension for the tensile
strain of 15%.
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Fig. 10. Comparison between experimentally measured and computed stress-s-
train response from (Staroselsky and Anand, 2003) and the result from this
work.
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Fig. 11. Comparison between experimentally measured and numerically sim-
ulated stress-strain curve (Staroselsky and Anand, 2003) and the result from
this work for the simple compression mode.
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Fig. 12. Numerically simulated crystallographic texture in simple compression
for the compressive strain of 18%.
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Fig. 13. Normalized strain hardening response of magnesium alloy AZ31B in
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Pf are defined in Section 5.1.
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Table 1
HCP slip system parameters (Staroselsky and Anand 2003)

Type Slip plane normal Slip direction

Basal {0001} < 112̄0 >

Prismatic {101̄0} < 112̄0 >

Pyramidal {101̄1} < 112̄0 >

Twin {101̄2} < 1̄011 >
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