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Kinematics in two-dimensions

We start with the displacement vector at a given point in 2D. It is a vector with
x- and the y-components. We denote it using both matrix and vector notation:

uX - e -
u= . u=uyl+uy |

y

Let us consider a square AxAy (control volume) on the plane before and
after deformation as shown:

v ‘E(;z::y - Aiy_l_--"'/"'tf u(z +oz,y + Ay)
o Can you use this figure to
A ¥ define the strain components?
e Sl a/
./' w(x. y) y -
AX
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Extensional strain comeonents

_‘_-—-/""',3""5 u(z +Ax.y + Ay)

.- Ul +AzY)

Ll i

 The extensional strains €,, and €, are defined as:

- U, (X+AX, Y) = U, (X,Y) _ ou,

= |
£ = 050 AX OX
u, (X,y+Ay)—u, (X, ou
£y, = lim y (X Yy +Ay)—uy( y)E y
Ay—0 Ay oy

* &, and g, represent the change in the lengths of the infinitesimal line
segments in the x and y directions, Ax and Ay , respectively, divided by the
original lengths of the line segments.
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Shear strain comEonents
.

/v i(z +Az,y + Ay)

n

.- Ul +AzY)

Ll i
°

The shear strain, y,, , measures the change in angle a, + «, between unit
vectors in the x and y directions (in radians)

—_ Uy (X+AX, y) —Uy (X, Y)+ lim ux(x,y+Ay)—uX(x,y)Eauy+aux

We often use the engineering shear strain y,,, introduced above, and the tensor
shear strain component &,,= 72 y,,
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Rotation

In addition to axial elongations, the control volume also undergoes rotation. The
rotation in 2D, denoted by w,,, , is computed by

Xy ?
, 1( 6u. ou
Dyy = 5(052 ~o1)= 2( ayx _ axyj
A
/7_, .............. .
Frr—y | iastay+ay
u(z,y) ' i

u(z +4,y)

If o4=a1,, the rotation is zero. For small deformations, the rotation w,, is small
and does not affect the stress calculation.
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Strain matrix

* For our finite element calculations, we introduce the
following notation for the strains:

| fa
_gx_ OX OX
T ou O || Uy
e I E L [ R
ol o, auy | |0 @
oy ox | Loy OX]
Vs

* As shown above, the symmetric gradient matrix vy Is

defined as: aa

VS: O

/o o

o
oy
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Traction vector and stress components

« The traction (force per unit area) on the plane with the
normal vector n allgned along the x-axis is denoted by o«
and its vector form is ox=oi+oy ]

* Similarly, the traction with the outer normal unit vector n
aligned along the y -axis is denoted as oy and its
corresponding components are oy = oxitoy ]

W g
Y

v O'x and O'y are called the stress vectors
Te |/ acting on the planes

:" ’ normal to x and y directions, respectively.
/ & - The stress state in a 2D body is described

/_3__ by two normal stresses o,, and o,, and
shear stresses o,, and 0,.

Can you show that o, ~0,,7 (moment equilibrium)
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Stress components

« Positive stress components act in the positive direction on a
positive face.

« The 15t subscript on the stress corresponds to the direction

normal to the plane and the 2" subscript denotes the
direction of the force. The normal stresses are often written
simply as o, and 0,.

Ty o

y‘ v In matrix form, we denote the stress
Ty components as

.
:5"*/ | cu G:[UXX Oyy ny} =| %y

7,

) or as | Ty _
-5,

. Oxx Oxy
> T T=
Oy O

yy
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Traction in an arbitrary surface with normal n

« The stress vectors oy and oy can be used to obtain the
tractions on any surface of the body with normal n. Thus
the stresses provide information about tractions on any
surface at a point.

y The force equilibrium of the triangular body
A shown requires that:

tdl' —oxdy —oydx =0 =
tdl —oxndl —oyn,dl =0 =

t=oxn, +oyn, =

y
( I+0'ij)n +( yXT+ayy])
=(axxn +0 N y)|+(ayxn +0o,,N y)

-

- T v
t ty
_ t, Oxx Oxy || Ny
In matrix form i = ct=17n
y Oxy Oy || Ny
T _ ~ /T
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Stress equilibrium

 The forces acting on the body are the traction vector

t=ti+tyJ along the boundary I and the body force per unit
volume b=b,i+b,].

« Examples of the body forces are gravity and magnetic
forces, etc. Thermal stresses as we have seen can also
been interpreted as body forces.
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Stress eguilibrium

O(z.y)
;c\ Ay ° L e
—o (. ——.y) JI(CE"‘? y)
2 Azx

« Consider the equilibrium of the infinitesimal region (on the
plane) of unit thickness:

—ox (X —AZX, V)AY + ox (X + A2x Y)AY — oy (X, Y —Azy)Ax +oy(Xy+ AZy)Ax +b(X, y)AxAy =0 =

— AX - AX — Ay, — A
ox(x+ ) =o(x=0y) oyleyr ) -ayxy =)

+ +b(x,y)=0 =
AX Ay AX,Ay—0
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Stress eguilibrium

dox Ooy -
X+ 4 b(x,y)=0
- Ay OX
2
~_ O(z,y) However:  ox =0yl+0yy ]
Ay A,
. AT - x _ _ _
—a (r ——.,y) o, (z+—.y) _ :

« Combining the above two equations yields the equilibrium
equations for the x- and y-directions:

00y 5O'Xy
= - - - + +b, =0 —
0 i+o,,j) O i+onj) - OX 0 X Veox +b, =0
<O-XX Oy J)+ (O-yx v J)+b(x, y)=0= Y or R
OX oy aayx .\ aayy tb. =0 Veoy + by -0
ox oy Y
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Stress eguilibrium

oo 60‘X
~ A XX y _
/\%(j_w;) Py + o +b, =0
oo oo
O(I y> a)Z/X-F ayyy+ y:O
Az

- AY
—TJ I.. - =
/ (2.9 =)

 We can now re-write the equilibrium equation in matrix
form:

& ° a7y ox b 0 T
Ty j{bx}:{ }: VSO'-l- b=0
o & 2, | Bd L
i oy ox|L"xwl1l p 0
v C o
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Constitutive equations

« Constitutive equation is the relation between stress and
strain. Examples include elasticity, viscoelasticity, creep,
plasticity, viscoplasticity, etc.

* Here, we discuss linear isotropic elasticity.

* Recall that in 1D, a linear elastic material is governed by
the Hooke's law o= Eg, where E is Young’'s modulus.

 |n 2D, the linear relation between the stress and strain
matrices can be written as

o = D¢
where D is a 3x3 matrix.
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Constitutive eguations

o = D¢

« This is the generalized Hooke’s law. D is a symmetric,
positive-definite matrix.

* |In 2D, the matrix D depends on whether one assumes a
plane stress or plane strain condition. These assumptions
determine how the model is simplified from a 3D physical
body to a 2D model.
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Plane strain conditions

« A plane strain model assumes that the body is thick relative
to the xy -plane in which the model is constructed.

« Consequently, the strain normal to the plane, ¢, is zero and
the shear strains that involve angles normal to the plane,
Y. and , y,, are assumed to vanish.

« When a body is thick, significant stresses can develop on
the z -faces, in particular the normal stress o,, can be quite
large.
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Plane stress

« A plane stress model assumes that the body is thin relative
to the dimensions in the xy -plane.

* |n that case, we assume that no loads are applied on the z -
faces of the body and that the stress normal to the xy -
plane, o,,, vanishes.

zZZ )

 If a body is thin, since the stress o,, must vanish on the
outside surfaces, there is no mechanism for developing a
significant nonzero stress g,, within the body.
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Constitutive equations

 Here we assume an isotropic material, i.e. a material whose
stress-strain law is independent of the coordinate system.

* For an isotropic material, D is the same regardless of the
coordinate system. Of course this is not the best
approximation for all problems!

_1 Vv 0 | Young’'s modulus E
E and Poisson’s ratio v
Plane stress: D= 12| 10 are the only independent
0 o - Vy material properties for
2 2 | a linear isotropic elastic
material
1-v v 0
Plane strain: E v 1-v 0

T (L+v)(1-2v)

0 0 (1- ZV%
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Constitutive equations

* For an isotropic elastic material we have only 2
independent material constants: E and v (of course D can
be written using any two other elastic material constants
such as the shear modulus G=E/2(1+v) and the bulk
modulus K=E/3(1 - v).

* Note that for plane strain, as v — 0.5, D becomes infinite.

* A Poisson’s ratio of 0.5 corresponds to an incompressible
material.

« Modeling incompressible materials for plane strain (and 3D)
problems requires special attention in finite element
analysis (and special elements).
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Strong form of an elasticity problem

« Equilibrium equation: V o +b =0 orequivalently: V.ox+b, =0
§°Ey +by =0

« Kinematics equation (strain-displacement relation):
g=V.uU

« Constitutive equation (stress-strain relation):
o = D¢
* Boundary conditions: The portion of the boundary where the traction is

prescribed is denoted by [, and the portion of the boundary where the
displacement is prescribed I'; .

v The traction boundary condition is written as zn =t on I'; or equivalently:

gx'ﬁ fo, g'y'ﬁzfy on Ft

v The displacement boundary condition is written as u=uon I,
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Strong form

« Essential boundary condition: The displacement boundary
condition is the essential boundary condition satisfied by
the displacement field.

* Natural boundary condition: The traction boundary
condition is a natural boundary condition.

* The displacement and traction cannot both be prescribed
on the same part of the boundary, thus

r,Nnr,=0.
« However, on any portion of the boundary, either the
displacement or the traction must be prescribed, so

r,ul, =1
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Strong form for isotroeic linear elasticitx

« Find the displacement field u on € such that:
Veox +b, =0,Veay +b, =0 on Q
where o = DV u

with
Ex'ﬁ fo, Ey'ﬁ :fy on F'[

u=u on I,
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Weak form for isotropic linear elasticity

* We pre-multiply the equilibrium equations in x and y
directions and the two natural boundary conditions by the
corresponding weight functions and integrate over the
corresponding domains as follows:

Veox +b,=0,Veay +b, =00n Q=
(Veorx +hby )W, dQ =0 Vw, €Uy,

J
Q
gj}(V-O'y +by JwydQ =0 vw, eU,.

EX‘HZ'EX,Ey°ﬁ:'Ey on Ft IW (Ex’ﬁ—fx)dF:OVWXEUO,
I

J wy(oyen—ty)dl =0 vw, U,
I
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Weak form for isotropic linear elasticity

[ (Veox +hby )W, dQ =0 vw, €Uy,
Q
gj}(?-c?y +by Jwy,dQ =0 vw, eU,.

* Apply Green’s theorem (integration by parts) to the first term
in each of these equations and account for w, =w, =00n T,

[ wy,oxendl = [ VW, soxdQ+ [ b,w,dQ =0 Vw, eU,,
r Q 0

1!Wygy°ﬁdr—é§Wy°Ede+g)byWdeZOVWy eU,.

* Adding the two equations gives:

[ (VWyeox + VW ooy )dQ = [ wetdT + [ webd Q2 Vw, €U,
9) r 9)
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Weak form for isotroEic linear elasticitz

[ (VWyeox + VW ooy )dQ = [ wetdT + [ webd Q2 Vw, €U,
Q r 0

« The left hand side can be simplified by noticing that:

VW T + VW gy = W ow oWy oWy
VWy o x + VW oy =a—xxo-xx +Exo-xy t Ox +8—yJW -
T

2 o

c X o
_| v Oy aWX+6Wy O'XX _llo O™ O'XX —(V W)TO'

OX 8y Gy OX Wil - ay Wy yy | S
R o 0 | Txy
oy OX
v,
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Weak form for isotroEic linear elasticitz

j(ﬁwxog-x +§Wy-3-y) = [ wetdI" + | webdQ Yw, €U,
Q r Q

. _ T
VW, *0 x +VWy-0'y = (VSW) o
« The matrix form of the weak form becomes:

T _
j(VSW) odQ = [wetdl"+ [ w QVW eUg
Q r
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Weak form for isotropic linear elasticity

« Substituting the kinematic ¢ =V u and constitutive o = Dg,
relations, the resulting weak form in 2D can be summarized
as:

Find u € U on Q such that :

T _
I(VSW) O'dQ: IW‘ j Q\VIWEUO
Q I Q

where :U :{u:uE Hl,u:ﬁonru}and
U, :{W:We Hl,W:OonFu}

Can you think a virtual work interpretation of the above equation?
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