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0.1 Introduction

In recent years there has been signi cant progress in dgiyargiand modeling the
effect of input uncertainties in the response of PDEs using statistical methods.
The presence of uncertainties is incorporated by transfaythe PDESs representing
the system into a set of stochastic PDEs (SPDES). The spegirasentation of the
stochastic space resulted in the development of the GézedtdPolynomial Chaos
Expansion (GPCE) methods (Ghanem 1991; Ghanem and Spafihs GBanem
and Sharkar 2002; Xiu and Karniadakis 2002, 2003). This@gugr requires exten-
sive revamping of a deterministic simulator to convert ibitits stochastic coun-
terpart and has issues with scalability when applied toelagale problems. To
solve large-scale problems involving high-dimensionatbkastic spaces (in a scal-
able way) and to allow non-smooth variations of the solutiothe random space,
there have been recent efforts to couple the fast conveegeitice Galerkin methods
with the decoupled nature of Monte-Carlo sampling (Velarsokan and Zabaras
2005; Babuska et al. 2005a,b). The Smolyak algorithm has beed recently to
build sparse grid interpolants in high-dimensional spaiabfle et al. 2008; Xiu
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and Hesthaven 2005; Xiu 2007). Using this method, intetfmiaschemes for the
stochastic solution can be constructed with orders of ntadaireduction in the
number of sampled points. The sparse grid collocationegyaprovides a seam-
less way to scalably incorporate the effects of multiplersesi of uncertainty in an
embarrassingly parallel way. It only utilizes solutionsdefterministic problems to
construct the stochastic solution. This allows the use terddnistic legacy codes in
a stochastic setting. Furthermore, reduction in comparatieffort can result from
adaptively constructing the representation based on ta behavior of the stochas-
tic solution (Ganapathysubramanian and Zabaras 2007; K& abaras 2009). The
mathematical framework to solve SPDEs is a thriving, maticewith a few more
issues that have to be resolved (Ma and Zabaras 2009; WananiéhHakis 2005).

These developments in direct stochastic analysis raispabgibility of solving
the corresponding stochastic inverse problem: the probliedesigning/estimating
the evolution of a system in the presence of multiple souofascertainty given
limited information. Speci cally,the development of a non-statistical framework
that only utilizes deterministic simulators for the invenalysis and/or design of
complex systems in the presence of multiple sources of taimtggs We are inter-
ested in two classes of stochastic inverse problems in otleameatical setting.

The rst class of problems istochastic inverse/estimation problen@onsider
a complex system that is inherently stochastic due to uaictigs in boundary
conditions or property distribution. The problem is to nestuct thesetochastic
boundary conditions, source terms, and/or property variatgiven statistical sen-
sor data (in the form of moments or PDFs) of the dependenabtas. Posing the
problem in terms of available statistical sensor data empeases most traditional
scenarios: (i) when the sensor data is from a single expetimdere the stochas-
ticity creeps in due to measurement errors/uncertaindied, (i) when the sensor
data is from statistics of multiple experiments, where tioelsasticity creeps in due
to uncertainties in both measurement and parameters (opecanditions, property
variability).

The second class of problemssi®chastic design problemEhe motivation for
posing these problems is to design operating conditionshwiainsure that a system
exhibits a speci ¢ desired response even when the propartgtion in the system is
uncertain. The goal is to construct the optimal stochaspat (since the input also
cannot be imposed with in nite certainty) such that a systesponse is achieved
in a probabilistic sense in the presence of other sourcenoértainty. Based on
our recent work in constructing realistic input models ogbpdmgical and mate-
rial/microstructure variability using limited and gappatd (Ganapathysubramanian
and Zabaras 2008, 2007), the proposed framework has widgngaapplicability.
Fig. 1 shows two applications where the underlying geomgtipological and mate-
rial uncertainties have to be accounted for during the aesighe optimal operating
conditions.

Deterministic inverse techniques (based on exact mataritepst-squares opti-
mization) lead to point estimates of unknowns without r@aly considering system
uncertainties and without providing quanti cation of theagrtainty in the inverse



Figure 1 Two proof-of-concept design applications with topologicaaterial and

operating uncertainties. Left: A micro-scale heat-sinkeexact material distribu-
tion in the device is unknown (random heterogeneous mdteHawever, we want
to maintain a speci ¢ temperature pro le in region "B' whesdso the heat ux is
zero. The stochastic design problem is to nd the optimaltheaat "A' such that

this condition is satis ed in the presence of material uriaty. Right: The oper-
ating conditions (potential difference) across the MEM8§taver-switch has to be
designed in the presence of geometric and material unceitsi

or design solution (Sampath and Zabaras 2001). It is clegtgssary to incorpo-
rate the effects of uncertainty in property variation andragting conditions for the
design of components and devices that perform satisfacioria variety of con-
ditions. Beyond the obvious technological signi cance loé fproposed framework,
there are several mathematical challenges involved. Nethiengatical metrics and
strategies have to be developed to pose and solve stocimastise and design prob-
lems. The high stochastic dimensionality of the directIséstic problems necessi-
tates the development of computationally tractable yetiiate optimization strate-
gies with low storage overhead. One also needs to investity@t possibility of
stochastic model reduction to alleviate these issues.

The framework discussed here is a non-statistical framefeostochastic design
and estimation. This is in contrast to the Bayesian infezeapproach that provides
a complete probabilistic description of the unknowns anceutainties given mea-
surement data (Kaipio and Somersalo 2005; Somersalo angt€@£007; Wang
and Zabaras 2005a, 2004, 2005b, 2006). The Bayesian appraaoporates the
known information regarding the unknown parameters antésysncertainties into
a prior distribution model that is then combined with theslikood to formulate the
posterior probability density function (PPDF). There afevaissues with Bayesian
inference that have motivated the development of altematens of solving stochas-
tic inverse/design problems. The higher-order statigifdhe unknown are highly-
dependent on the form of the prior distribution chosen. lkemmnore, the inputs to
this framework are a nite number of deterministic sensoraswements, i.e. this



methodology provides no means of incorporating statigtia¥/or PDF of the mea-
sured quantities. Furthermore, this framework has not lapgtied to design prob-
lems with multiple sources of uncertainty. In addition, axrstatistical framework
allows one the exibility of working with different repres¢ation of uncertain elds
and naturally incorporating the effects of correlatioristers. Furthermore, the pro-
posed mathematical framework provides quantitative nreasaf convergence and
the ability to selectively re ne the stochastic solution.

With the direct stochastic solution of large-scale complestems having reached
a level of maturity, this chapter turns to the problem ofizitilg these strategies
in the control and design of such systems in the presencea#rtainties. Table 1
below summarizes the main features of this work. We will higjit a stochastic opti-
mization framework where the uncertainty representatidmaised on a sparse grid
collocation approach. Utilizing a sparse grid collocatstrategy guarantees scala-
bility, the ability to seamlessly incorporate multiple soes of uncertainty and more
importantly relies entirely ormultiple calls to deterministic simulatof#a and
Zabaras 2009). Issues with regularization and the mathesnait posing and solv-
ing the sensitivity equations will be considered. Usingarsp grid representation of
the design variable, we propose to convert the stochastimization problem into
a deterministic optimization problem in a higher dimensiospace (Zabaras and
Ganapathysubramanian 2008). This deterministic optitimizgroblem will subse-
guently be solved using gradient based optimization. Alsietic sensitivity compu-
tation method to compute the sensitivity of the dependemthststic variables with
respect to the estimated/design stochastic variablesohae tormulated. This for-
mulation arises naturally from posing the problem in thespgrid framework and
involves multiple calls to deterministic sensitivity ptems. Stochastic model reduc-
tion strategies and ef cient stochastic Hessian calcotatitrategies will accelerate
the optimization framework while keeping the computaticaaral storage overhead
manageable. We will examine a number of proof-of-concepliegtions that have
been studied widely within the Bayesian framework as welstaghastic design
problems for which the present methodology maybe more gpjate.

Table 1. Tasks for the solution of stochastic inverse prokle

Develop a stochastic inverse/design framework based oentec
advances in representing and solving SPDEs using noistgtatj non-
intrusive methods.

Develop a mathematical framework that seamlessly utiliasrmin-
istic legacy simulators (including off-the-shelf optiration algorithms)
and incorporates multiple sources of uncertainty.

Develop highly scalable algorithms for computing stoclcasgnsitiv-
ities and stochastic Hessian.

Utilizing stochastic model reduction strategies to aacedtethe opti-
mization framework.




0.2 Mathematical developments

We herein introduce various mathematical and algorithrsjweats of posing and
solving stochastic inverse problems. The critical questim be addressed include:
(a) representation of the stochastic estimated/desigahlas, (b) modeling the effect
of multiple sources of uncertainties in the inverse soluiad addressing the curse
of dimensionality (c) the de nition of appropriate stoctiasmetrics to compare
stochastic solutions, (d) the de nition of the stochastmstivity variables and
equations and (e) the need for a mathematical framework futetreduction to
accelerate the optimization problem for large-scale molsl. Each of the above
proposed developments are described in some detail next.

0.2.1 The stochastic inverse problem: Mathematical proble
de nition

Consider a PDE-de ned system over a domdn,Assume that we are interested
in the behavior of the system in a time inter\al This system is affected by multi-
ple sources of uncertainty. This is because the input ciamdit(initial conditions,
boundary conditions, forces, material properties) cafmeoknown/imposed with

in nite certainty. Denote the set of input conditionsfag g, €.9.q can represent a
boundary forcing term and a distributed material property. The dependent variable
u is a function of space, time and the input parameftgrs g. The evolution of the
system is described by a set of coupled SPDEs as

B(u;x;t:fq; g)=0; (1)
with the appropriate boundary and initial conditions gitsn

L(u;x;t:fg; g)=0: (2)
To numerically solve Egs. (1-2), it is necessary to have g dimensional repre-

sentation of the input uncertainty Deb et al. (2001). Detbie nite dimensional
representation as

4= GOtY e Yq2 4 (a); =G(x;tY ) Y 2 (B; ()
whereG, : ¢! ¢, where 4 isthe space of all possible realizationsofSimilar
de nitions hold for G; : ! . The set of inputs belong to a tensor product

space, i.e. they have spatial and temporal dependepce2D T ) as well as
depend on the input uncertaintiegd 4, 2 ). By the Doob-Dynkin lemma,
the dependent variable also belongs to the corresponding tensor-product space,
albeit one that is transformed by the differential operaofu 2D T
a)-
Given a numerical representation of the input quantiti&s®i andG,), we uti-
lize sparse grid collocation strategies to solve this distachastic problem. The



basic idea is to represent the input stochastic quantitiésrims of a nite number
of realizations and a set of multi-dimensional interpolgtpolynomials:

Xa X
q= aiLi(a); = iLki () (4)

i=1 i=1

Egs. (1-2) are solved for the nite s@tg;g;f ;g) of realizations of the input stochas-
tic quantities and the stochastic solution is represerged a
Xa X
u(sa )= uig g LML () (5)

i=1 j=1

Hence given an abstract representation of the input sttcltasantities in terms of
a nite number of random variableg q andY , it is straightforward to solve for
the stochastic dependent variable.

The inverse/design problems of interest can take severaisfoln all cases,
part of the boundary conditions or a source term or a matprerty need to be
computed using some additional data provided either aosamsasurement of the
dependent variable or as desired system respongéthout loss of generality, we
assume that the stochastic representation of one set of eagnditions is speci-
ed, while the representation of the other set of stochaisijput conditiongy has to
be determinedViathematically, this is stated as:

Given = G(x;t;Y ) nd g suchthatu satises

B(u;x;t:fq; g)=0; (6)
L(u;x;t:fq; g)=0; (1)
andu = H; 8)

whereH is the desired stochastic evolution or measured stochasiem response
in some locations in space and timecan represent the known material property
variability andg an unknown boundary condition.

A naive formulation would be to construgt= G(Y 4) given the input data and
measurement. But there are inherent dif culties with tlsjgeci cally, (a) the depen-
dent variable belongs to the tensor product spage g and there is no
simple way to decompose it back into its constituent sp&aeshermore, it is impor-
tant to emphasize that the stochastic representatien (Y 4), of any random
process is a purely abstract scheme. From a physicallyzedddi/observable per-
spective, onlyoperationson the stochastic representatiors G(Y o), make sense
(for instance, realizations of events, moments or the PDDRgse operations are
reduced(or averaged) representations of the abstract random gsoid@s observ-
ability/measurability argument strongly points to the essity of posing the inverse
stochastic problem in a way that the measured or desired ridgr# variables are
given in the form of moments or PDMoreover, it is appropriate to de ne the
expected/measured/designed quaritify) in terms of realizations, moments or



PDFs. In addition, recent work (Petersdorff and Schwab 28@&wab and Todur
2003, 2001) suggests that the direct stochastic equatasesipn the form of moments
or PDF have rigorous existence and uniqueness argumentar@aand Ganapa-
thysubramanian 2008).

In this work, the solutiorg of the inverse problem is computed in the form of
moments or PDF. For simplicity, the domar;t) 2 (Dq; T) of g is not shown
explicitly in the following equations. That is, given = G (x;t; Y )

Find (a) hg®i or, (b) PDF(q) suchthatu satis es
B(u;x;t:fa; 9)=0; (9)
and the desired behavior given by, (@)*i = H or, (b) PDF (u) = H:(10)

0.2.2 The stochastic metrics and representation of the invee
stochastic solutiong

As discussed in Section 0.2.1, the measurement values de#iired system response
u is given at some locations within the domain in two forms,. day (x;t) 2

(Ds; T): Case I: The mean and higher order moments of the systemnesjaoe
given,lu*(x;t)i = Hy(x;t),fork 1and Case Il: The PDF of the system response
is given PDRuX(x:;t)) = H(x;t). Corresponding to these physically meaningful
input data statistics, the inverse problem solution wilhgtuct the statistics of the
designed eld as follows:

Case't
Given the known stochastic input parameterss G (x;t; Y ), nd the
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(x;t) 2 (Ds; T).

Case Il

Given the known stochastic input parameterss G (x;t; Y ), nd the
PDF of the stochastic input, PO&(x; t; :)], such that the stochastic system
de ned by Eq. (1), results in statistics of the dependeniakde correspondt
ing to PDHu(x;t;:)] = H(x;t), (x;t) 2 (Ds; T).

In design applications, the given moments or PDFs shoulchtexpreted as
“desired' variability or performance robustness. In thateat of inverse problems
driven by data, this variability maybe induced either byssemoise (in the case of a
single experiment) or e.g. because of the variability of#trelom topology (repeated
experimentation with random realizations of the mediunt lgéd to variability in
measurements even without measurement noise). All of fireddems can be stated
in the forms proposed above.



In this chapter, we are interested in designing for highdepstatistics of the
input elds. However posing and solving for the statistiasedtly will have the
additional bottleneck of having to construct appropridtesgre arguments. This
will make the framework application speci c. We propose tnstruct the com-
plete stochastic representation instead. That is, we gefoconstrual(x;t; Y )
such that its statistics satisfy the two cases de ned abdlies presents an appar-
ent paradox because the constructiomgofequires an a priori knowledge of the
support ofg, i.e. knowledge off 4 2 4. However, since we are only interested in
the statistics of] and these statistics are essentially integrals over theastjphey
are independent ahe choice of the support,q (see Fig. 2 for a veri cation using
some of our preliminary work in (Zabaras and Ganapathysnanéan 2008)). Uti-
lizing this rational, we represent the designed input ststh eld using a sparse
grid representatiofor an arbitrarily chosen supporOur preliminary investigations
have revealed that this representation is in fact valid aredkey step to effectively
decoupling the stochastic inverse/design problem.

related uniform random variables de nedip  [0; 1]" as

X .
qax;tYq) = a(;t Y g)Li(Y q): (11)
i=1

With this assumption, the transform the problem of computinstochastic func-
tion, g(x;t; Y g), into a problem of computing nite set of deterministic functions
ax;tYg)si=1::11ng.

The rede ned stochastic inverse/design problems can nostdied as follows:

Case't
Given the known stochastic input parameters; G (x;t; Y ), ndtheng
deterministic functionsg(x;t; Y 'q), i =1;:::;ng, such that the stochastic

Case Il
Given the known stochastic input parameterss G (x;t; Y ), nd the
Nnq deterministic functionsy(x; t; Y 'q), i =1;:::;ngq, such that the stochas-

tic system de ned by Eqg. (1), results in statistics of theetwent variable
corresponding to PDRu(x; t;:)] = H(x;t), (x;t) 2 (Ds; T).

Eq. (9) together with the known initial conditions,and the sensor/desired con-
ditions de ne anill-posed problem that can be solved for the stochastic gldin
the proposed work, we assume that a solution to the inverddem exists in the
sense of Tikhonov. That is, we look for a solutibe g%, such that:

Xa
CFlfg gy ] CF [fgg'y ] 8a0x;tY )=  gLi(Yq): (12)
i=1
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Figure 2 Preliminary results for a simple 1D stochastic inverse
heat conduction illustrating the support independent falkm
ism (Zabaras and Ganapathysubramanian 2008). A 1D domain
of lengthL is considered (top gure). A speci ¢ temperature is
maintained at one end. An (unknown) stochastic heat gxs
applied at the other end. Furthermore, the thermal conaditgti

is a known stochastic eld. From the PDF of temperature taken
at the sensor, the applied stochastic heat ux is reconséadic
The unknown heat ux is represented using four differenpsup
spaces. The PDF (and other moments) of the optimal soluion i
independent of the choice of the support as can be seen in the
bottom gure.

Here,CF[f g gi”:"1 ] is a cost functional that quanti es how well the given data ar
matched from the simulated solution for a guessed randowtifumg. For a given
fqgi”:"l , the cost functional is computed using the dependent sstichaariable,
ux;tYqY :fg gi”:q1 ). This is obtained from the solution of the direct stochastic
problem in Eq. (9) withg as a (known) stochastic function, that is, usfrtgg?ﬁl
as the guessed stochastic input conditions along with thengionditions . We
will utilize quadratic cost functionals to allow use of thetensive (deterministic)
guadratic optimization tools available.



For Case I, the cost functional measures how well the stéictsmdution satis es
the given moments:

CF[fqg - . [hJ(X;t;Z)ki H «(x:t)]?dxdt; (13)

wherehu (x; t; :)¥i is thek-th moment of the dependent variable dhgis the region
over which sensor measurements are available. In Casesltas$t functional mea-
sures how well the stochastic solution satis es the mealdesired PDF. Since
the PDF, the CDF and the inverse CDF represent the samebditin in differ-
ent ways, for the sake of computational effectiveness, wpgse to de ne the cost
functional in terms of the inverse CDF. This choice is md#abby the fact that the
inverse CDF has a xed, known suppd€; 1] and this greatly simpli es de ning
the cost functional. Denote [f; Y ] as the inverse cumulative distribution of the
random variablé . Y is the spanning variabld, 2 [0; 1]. The inverse CDF is uti-
lized because it is computationally easy to represent itguie collocation based
polynomial interpolation representation. We de ne thetdosictional in this case
as:

1 zZ Z,,,
CFIfaig]= 3 ( Mu(x;t); Y] H(x;1); Y D2dxdt:  (14)

Ds t=0

The stochastic inverse problem has now been converted idetexministic opti-
mization problem in a larger dimensional space — the spaceravthe collocated
values ofg at each(x;t) 2 (Dg; T) lie. Without spatial or temporal regularization
(see also Section 0.2.5), we treat the nodal valuesaifeach nite element point
(xj;tk) in the discretization of{Dq; T) as independent uncorrelated random vari-
ables. Their collocated valués; (X ,tk)g, 2 (onthe same support spacg) de ne
the unknowns of the overall optimization problem.

0.2.3 Solving the direct stochastic problem: Adaptivity sprse
grid collocation

As part of the inverse analysis one needs to be able to etlgi@onstruct the solu-
tion u to the underlying SPDEs. We utilize a sparse grid collocasivategy. This
framework represents the stochastic solution as a polyalaapproximation. This
interpolant is constructed via independent function callthe deterministic PDE
with different realizations of the stochastic input. Theuse grid collocation strat-
egy follows naturally from a full-tensor product represdittn of a multi-variate
function in terms of univariate interpolation formulae.r@aler a univariate interpo-
lation operatolJ to represent a one- dlmepsmnal functioin terms of realizations

of f at some sampling pomts Thatld, = i giax f (x') with the set of sup-
port nodesX ' = fxi;:::xl g;xk 2 [0;1;1 k m; and the polynomial basis
functionsa,i . A multi-dimensional functiorf (x1;:::;Xyx) can be represented as

product of one-dimensional functions@® f = (Uit ::: U 'Nv)(u).



The tensor product representation quickly suffers thesewf-dimensionality’
problem — where if one utilize® (k) points in one dimension, one would require
O(kN) points in N-dimensionsThe sparse grid collocation strategy selectively
chooses points in this uniform N-dimensional samptmgigni cantly reduce the
number of sampling points. It has been shown the the numbepiots reduces
from O(kN) to O((log(k))N ) (Gerstner and Griebel 1998). Because of this advan-
tage, the sparse grid collocation strategy has emergedexy atractive alternative
to the spectral stochastic paradigm. Nevertheless, twessstill remain to be satis-
factorily resolved: (1) The conventional sparse grid sgas are isotropic. The ef -
ciency can be signi cantly improved by incorporating adeipg. However, the state-
of-art adaptive sparse grid techniques developed stiizatglobal basis (Nobile
et al. 2007). (2) It is necessary to develop an adaptive fwaoriethat scales lin-
early O(N)) with dimensionality instead of th@(2N ) scaling of current adaptive
stochastic methods (e.g. Me-GPCE).

We utilize a hierarchical basis based approach towards aigap that resolves
the issues of locality and curse-of-dimensionalitigis borrows ideas from wavelet-
based representation of functions. One of the key motimatiowards using hier-
archical basis functions is their linear scaling with dirsiemality, in contrast to
then d tree @9) scaling of other h-type adaptive frameworks (for instaribe
Me-GPCE framework (Wan and Karniadakis 2005)). This ndljurasults in rig-
orous convergence estimates for the adaptive sparse gtitbdsedeveloped. This
includes construction of appropriate hierarchical ssptu(described later in this
section) that relate the interpolant to the local variamoereSuch construction offers
a natural means of adaptively re ning the stochastic sotutiVe brie y describe the
proposed developments below.

Hierarchical-basis based adaptive sparse collocationfhe key to incorporating
scalable adaptivity is de ning incremental or hierarchittaear interpolants (Ma

and Zabaras 2009). De ne the incremental interpolant (@atteysubramanian and
Zabaras 2007; Klimke 2006) as' = U' U ' !, wherei is the level of interpo-
lation used in the interpolation operator. Denote the nurob@terpolation points

in multiple dimensions by the index= (i1;:::;in) wg,hm = |1 + i+ iN . The
conventional Smolyak algorithm is given By(q; N) = i q .

To computeA(q; N), one §eeds to compute the function values at the sparse grid
points given byH (q; N) = q N+1jij g Xt oo XN whereX! = fyl;::"ym g
are the set of points used hjy.

One should select the ¥t in a nested fashion such thét X '*! to obtain
many recurring points with increasing The basic idea towards adaptivity here is to
use hierarchical surplus as an error indicator and onlyedhre grid points whose
hierarchical surplus is larger than a pre-de ned thresh®lte hierarchical surplus
at any point is just the value of the incremental interpol@hit is

‘)= & ff (x) U{iz l(f)(X})i: (15)

j=1

i
W



Whel’eri are the hierarchical surpluses. We can apply the aboveiequatobtain
the sparse grid interpolation formula for the multivarieéese in a hierarchical form
asAgn (f)= Aq in(F)+  Agn (f)and

X : .
Ag 1n(f)= R N (16)
jii a1
X i1 i i
Agn (F) = at oAt owh (17)
jii=a 1]
W]-i = f(x}i;:::;x}’:‘) A g 1N (f)(x}ll;:::;x}:): (18)

De ning the interpolation strategy in terms of the hieraozt surpluses provides a
rigorous framework for adaptively interpolating multiigte functions. For continu-
ous functions, the hierarchical surpluses tend to zeroamthrpolation level tends
to in nity. Furthermore, for non-smooth functions, detadlbout the singularities are
indicated by the magnitude of the hierarchical surplus (ki Zabaras 2009).
Choice of nested pointsOur preliminary work on these aspects (Ma and Zabaras
2009) has revealed that the choice of the univariate samplaints is absolutely
critical in determining the scalability of the framework.ittWan aim to make this
framework scale ef ciently to high-dimensions, one catizgithree types of nested
grids: the Clenshaw-Curtis-type grid, the Chebyshev typé gnd the maximum
norm grid. For these grids, the number of points requiredhasdimensionality
increases scales relatively slowly.
Data structure for dimensional scalability: As the dimensionality of the prob-
lem increases, the memory requirements for storing andieaning the interpolant
increases substantially. One needs to utilize a tree-liegadstructure to ef ciently
store and retrieve the hierarchical surpluses. Given saaede ned tolerance,,
the generalized sparse grid strategy is utilized to coostnterpolants. The inter-
polant utilizes pointsintil the hierarchical surpluses associated with all m@stantly
added points becomes less than the tolerafi¢e choice of the new points to be
sampled is governed by the tree structure (the daughtersrafdenode whose sur-
plus> are sampled in the next stage of the adaptive procedure).
Error control through variance estimation: The hierarchical surpluses can fur-
ther be utilized to provide estimates on the convergenchettochastic solution.
Similar idea is used in the Me-GPCE (Wan and Karniadakis 208 developing
explicit relations between the hierarchical surplusextoaet information about the
local variance of the solution, one can adaptively samplg those regions whose
variance is larger than a prescribed tolerance. This appre@ems very promising
because it circumvents the concept of discretization osthehastic space into ele-
ments (which results in the N-dimensional tree structuet sicales ag\ ) with a
linear scaling model (sinaenly 2N points are required in this framework) (Mathelin
and Le Maitre 2007).

Our preliminary investigations into the adaptive framekvia and Zabaras
2009) have shown the feasibility of this approach. We were &b solve using



adaptive hierarchical interpolants SPDEs driven by ranigoats that lie in al00-
dimensional space- this being an order of magnitude inereasr conventional
stochastic solution strategies.

0.2.4 Stochastic sensitivity equations and gradient-bade
optimization framework

We utilize a gradient based optimization strategy to desfignoptimal stochastic
input fg;g. The rst step is to compute the gradient of the cost funaiowith
respect to the design variables. The directional derigalv 4, CF[f g gi”:ql] of the
cost functionals have to be computed:

Gradient of the cost functional- Case |

Z Ztmax )(p
D CFlfag]= o i) i H Ok (GH)ID g (u(x;t:))dxdt:
s U= k=1

Gradient of the cost functional- Case It

D o CFlfagy]=
Z Ztmax

( Hux;t);Y] YH;t); YD g (u(x;t;2))dxdt: (19)
Ds t=0

Recall that the stochastic variahleis represented in terms of the stochastic inter-
polants as

Xa X o .
u= uGEY g YD)Lg(Y oL (Y ): (20)
i=1 j=1

The calculation of the stochastic gradient requires theutafion of the directional
derivative ofu w.r.t.q,,i.e. ofD g u(x;t;Y []; Y €). Denote the directional deriva-
tive of the stochastic variable with respect to each desigiable ag} (X;t; Y o; Y
fggy;: &) D qu(xtYqY :fgdy). This de nes thesensitivity eld
ofthe dependentvariabileas the linearin q, partofu(x;t; Y ;Y :fg gi”jl v vt

a.), where q, is a perturbation to one of the unknown (collocated valueg)of
variables

ux;tYq Y :fqg?:ql;i@—v;q\/*' o) =
UGGEY Y fgaid)+ 00GE Y Y ifggly; q)+ hot  (21)
The stochastic sensitivity equations are simply obtaingdaking the directional
derivative of the equations that de ne the parametric dipeoblem used to compute

u for eachinpug, i.e. the direct equations and the boundary conditionsraeatized
w.r.t. the design variablefisg g. We denote directional derivatives of operators and



elds with” These directional derivatives are taken with respect th &d theng
collocation points used to representThe sensitivity equations take the following
general form:

Continuum stochastic sensitivity equations
Bo;u;x;tYq Y fgg,; q)=0; (22)
C@;u;x;tY Y fgdy: q)=0: (23)

The sensitivity of the stochastic variable computed atYIﬁecollocation point
depends only on perturbations to tlgg-th design variable Thus the sensitivity
equations for perturbationg, to each design variabtg (x; ; tk) are SPDEs de ned
inanM dimensional supportspace whéde= nq n . These equations are solved
with the sparse grid collocation method highlighted eaffige the direct analysis.
Thus the complete stochastic sensitivity eld w.g. can be re-constructed using
only deterministic sensitivity probleras

GOGEY g Y foged s )=
Xa X N
OOt Y LY fagi a)Le(Y Lle(Y ): (24)

r=1 e=1
Simpli ed sensitivity calculations for linear problemseagiven in (Zabaras and
Ganapathysubramanian 2008). Let us now denote the graxlitire cost functional
with respect to the design variablieg gi":ql asd = fd;g". The gradient of the cost
functional can be written in terms of the directional detive(the directional deriva-
tive is just the gradient computed in a speci ¢ directionnc® we have a scheme
to compute the directional derivative by solving the comtim stochastic sensitivity
equations, the gradient of the cost-function is then singdken asd = fd,g" =
fD qvCF[fo‘gi”:ql ]= a.g". Preliminary implementation of these ideas within a
steepest descent approach for a stochastic diffusiongarolite reported in our work
in (Zabaras and Ganapathysubramanian 2008).

There are two aspects of these developments that play satpanit towards
making the framework scalable. The rst involves devela@pmathematical strate-
gies to make the solution of the direct stochastic problemerabcient— through the
incorporation of adaptivity. This part of the proposed wirkliscussed in a previ-
ous section. The second involves developing mathemataraldworks that make the
stochastic optimization problem ef cient - through fastmoutation of the stochastic
Hessian and accelerated convergence.

Ef cient optimization - Incorporating stochastic gradient information: There
is signi cant work that needs to be considered in the optation to reduce the
computational overheard including using high delity aptzation schemes uti-
lizing the Hessian information. The Hessian matrix is dedres:Hj = @g% .
Once could investigate the use of stochastic quasi-Neatmsthemes for compdting
the Hessian, speci cally BFGS like schemes (Bashir et al2Z@ennis and More




1977). The key advantage is that the computational conmgles® (ngM ) while the
convergence rate is improved from linear (e.g. for the stsegescent method) to
guadratic (for quasi-Newton schemes). The stochasticibtess computed as a set
of decoupled deterministic Hessians at Mecollocated points. For the stochastic
optimization problem, at each search iteratiothe Hessian at a speci c collocation
point is updated as

rirk HE sEH st

Hi:_<+1 - Hilj( + P o~ 1979 : (25)
rks HKk skgk
p'p>p P q''pg>p>q

whererk = rCF (g**') rCF (g¥) andg**? = gk+ ksk where ¥ is com-
puted by performing a line search to minimig& alongs¥. The search direction is
computed fromHKsk = rCF (g*). Note that each step above is performed inde-
pendently for each collocation point. This ensures thatglmmputations are easily
scalable.

Ef cient optimization - Hierarchical optimization strate gies:The stochastic design
eld g is typically represented as a setrgf deterministic elds. The computational
complexity of the optimization scales with increasing as does the accuracy of
representation. Our preliminary numerical investigadiom(Zabaras and Ganapa-
thysubramanian 2008) revealed the following trends (a) diténization problem
with coarser representation (i.e. smaltg)) of the design variable converges faster
initially, but becomes very slowly converging later and TR optimization problem
with coarser representation is numerically faster to solVeese two observations
naturally lead to the possibly of formulatinghéerarchical stochastic optimization
problem, where a coarser problem is solved to quickly computoarse solution
that is in turn used as an initial guess to solve a ner probl€his idea (similar to
the accelerated convergence using multi-grid methods)sée offer great promise
in terms of rapid solutions to inverse problems through tamtuof a hierarchy of
coarser optimization problems. We propose to utilize thistegy to accelerate the
optimization framework. One key issue that has to be satisfiy resolved is when
to stop the current optimization and use the solution asitieliguess for a re ned
optimization problem. This can be decided based on a tréfdeetween accuracy of
representation and computational effort (Fig. 3).

Analytical gradient calculations - The continuum stochasic adjoint equations:
For some classes of problems the gradient of the cost furadtican be analyti-
cally computed using appropriate adjoint variables (Sampad Zabaras 2001).
In our recent work (Velamur Asokan and Zabaras 2004), we leatended this
to formulating the stochastic adjoint equations to aneity compute the stochas-
tic gradient. The continuum stochastic adjoint equatiawide a direct means of
computing the gradient while the continuum stochasticigeitg equations provide
the step size. One can utilize sparse grid collocation teesthle stochastic adjoint
equations to explicitly compute the stochastic gradiehis $trategy does not require
the explicit computation of the stochastic Hessian. Whileearlier implementation
of these techniques for a stochastic inverse heat condugtablem using a GPCE
approach revealed slow convergence in higher-order GP2ESte@ne can revisit
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Figure 3 A simple 1D stochastic inverse heat conduction illustrat-
ing the hierarchical optimization strategy (Zabaras andr@apa-
thysubramanian 2008). A 1D domain of lendthis considered
(top gure). A speci c temperature is maintained on the rigimd.

An (unknown) stochastic heat ux, is applied at the left end.
Furthermore, the thermal conductivity is a known stoclagtid.
From the PDF of temperature taken at the sensor, the applied
stochastic heat ux is reconstructed. The optimizationdseder-
ated by rst solving for a coarse representation of the sth
tic variable and utilizing this solution as an initial guess a

re ned optimization problem. This resulted horders of mag-
nitude reduction in iterations.

these techniques using the adaptive hierarchical spaigedaiocation discussed in
Section 0.2.3.

0.2.5 Incorporating correlation statistics and investigaing
regularization

In classical inverse problems (Alifanov 1994), the ill-pdaes requires some form
of regularization or smoothing assumptions for computhng ¢olution. But in the
context of stochastic inverse problems, we are searching fwlutionin a distri-
bution senseén a much larger space (tensor product space of spatio-teihaod
stochastic variations). This expanded search space edsegtiarantees a stochas-
tic solution (Kaipio and Somersalo 2005). Neverthelesgulaization arguments
play a very signi cant role in reducing the computationgbef by imposing some
smoothness criteria on the designed stochastic solutioe. i@eds to investigate



mathematical approaches to stochastic regularizatiopassdy computational strat-
egy. A potential approach is two-pronged: (a) utilize sigtemporal) regularization
via parametrization of the spatial (temporal) represémaif the unknown stochas-
tic elds, and (b) utilize stochastic regularization viarpenetrization of the stochas-
tic eld.

Spatial (temporal) parametrization of the unknown stochasic elds: We here
extend deterministic parametric representation of eldsistraightforward man-
ner for the spatial representation of stochastic elds. réh&re many methodolo-
gies to parametrically represent the spatial variation efaehastic eldq(x;Y)
(wavelets, polynomials, &ier surfaces among others). ConsidereziBr represen-
tation of q(x;Y )- a stochastic eld in two spatial dimensions. AeBer curve of
order(my1; my») is de ned by a set o{myy +1)  (myz + 1) control pointsP;

as

Mx1 Rx2
axLixzY) = Pij (Y)B™* (x1)BJ™* (x2); (26)
i=0 j=0
my! ; .
where B (x) = i i)!x'(l )™t (27)

The design variables are now the stochastic control veRiegY ). These design
variables can be subsequently represented in termg obllocated values (similar
to Eq. 11) as

Xa

Pij (Y)= Py (YoL(Y): (28)

r=1
The sensitivity equations are now de ned in terms of thegeleterministic param-
eters. Since the choice of the parametrization controlspla¢ial smoothness of the
solution, it is necessary to construct convergence estsras the spatial parametriza-
tion is varied. Some preliminary work on convergence of #iproximation is given
in (Zabaras and Ganapathysubramanian 2008). Similar agtsnean be utilized to
parameterize the temporal variation of the stochastic. eld
Stochastic regularization of the unknown stochastic elds An alternative strat-
egy is to consider some stochastic regularization. Thideaimposed by enforcing
some correlation structure on the unknown stochastic &lue correlation kernel
C(x) determines the stochastic eld and imposes some smootloregts spatial
variability. One can convert the problem of designing thackastic eldq to the
problem of designing its correlation structu®éx ). The unknown correlation func-
tion is represented in terms of its spectral expansion

X
C(r)= a; sin(ix=L); (29)
i=1

whereL is the characteristic length of the system diaglg is the set oK Fourier
modes of the correlation function (and we have assumed tieaetd is isotropic,



without loss of generality). By representing the correlatihis way, the stochastic
optimization problem is converted to computing the modadfaients f a;g. The
design parameters are now the seKokcalarsf a;g. Given any correlation kernel,
the Karhunen-Leve expansion can be utilized to explicitly represent thelsastic
eld as

X p_
Q)= E@ )+ Y0, (30)
i=0

where ( i;fi(x)) are the eigen-pairs of the correlation function. The stetiba
sensitivity equations are formulated in terms of thKseleterministic scalars. The
choice of the number of mod&s used in the representation of the unknown corre-
lation provides a measure of the regularization. Includiigdner frequencies (larger
K') allows C(r) to be very steep representing a highly uncorrelated eld. Ak
utilize an iterative solution strategy to sequentiallyrigse the number of Fourier
modes in the expansion to guarantee the accuracy of thesstiicholution. De ning
and constructing the gradient of the cost functional is irtget along with develop-
ing a strategy for estimating the number of modes requirsddban the statistics of
the measurements.

Designing/estimating the correlation statistics also $igei cant physical sig-
ni cance. Spatial correlation statistics provides somg&aroof how easy or dif cult
it is to physically realize the designed process. A verydasgsmall correlation sig-
ni es expensive manufacturing, fabrication or operatingditions. This introduces
the possibility of computing the designed elds with somastaints to obtain phys-
ically accessible elds. The above discussed strategiésraldy take into account
these issues.

0.2.6 Stochastic low-dimensional modeling

In the stochastic inverse/design problem, we need to sblairect problem and
the sensitivity problem for all of the collocation pointsesch iteration. For large
stochastic dimensionality, each iteration in the optiricraprocedure will take sub-
stantial amount of computational time. The solution praredccan be accelerated
signi cantly if a reduced order model of the system can bestarcted (Holmes et
al. 1996).This reduced representation can either be created offdinadaptively
modi ed on-the- y(Ito and Ravindran 2001; Ravindran 2002a,b).

There has been recent work on extending the classical POBoeh&t stochastic
evolution equations (Venturi et al. 2008). A compact expam®f the stochastic
dependent variable has been proposed into stochasti@alspaides. We consider
a random eldu(x;t;Y) in a space-time domain and we look for biorthogonal
representations as

X
u;ty)= B ma™x;v): (31)
i=1

The spatial-stochastic modag‘) (x;Y ) are constructed from snapshots of the stochas-
tic eld (either from off-line calculations, available nuemical data or experimental



data) by solving an eigenvalue problem. This eigen-valablem arises from the
Euler-Lagrange equations resulting from minimizing theidaal of the projection
of the stochastic eld onto the basis functions (Holmes etl@96; Venturi et al.
2008). The residual is calculated based on some figrngy, . Recent work (Venturi
et al. 2008) has suggested that this stochastic countarpére POD framework
will produce low-order ODEs (in terms of the temporal cod¢its q(h)(t)) that
are independent of the stochastic dimensionality of théegyslt is important that
care be taken in choosing the appropriate norm over whiclomnsteuct the spatial
stochastic basis. As a preliminary step, we propose taetitiner products based
on the mean, variance and standard deviation (Venturi &08I8): We propose to
construct these spatial-stochastic moalessing sparse grid collocation. That s, the
stochastic modes are represented as

hd
a”0;Y)= Al YiLi(Y): (32)
i=1

An arbitrary stochastic eld is represented in terms of thetochastic modes as

X b
uitiy)= " 5V al” oG Y )L (n): (33)
i=1 i=1

The unknowns are the deterministic coef ciefitsg. Inserting this representation,
Eq. (33) into Egs. (1)-(2) and using the orthogonality prtips of the modes results
in a set of ODEs for the modal coef cientish g.

X
BC BYma” fa; @if)=0; j =15K; (34)
i=1
which can be written in compact form as

@ .
6?;: Fi(): j =10k (35)

The cost functional, its gradient and the stochastic ogtition problem can now be
posed in terms of this set of ODEs instead of the set of SPDEs.

Minimize CF(fhg;fqq);

subject to %= Fi(d); j =1;:5K; (36)
h(0) =

Once can utilize this strategy to compute stochastic moHgs?(?) for the con-
trol/optimization of SPDEs.



0.3 Numerical Examples

Let us consider a two-dimensional dom#&in [ 0:5;0:5] [ 0:5;0:5] with the
temperature at the right boundary speci ed as 0:5 (Fig. 4). Att = 0, the temper-
ature in the domain is = 0. The spatial variation of the thermal diffusivity follows
an exponential correlation with correlation lengpth 10 and mean value of = 10.

We consides = 41 equally spaced sensors inside the domain at a disthrde:1
from the left boundary with each sensor collecting data twetime interval0; 0:5].
This data is given in terms of PDF of the temperature at eathesfe sensor loca-
tion at50equally spaced time intervals in time rarf§g0:5]. The inverse problem of
interest is posed as followklentify the PDF of the heat ux on the left boundary in
the time rangg0; 0:5] such that the experimental measurements are reconstructed

VIV OISO IIIIIIIDS

Variable T=05

diffusivity Sensor

< ——— | locations
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Figure 4 Schematic of the problem of interest: The tempeeasLgiven at the sensor
locations shown by the dark circles. The spatial variatibthe thermal diffusivity
is de ned by a known correlation kernel. We are interestecampute the unknown
stochastic heat ux on the left boundary.

Let us expand the thermal diffusivity using a Karhuneralsexpansion:

Xp__
(Xy:! )= mean (XY)+ ifi(xy) i (37)
i=1

where ; andf; are the eigenvalues and eigenvectors of the correlatiorekdtig. 5
plots the rst few eigenvalues of the correlation matrix.€Tst three eigenvalues
represent abo@6%o0f the variation. Correspondingly, the thermal diffugiis rep-
resented using three random variablgsi = 1;2; 3. Fig. 6 shows the eigenmodes
corresponding to these random variables.
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Figure 5 The eigenvalues of the correlation kernel thatesgmts the thermal diffu-
sivity variation.
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Figure 6 The rst three modes of the Karhunenelie expansion of the thermal
diffusivity.

Computing the “experimental' PDF

A direct problem is solved using an assumed stochasticti@rifor the heat ux
applied on the left boundary. The PDFs of the temperaturiatian at the sensor
locations are computed. This serves as the “experimerati@'ttiat is used to run the
inverse problem. The spatial variation of the heat ux istased to have an expo-
nential correlatiorC; (y1;y1) = exp(j y1  yzj=h), withb; = 0:5. This stochastic



heat ux is expanded using a Karhunenéwe expansion and the eigenvalues are
plotted in Fig. 7. The rst three eigenvalues represent abo@4%of the variation.
The applied heat ux is thus represented using three rancammales.
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Figure 7 The eigenvalues of the correlation kernel thatasgmts the “experimental’
heat ux.

The heat ux applied has a mean value 20 and is given a time-dependent
damping termexp( t ) with =2:0. The inputheat ux is thus of the form:

Gexp (Yiti! )= € ' 200+5:0 iGi(y) i (38)
i=1

The direct problem to obtain the “experimental’ statisticsolved using 80
80 quad element discretization of the spatial domain using= 0:0025 In this
problem, the temperature variation resides in a six-dinoeaé stochastic space (3D
uncertainty in the thermal diffusivity and 3D uncertaintythe stochastic ux). A
sparse grid collocation strategy is used to compute the eemtyre variability at
the sensor locations. The thermal diffusivity variatiorrépresented using a level
6 depth of interpolation¥073points in 3D space). Similariy},073points are used
for the heat ux variation. The stochastic direct problemdlves the solution of
1073 1073 =1:151 1CP direct deterministic problems.



The PDF of the applied “experimental' heat ux at differemhés at(x;y) =
( 0:5;0:0) is given in Fig. 8. Notice that the initially diffuse PDF pesa&nd shifts
towards a value of zero with increasing time because of thepitag effect. This is
clearly seen in Fig. 9 that plots the time variation of the mes applied.
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Figure 8 The “experimental' PDF of the heat ux at the locati¢x;y) =
( 0:5;0:0) at different times.

The PDF of the resultant “experimental' temperature atloo#x;y) = (  0:4; 0:0)
is given in Fig. 10. The initially diffuse PDF slowly peaksdashifts towards zero
with increasing time because of the damping effect. Thecefiethe uncertain ther-
mal diffusivity is also seen in the bimodal structure of tesultant PDF.

The optimization problem: computational details and resuts

A 40 40quad element discretization of the domain is utilized twsthe inverse
problem. The time domain is discretized img =50 equal time steps. The total
number of nodal points on the left vertical boundarynis= 41 and the heat ux
at each of these nodal points is assumed to be an indepeadelotn variable. The
variation in the heat ux at each nodal point at each timednshas to be estimated.
The total number of random variables that have to be estinatequal tony
n; = 2050. The thermal diffusivity variation is represented usingeel 5 depth of
interpolation corresponding to using = 441 realizations of the thermal diffusivity
eld. Each of the random uxes is represented as
Xa
axt )= axt )Li(): (39)

i=1
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Figure 9 The time variation of the mean “experimental’ haat applied.

Without loss of generality, we assume that the heat ux camdpresented using
one uniform random variable. That is= UJ[0; 1]. A level 6 depth of interpolation
is used to represent each random variable. This corresgonts= 65. The total
number of design variables is consequenyy ny, n; = 133250

The optimization problem requires the estimation of thesgtity of the tem-
perature at the sensor locations to perturbations to eatie afesign variables. A set
of decoupled deterministic sensitivity problems were modnstruct the stochastic
temperature sensitivity. The number of such determinggitsitivity problems run is
n ny ng=0:9 10°. Each iteration of the optimization problem requires the
solution of the stochastic forward problem. The stochdstiward problem is solved
as a set of decoupled direct deterministic problems. Ttz tatmber of such direct
deterministic problems wad,,, = n Ny = 28665. Each deterministic problem
requiresthe solutionon4d 40quad grid fom; time steps. The number of degrees
of freedom (DOF) in each deterministic problemNge; = (41)?  n; = 84050.
The total number of DOF irachdirect stochastic solve of the optimization algo-
rithm is Ngwochasic = Nget Nyn =2:41  10°. Thus, more than hillion DOF
are solved at each iteration of the stochastic optimizgirotlem.

The reduction in the cost functional with the number of itienas of the stochas-
tic optimization is shown in Fig. 11. The optimization prebl was run using our
in-house Linux super computing cluster. Forty nodes, apoading tal60proces-
sors were utilized for the current problem. Each optim@maiieration of the problem
took 74 minutes to complete.

Fig. 12 plots the time evolution of the PDF of the heat ux aidocation on
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Figure 10 The “experimental' PDF of temperature at the selosation(x;y) =
( 0:4;0:0) at different times.

the boundary. The stochastic heat uxes are reconstruatgdwell though there is
some pixelation near the tails of the PDF.

To see if this pixellation disappears when a ner represtmteof the stochas-
tic ux is used, another optimization was run using a depthndérpolation8 of
the stochastic heat ux. This correspondsip= 257 design variables to represent
each unknown. We utilize the hierarchical stochastic ogtition method to solve
this larger optimization problem. That is, the solution loé fprevious optimization
problem is used as the initial guess of this ner stochaspiimization problem.
Fig. 13 plots the time evolution of the PDF of the heat ux at tame location on
the boundary. The pixellation near the tails of the PDF in ERjis smoothed out by
using a higher-depth of interpolation of the stochasticepa

The difference between the exact and the reconstructetiagtic heat ux is
de nedintermsoftheerrog =~ % Hoex (Xi); U] Hae (Xi); u])?, where

1(:;u) is the corresponding inverse CDF of the heat ux at each npdialt on the
left boundary andgy denotes the actual heat ux whitg. denotes the reconstructed
solution. Fig. 14 plots the error for the two optimizatiomplems.

0.4 Summary

A scalable methodology was introduced that provides thityabd perform design
and estimation in the presence of multiple sources of uatgits while relying
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Figure 11 Reduction in the cost functional.

purely on the use of deterministic simulators. This is agolished through con-
structing the solution of the stochastic direct problenmgsiparse grid interpolation
strategies. A physically motivated framework based on =uents of measurabil-
ity/observability of random processes is used to pose tiehastic inverse problem.
The stochastic sensitivity solution is constructed vieesgpd calls to deterministic
sensitivity/direct problems. By using the sparse gridriptdation formulation, the
stochastic optimization problem is converted to a deteisticoptimization problem
in a higher-dimensional space. This naturally allows ugiliza mature determinis-
tic optimization algorithms to solve the stochastic opgation. We also brie y dis-
cussed a hierarchical stochastic optimization algorithmcivseems to provide sig-
ni cant computational gains. We are currently investiggtextensions/improvements
of the proposed stochastic optimization framework (coxyplvith more advanced
optimization tools, using model reduction for the stocttadirect and sensitivity
problems, etc.) along with applications to multiscalereation in geological appli-
cations.
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Figure 12 The reconstructed PDF of heat ux at the boundacgtion (x;y) =
( 0:5;0:0) using a depth of interpolatio®).
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Figure 13 The reconstructed PDF of heat ux at the boundacgtion (x;y) =
( 0:5;0:0) at different times (with depth of interpolati@).
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