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THE FEM FOR ELLIPTIC PROBLEMS

e Abstract formulation: A unified treatment

e The variational (V},) and minimization (Mj) problems

e [rror estimates

e The energy norm

e Applications to various elliptic boundary value problems

e Supplemental mathematical background

1. Sobolev spaces H*(Q), k = 1,2, ...
2. The Poincare inequality
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ABSTRACT FORMULATION OF THE FEM FOR ELLIPTIC
PROBLEMS

e Let V be a Hilbert space with scalar product (., .)y and corresponding
norm || - ||y

e a(.,.) is a bilinear form on V' x V and L a linear form on V' such that:

1. a(.,.) is symmetric

2. af(.,.) is continuous, i.e., there is constant v > 0 such that
a(v, w)| <Aljvllv|lw|ly,  YVvweV

3. al.,.) is V-elliptic, i.e., there is a constant o > 0 such that
a(v,v) > al|v||?, VoeV

4. L is continuous, i.e., there is a constant A > 0 such that

|L(v)| < Al|v]|v, VoeV
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The abstract minimization (M) and variational (V') problems

e The minimization problem (M):
Find u € V such that F(u) = min,ey F'(v),
where

F(v) = a(v,v) — L(v)

e Variational problem (V'):
Find w € V such that a(u,v) = L(v) VYwveV.

Theorem
The problems (M) and (V') are equivalent. There
exists a unique solution v € V of these problems
and the following stability estimate holds:

Jully <2 Stability estimate
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Proof of the theorem

1. The existence of a solution follows from the Lax-Milgram theorem.
2. If u € V is a solution of (M), then u is a solution of (V).
eletv € Vande € R bearbitrary. Then (u+ev) € V.
e Since u is a minimum, F(u) < Flu+ev) VeeR
o Lct g(e) = F(u+ ev),e € R. Then g(0) < g(e), Ve € R.
e Hence ¢’'(0) = 0 (if ¢'(0) exists). Using the symmetry of a(.,.):
1

gle) = ia(u + ev,u + ev) — L(u + ev)
1 € € €
= éa(u, u) + éa(u, v) + 5&(’0, u) + ga(v, v) — L(u) — eL(v)
1 €

_ §a(u’ u) — L(u) + ea(u,v) — eL(v) + 50 (v, v)

¢ J(0)=0= ¢'(0) = a(u,v) — L(v) = 0 = w is a solution of (V).
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Proof of the theorem

3. If u € V is a solution of (), then u is a solution of (M).

e Let v € V and € € R be arbitrary. Then (u + ev) € V with
a(u,v) =Lw),Vv € V.

e Using the earlier given expression for g(e) and the V-elliptic condition
for af(.,.), we can write the following;

Fu+ev) — F(u) = e(a(u,v) — L(v)) + —a(v, v)

= “a(v,v) > Salully >0
= Qav,fu _2avv_

where we used a(u,v) = L(v).

e [t follows that u is a solution of (M).
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Proof of the theorem

4. Stability condition

e To prove the stability condition, we use the continuity of L and ellip-
ticity of af(.,.):
allulli: < alu, u) = L(u) < Afullv
e For ||ul|yy # 0, we then conclude:

lully <5

«
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Proof of the theorem

5. Uniqueness of solution of (M) and (V)

e Let uy and uy be two solutions of (V) then:
a(u;,v)=Lv) VYoveV,i=12

e By subtraction, we see that: a(u; —ug,v) =0, Vv € V

e Applying the stability condition for the case of u = u; — us,
L =0 (i.e. A=0), we obtain:
Jur — ually <0 = u; = uy

Important note
Even without the symmetry condition a(u,v) = a(v,u), there
exists a unique v € V' such that

a(u,v) = Lv) VYoveV (V)

and the stability estimate ||lu]|y; < 2 holds. However, in this case,
we cannot define an associated minimization problem (M).
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Discrete problems ()},) and (V)

e Let V), be a finite-dimensional subspace of V' of dimension M. Let

{o1,..., 0} be a basis for Vj, so that ¢; € Vj,.

e Any v € Vj, has the unique representation
M
v= 2 ni¢i, where n; € R
1=

We can now formulate the following discrete analogues of the prob-
lems (M) and (V):
e Problem (Mj): Find u; € Vj, such that
F(up) < Flv) YoveVy Discrete optimization problem
e Problem (V},): Find u; € Vj, such that

a(un, ¢j) = L(¢p;), j=1,...,M.  Discrete variational problem
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Matrix form of (V)

o Lot uy = izjl o, & € R (V) takes the matrix form AE = b:

M
® a(v,v) =a (2]\241 772'@,;\241 Uijj) = Zj\zil nia (i, 9j)nj =mn- An
M

M
L(’U) = L (jgl ﬁjqu) — jzl 77][/ (gb]) —b- n, Yov € Vh,
where - is the dot product in RV.
e Problem (Mj): %5 A — b+ &= min, cpu %77 - An—b-n

e Properties of matrix A:
—n-An=a(v,v) > a||lv|| >0 (forv#£0)=n-An >0, forn #0 =
A is positive definite.
—a(g;, oj) = al(¢;, d;) = A is symmetric.
— There is a unique solution & of the system A& = b.
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Stability condition for the solution of problems (V) and (M})

There exists a unique solution uy € Vj, to the equivalent problems
(Vi) and (Mp,). Further, the following stability estimate holds:

A
unlly < —
@

e The stability estimate follows by choosing v = wu; in
a(up,vy) = L(vp) and using the V-ellipticity condition for
a(.,.) and the L-continuity condition, i.e.

allunlly < alup, un) = Llup) < Allup|lv

e From the above equation for ||uy||y # 0, the stability condition
is derived.

The above stability estimate can be viewed as the theoretical
basis for the success of the FE method
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Error estimate

Theorem

Then:
Ju—wlly < Hlu—vly  Voel,

Recall that:
e v appears in the a(., .)-continuity condition:

a(v, w)| <Allvllvlwly,  VoweV

a(v,v) > a||vl|?, VoeV

Let u € V be the solution of (V') and uy, € V}, that of (V},) where V,, C V.

e o appears in the ellipticity condition for a(.,

Error estimate

)
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Proof of the error estimate

e We can easily show that: a(u —up,w) =0 YV w € V.

e For an arbitrary v € V},, define w = ujy, — v. Using the V —ellipticity and
continuity conditions of af(.,.) and that a(u — up, w) = 0, we obtain:

ellipticity =0
PN

allu —wlli < alu—upu— )+ alu — uy, w)

= alu—up,u—u, +w) = alu—upu—0v)

continuity
=

< Al = unllvllu = vlly
e Division by ||[u — uy||yy # 0 provides the required error estimate.

e Can choose v = mu where mpu € Vj, is a suitable interpolant of u. We
would then like to calculate the interpolation error ||u — muul|y.

e The FEM error estimate can now take the following form:
|u —uplly < 2w — mpully Error estimate
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The energy norm: ||v||, = Ja(v,v),v € V

e Define the energy norm ||.||, as follows: [|v]|? = a(v,v),v € V.

e ||.||, is equivalent to ||.||y:

cllollv < |vlle £ Cllv|lv, Vv eV, with ¢ = /aand C = /5
e The corresponding inner product is defined as: (v, w), = a(v, w).
e We showed that uy, is the projection of u onto Vj, i.e.:

(u — up, w), =0 YVwel,

e Using (u—up, w), = 0,V w € Vj, and the Cauchy inequality, we obtain:

lu —upll? = (u—up,u—up)e = (U — wp, u — up)g + (U — up, Ww)g
= (U — up,u —up +w) = (u—up,u—v),

< Jlu— wpllalla = vlla = = wala < = o]}, ¥ v € Vi

i.e. uy is a best approximation of » in the energy norm.
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Example 1: —Au+u=fin€Q, % =0onTl and f € Ly()

e V = H*(Q) and the following variational problem is obtained:
a(v,w) = Ig |[Vv - Vw 4+ vw] dx
L(v) = Iq fudx

e a(.,.) is a symmetric bilinear form on V' x V.

e [ is a linear form.

e a(v,v) = HUH%ﬂ(Q) = af(.,.) is V—elliptic and using Cauchy’s in-
equality we obtain:

N[

a(v,w) < a(v,v)%a(w w)2 = ||v|| gy l|w| g1y = a is continuous

e The continuity of L is shown using the Cauchy inequality in Lo:
L) < |fo fodz] < | fll @ lloll o) < 1 s lloll i
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Example 2: —u”" = fonl =(0,1), u(0) =u(l) =0 and f € Ly(I)

e V = Hi(I) and the following variational problem is obtained:
a(v,w) = pv'w'de, L(v) = fode

e a(.,.) is obviously symmetric and bilinear and L is linear. The continuity
of L is derived as in Example 1.

e The continuity of a(., .) is shown as follows:

a(v, w)| < 1|y llwl Loy < Mol gy llwllay o

e The V —elliptic condition for a(.,.) can be shown using the fact that
pvide < (W) dr Vo e HI)

o a(v,v) = i (v')’dw > § (i v?dx + 57 (v')dx) = §l[oll g1y, ¥ v € Hy(I),

e If V), consists of piecewise linear functions on I and w is smooth enough:

lu — uh||H1 < Ch
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Proof of vidx < 1;(v')*dz, ¥V v € H}I)

Ly

e Using v(0) = 0, we can write: v(z) = v(0) + f V' (y)dy = v (y)dy
e Using Cauchy’s inequality:

y)dy| < /Iv )|dy

l\DIl—l
l\Dll—l
l\DIr—t

= | [V

0

1 1

< (/1 2dy (/' 2dy
0 0

= ([/(y
0
e Taking the square and then integrating the last equation from 0 to 1:
JoPe)de < ((/(y)Pdy
e The above proof needs the boundary condition v(0) = 0 (e.g. take v =1
to see that the inequality does not stand!).

e In order to control the norm of the function v by the norm of the derivative
v’ we need a “fixed point” to start from.
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Example 3: —Au=finQ CR?, u=0onTl, with f € Lo(Q)

e Here, V = H}(Q), with a(v,w) = 1o Vv - Vwdzx, L(v) = I fvde

la(v, w)| < [VolllyollI VWl < lvllmollwl o
e The V —ellipticity can be shown using Poincare’s inequality:
fyvide < cf, |Vul’dz ¥V v € Hy(Q)
where c is a constant. Indeed, we can write:

1
c+1

a(v,v) = |, |Volda > > (/Q (v* + |Vu|*) dz) =

e For piecewise continuous functions in €2 and w sufficiently smooth:

lu — uh||H1 < Ch

e a(.,.) is symmetric & bilinear and L is linear. For the continuity of a:

vl @)
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4

Example 4: 77 = f, x € I =(0,1),
u(0) = '(0) = u(l) = v'(1) = Wlth f € Ly(I)

SH

8

e Introduce: H*(I) = {v € Ly(I):v',v" € La(I)}. Then V = HE(I),

where:
FA(T) = {v € (1) - 0(0) = v/(0) = v(1) = /(1) = 0]
e Find u € V such that a(u v) = L(v) Vv €V, where
a(v,w) = [ v"w"dz, L(v) =/, fvdx

e The symmetry of a(.,.) and continuity of a(., .) and L are easy to show.

e Using twice the Poincare inequality and v(0) = v'(0) = 0, we can write:
[vidr < [(v)de < [,(v")dz, Vv € HF(I) =

HM%@ZU@-HﬂV+WWMwS&Wﬂ%xE%®w>
(ellipticity condition for a with @ = 1/3)
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Sobolev spaces H"(Q),k=1,2,...

o Let DY = %, la| = a1 + am, a; non-negative natural number
L1 02
e We now define for k=1,2,...,
H*(Q) = {v € Ly(Q) : D € Ly(Q), |a| < k} Sobolev space

with norm

2
[Vl ey = ( > | D% d:l:) Sobolev space norm

|| <k

e The space H*({2) consists of all functions v on €2 that, together with
the partial derivatives D®v of order |a| at most k, belong to Ly(€2).

e The space H*(Q) is a Hilbert space.
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Example 5: The biharmonic problem

AAu = fin ), u= %—Oonf

e Physical models: Clamped plate under transverse load,

Stokes equations in fluid mechanics, etc.

o Here V = H}(Q) ={v e H*(Q):v=9"=0onT}

e Use: jo(AAu) vdx = ip aA“ vds — Ir Au “ds+Iop AuAvdx = g AuAvdzx.

e (V) Find v € V such that: a(u,v) = L(v), with:
a(u,v) = Jg AulAvdx and L(v) = Jg fodx

e Easy to show the symmetry of a(.,.) and continuity of a(.,.) and L.

e To show the V-ellipticity of a(., .) need to first show the Poincare inequality:
H/UH%_IQ(Q) < clo(Av)3dz, ¥V v € H;(Q), for some constant ¢

(see derivation at the end of the lecture).

Lecture 2: A unified abstract treatment of the FEM for elliptic problems Materials Process Design and Control Laboratory



N. Zabaras 21

Example 6: A convection-diffusion problem
—,uAu+61 +52 Stu=fin Q u=0onTl u, ( constants with >0

e Convection in the direction 8 = (31, B2). Assume |G|/p is small. We next
simplify by taking u = 1.

ev eV =~H;(Q) and (V): Findu € V: a(u v) = L(v) Vv € V, where:
a(v,w) = f{Vv Vw + (ﬁl + B +v> whdr, L(v)= o fodz

e Note that: f{ﬁl— + 52—} vdr = I{{UQ( 1ny + Bong}ds — f{ﬁlaxl
5253—;2}de=> H{B1E + Bot} v d = 0.

e Thus: a(v,v) = | “Vv\ + v ]da: = HUHH1 = af.,.) is V-elliptic.

e The stiffness matrix A is not symmetric. As noted earlier (p. 7), there still
exists a unique solution uy, € V3 to (V4): a(up,v) = L(v) Vv € V.

e The following error estimate is obtained (o = 1):
[u —wnll gy < Vv —vllgryo) Vv €Vi
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Example 7: A heat conduction problem:

qi = —ki(x)% in Q (no-sum on 7)

withdivg= finQ), u=0 on I'y, g-n=—g on I}

e With the k; non-constant, this is an example of a partial dif-
ferential equation with variable coeflicients.

e Here V ={ve H'(Q): v=0o0nI} with
a(u,v) = L(v),VY v € V, where:

3
a(v,w) = Iy o ki(x)g—:gg—;dx,

L(v) = I fvdx + i, guds.

e The general conditions are satisfied under the following hy-
pothesis: There are positive constants ¢ and C' such that

c<kix)<C,xe i=1,23,
f € Ly(§2), g € Ly(I'y) and the area of I'y is positive.

Lecture 2: A unified abstract treatment of the FEM for elliptic problems Materials Process Design and Control Laboratory



N. Zabaras 23

The Poincare inequality: gfzv%l:z: < C(Q)gf2 Vu|’dz, Y v e Hi(Q)

e Let (2 be an open bounded region. The region 2 = Q+1I" can be enclosed
in a square region K: K ={(x1,z9) :x1 € [0,a], zo € [0,al}.

e v(x) is extended onto K be setting v = 0 on K — ). Hence, v is
continuously differentiable in K and vanishes on the boundary of K.

o Using: v(xy,x9) = 7 a” (f , T9)d& and the Cauchy inequality, we obtain:

1
5 10V

ofar, ) = r/(95 el < (] 1%ae)2( [ |5 Py P
2 2
31310/|a—§ dﬁﬁ&(ﬂa—g dg

A
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The Poincare inequality

e Integrating with respect to 1 and xo over K, we obtain:

a?] 6,332)

ﬁ/a"U (@1, 29)|*dzrdzy < aj/a/a 2d€)dx dxs
00 0

00
a a (9?}
— a ({ / \Qdfd:@
= a2/ \ dxdzs
K

e Similarly we obtain: ff (v(z1, 22)|*dx1drs < 0 I \ \Qdaz dxs.

e From the above two inequalities and using v = 0 on K — (). we obtain:

2
é "U(Qﬁ,ﬂfz)‘Zdl’ldl’Q < %(f)( a@_;l‘Q + |§—xv2|2)dl'1d$2

e We conclude that: gfz’UQdaj < C(Q)gf2 (Vo|?dz, ¥V v € H(S), where
c(£2) > 0is a constant that depends on €2 (¢ dictates the value of a only).
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The Poincare inequality: [|[v]|32q) < C(Q)é(A’dex, Vove H{Q)

oFromv:OonFi%onF. Withg—fl:()onfigv _aa;; =(0Qonl.

e Using these boundary conditions and integrating by parts first in 1 and
then in 9, one can easﬂy show that:

OPv 0% dl’l d$2 = fQ(ax Oz2 ) dxl dx?: Vv S H()(Q) (&)

10522 622

e Using the earlier Poincare inequality for functions in H3(Q), we obtain:

(22)? day dza < Q) fQ{(gj;%)Q (5252 dey das (b)
0(22)? day day < o) fg{%)? + (524 Yday das (c)

o v* dxy doo < () fQ{(aa;l>2 + (%)Z}dazl dxs (d)
e From (b)+(c) and (a): fo |Vv|? dzy dzg < ¢(Q) n(Av)*dx; dzs (o)
e From (d) and (e): Igv* dzy das < () Jo(Av)?dxy dxs (f)

o [030) = ofe? + (Vo) + (552 + (357 + 20505, oy doy =
vl 320y = l{v?+(Vo)*+(Av)*}day doy < (¢ + ¢ + 1) In(Av)*dey da
C
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The semi-norm |v|: |v]; = é[ g—;l|2 + ‘%‘Z]d.fldl’g
ellvfi < ol < allolli,  Voe Hy(Q)

e Based on the first Poincare inequality, we can write that:
Jvidridey < C*(Q) 1155 P + 5 ) dday
o Define ¢§ = § min{l, 2}
e We thus can conclude:
c%(fz[vzdx + ‘88_;1’2 + |%\2]dx1dx2 < 53—&\2 - |g—;’2|2)d:1:1dx2
e [t is also clear that (e.g. for ¢; = 1):

‘U|1 < H’UHl, Voe Hl(Q>

e We can now conclude that:
eollvlli < vl <ealvl, Yve Hg(Q)

e For v € H}(Q), the seminorm |v]; is thus equivalent to the norm ||v|];.
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