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Finite element approximation of 2D BVP

e Find a function u(x,y)eH'(Q), such that u@®=u@).ser, =0,
and the following holds:
j[k(x y)Vu(x y)e Vw(x y) +b(Xx, y)u(x, y)w(x, y)]dxdy+ j puwds = jfwdxdy+ _[ ywds

for all functions w(x, y) e H'(Q) withw=00n8Q, (here y = pu).

o Let us re-write this explicitly as:

.[ ‘ ou 8W+auaw
OX OX 0oy oy
for all w(x, y) e H*(Q2) with w=0o0n 6Q,, where y = pu.

j+b(x Yu(x, y)w(x, y)}dxdy+ I puwds = _[fwdxdy+ _[ ywds

Q o9, o9,
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Finite element aQEroximation of 2D BVP

« We approximate the domain with E finite elements and
N nodes placing nodes and elements in such a way
that element boundaries coincide as close as possible
to the interface with jump in k.
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Finite element approximation of 2D BVP

« We define an N-dimensional subspace H" of H1(£2)) by
constructing appropriate global basis functions

Ni.1=12...N ysing the elements we discussed earlier.
A typical test function in H" is of the form:

N
w,(X,Y) =D W, N;(xY)
j:1Wh(vayj)

* In general the essential BC data (Dirichlet data) uinoQ,
IS approximated as:

Un(s) = D" UiN(X(s), ¥(5))

where the sum iIs over all nodes on o,
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FEM problem statement

» Find a function u, <H", such that u,(x y) =2 u;N;(xy)
and u, =i, at the nodes on @2, so the following holds:

ou, Ow,  ou, Ow,
k h =" h 4 —~h +b(x, yY)u, (X, Y)W, (X, V) |dxdy + uw.ds=| fw dxdy+ ds
ﬂ (8x x oy ayj (%, Y)u, (X Y)W, (x, y) | dxdy aihp h f dxdly aihywh

for all w, e H" withw, =0o0n 6Q,, .

e The above equation leads to the following system of
algebraic equations:

ZKUUJ =F, i=12.,N

ON, ON; -
=_[ | Ni i, N +b(x, y)N;N; |dxdy + _[ pN,N ds, i, j=1,.,N Symmetric,
o OX ax ay 8y o, banded

F = ij dxdy+ | yNids
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Finite element approximation

« Each of the integrals in the stiffness and load vector can be
computed as the sum of contributions from each element in
the mesh. But we need to approach this more carefully!

o Let Q. denote a typical finite element. The exact solution u
on @, of our BVP satisfies:
Hk%o§w+buw]dxdy:j f wdxdy — _[ o wds

Qe

for all admissible functions w(x, y),
where o, is the normal component of the flux at 0Q,.

 Let U, and W, denote the restrictions of the approximations

u, and w, to Q.. Then the local approximation of the

variational BVP over q, Is:
HkVuﬁ o VW, +buﬁw§]dxdy=f fw;dxdy — _[ o, Wds
Qe

n
——
Q 0 exact flux on

0Q, (not known)
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Finite element approximation

_[ [kVuﬁ VW, + buﬁwﬁ]dxdy = j fw;dxdy — _[ o, Wds
Q Q, 0Q; exact fiux on
0Q, (not known)

e

e Since w,=00ndQ; there will be no contribution in the last
Integral from elements with sides that coincide with 6Q,,.

 We already have in place the following approximations:

W00 =2 WNS (0 Y), UE00 = Ui ()

where Ni(x.y) are the shape functions in ., and N, the
number of nodes in Q..

e The following linear system is then obtained:
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Element eguations

> kiu=f°—of, i=12,.,N,

. ONE ON®  ON°E ONS ene
Ky = I{k( ox 5XJ * oy ayj j+bNi Nj}dxdy Element stiffness matrix

f" = _[ fN; dxdy Element load vector
Qe

Element flux vector
obtained by assigning to node
| of 2, a weighted average of

o = I o,N°ds
“ the actual flux o, across 0€2,.
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Assembly process

* The global system of equations is obtained by summing
over all elements E in the mesh.

— We expand the element stiffness k* to a matrix NXN K¢
with zeros everywhere except those rows and columns
corresponding to nodes within @, and f° and o°

will be expanded to Nx1 vectors F* and X°with nonzero
entries only in those rows corresponding to nodes in €2,

- ON; N, ON,
ML Ny M) oN,N | dxdy = ZKU,',j—12 N
ezlge aX ax 6y ay

E

> | fN;dxdy = ZFe,i—12

e=1 Q,

i(Ku -F*+37)=0, i=12,.,N

i
e=1
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Boundary conditions

i(K-‘?U- ~Ff+3)=0, i=12,..,N

7]
e=1

* Note that the contributions to K; and F; from boundary
conditions must enter the problem through the terms Zf.

— We note that the sum of the contour integrals can be

written as:

E

e _ c(0) ) (2) P
Y2 =52+8P+8P i=12..,N
e=1

© _ X DN S(Z)—ZE:jaNds
Si :Z _[ GnNidS Si()zz j GnNidS ! _e—l "
e=l 00,00, e=l a0y, X
Portion of the boundary %2,

00, —0Q),

of @, not on 9,
(interelement boundaries)
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Boundary conditions

S :ZE: f o, N.ds
e This vector Is defined only at interior nodes. Consider
the patch of 4 elements sharing node 1.

SO = jaNds—j[a]]Nde[[a]]Ndsj[a]]Nde[[a]]Nds

e=1 50,
\_\ ,." \\ !

e From the conservation law R s
NS
l:J=9"across an interface \§ § -
. . : \\
where no point or line sources - A

R

. g A \\&\\n\
are applied. Thus if f is smooth - N
In the patch shown s/ =0 / T
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Boundary conditions

Si(o):ZE: f o, N.ds

e=1 60,00,

» \When the source f contains a line source or
concentrated point source, thenlo,l is equal to the

Intensity of the line source.
 We can include point sources by writing f(x,y) as

f(y)= F(y)+ F8(x-x,y-¥,)

g
smooth part point source at (X;,Y; )€y,

e We assume that the mesh Is constructed so that there
IS a hode at the source location.
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Boundarx conditions

E

SCESY I o N.ds f (X, y):f(x,y2+f§(x—xi,y—yi2

e=1 50,60, smooth part  point source at (X;,Y; )eQ;,

e For source at node 1 in the figure, we have:

Si(o):i j o, N.ds = ij[[an]]NldS

e=1 50,00, m=lr

weighted averaEe of the jumps
at node 1

SO =f

 The presence of sources
leads to very singular
solutions u.
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Boundary conditions

Si(l):i j o N.ds

e=1 oy,

* The values of u,, are prescribed at *» . Since o, IS
not known on ¢, , S® cannot be described here.

However, once all nodal u,,u,,...uy are computed, we
can evaluate S from

ZE:(KSU,-—FHzf):o, i=12,..,N

e=1
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Boundary conditions

Si(z):i I o, N.ds

e=1 o0Q,

 On a,, the natural boundary condition Is prescribed.
There we set o,(s) = p(s)u,(s) - (s)

s<2>—z j{ Zu N, —y}Nds ZPUUJ— 7,

0,1, Ee=1 003, e=1
o= | pNNjds=> [ pN;Nds=)
o, e=1 %

portion of oQ°
intersecting 0Qop

_ A N. Zabaras (10/06/2009
i R = ( ) 15




Final algebraic equations

* The final system of equations is given as:

N
D> Kyu,=F-S%, i=12,.,N
j=1

:Z(Ke+P ), F = Z(Fe+7/,

e Once boundary conditions are imposed on 2, we can
proceed solving the system of equations for the
unknown nodal values.
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ExamEIe
« Consider the FEM T

solution of the following
problem:

—Au(X,y)=f(x,y)InQ

u=0onTl,

ou 3
—=0o0nT,, Fzs,rm 1 1_‘74, (3)
on (6)
6
ou (5)
—+,BU=7/On F56 (4)
on )
5
0Q),, = 0C2 _
s ' 6Q2 o 1_112 - 1_125 - 1—156 N 1—167 - 1_174,
0Q, =0Q
! i o =T,
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ExamEIe

e E

ement 1:
ki ki ki3
ko1 Kz ko
kar ki  Kag
0 0 O
0 0 O
0 0 O0
0 0 0

O O O O O O o

O O O O O O o

O O O O o o o

o O O o o o o

>4

(4)

:
0, =T, Ul Ul Ul )

6Q1 = 1_‘41
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ExamEIe

e Element 2:
ki 0 ki kb
O O O 0

K0 Kk

K=1kg 0 K, K
0O 0 O 0
O 0 O 0
0 0 0 O

OO O O O o o o

O O O O o o o

>4

(3)

(6)

(4)

:
0, =T, Ul Ul Ul )

(5)

6Q1 = 1_‘41
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ExamEIe

ment 6:

E

O O O o o o o

O O O O O O o

0
0

6
K11
0
ko1
6
K31
0

O O O O o o o

0 O
0 O
6 |6
SPRLYE
0 O
k2 k3
6 |6
K32 Ka3
0 O

>4

(3)

(6)

(4)

:
0, =T, Ul Ul Ul )

(5)

6Q1 = 1_‘41
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ExamEIe Eroblem: Assemblx

) - >4

F ‘21'
F 0
F; 0 6
1
F= E4 —| 24 @
F5 25 4 7
Fo 26 The stiffness terms with the symbol K
F 0 | will be modified once natural BC are applied.
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Natural boundarx conditions

0000 0 0 0] di
0 00 0 O 0 O
0 00 0 O 0 O
P=(0 0 0 0O O 0 O
0000PR, R O
0000 Pz Pg O
0 000 O 0 0] x
0 5
0 (3)
(6)
O == - 6
y=|0 (2) )
(4)
V5 A ?
V6
_O —
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Final szstem of eguations

ol . . :
U F-2
0 Uy F,
K37 Us F3
K47 QU4 $:< F4—24
0 ||Us Fs
Ug Fs
Ke7
u7) | F
K77
5
(3)
(6)
6

(5)

Vo
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ImEose essential boundarz conditions

Post-processing

—2q = KppUy + Kygug + Ky — F
—24 = Kyglz +Kyrly — 4
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Revisiting the FEM formulation for 2D scalar field problems

* In the earlier part of this lecture, we used the stiffness
matrix and load vectors in component forms.

 We will next discuss a similar example (notation is
used from heat conduction) repeating the same
calculations but in a matrix form. These calculations
have been programmed in the 2dBVP MatLab
software.

. Let us consider the following
2D BVP: Compute T(x,y):
_Ve(DVT) = f(x,y)

T=TonTl,
q=-DVTen=qgonT,
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2D Heat conduction —weak form

 The weak statement for this problem takes the form:

Find a function T(X,y) € H'(Q), with T(6)=T(s).sel; sych that:

[{vw}"[D]{VT}dQ=[w' fdQ-[w'qdl

Q

for all w(x,y)eU,

« We denote here U,:weH'(Q)withw=0onar;

 The weak form is written in a matrix form ready for
FEM discretization, e.g.

_aT_
& T aW 8W qx kxx kx
{(VT}= A Vw} {— —}, q { }:—[D]{VT}, [D] { y}
g OX ay h:;;t q y Conmvity K yX K yy
i ay | flux matrix
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2D Heat conduction —weak form

« We replace the integrals with sum of integrals over the
finite elements:

Find a function T(X,y) € HY(Q), with T(5)=T().sel; such that:

nze'j{vWE}T [De]{VTe}dQ:nZEI:jWeT fdQ—nZEI:JWeTadF

e=1 ()¢ e=1 e e=1 r,

for all w(x,y)eU,

e The finite element interpolation formula for the
temperature in each element is:

TS
TE(,y)=N°(x,y)d° =[Ny N; .. N, | T =[N°[{d*}=[N°][L] {d}
\ [N It o seafter globa
_Tnen i temperatures

{e)
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2D Heat conduction — FE interEo ation

 The gradient fields of T® and w® are obtained as:

T | _aNleTw@NzeTu +5NﬁenTe_ (ON;  ON; oNg, || T
ox x b oax 2T ax ™|l ax ox T ax || TE
vTel=l o= . . = . . 2 1= B%(x,y) {d®!=|B* || L°| {d
v dl ONy e ONppe ONpen e ON;  ON,  ONpgy || - [ Jrj =1 ]L&—]g.%ﬁ}
oy | Loy T ooy ° oy ™| Loy oy N T | matrix o tures
The [B;j matrix {de}
Here, nen: number element nodes
e Similarly for the gradient of we:
ON? ONf |
OX oy
e’ aWe aWe e’ e T e e e aN; aN; T e T e T
(vw) {ax W}:{w} o] =[w w . ow] e oy |- [T [E]
el et
aNr?en aNr?en
| OX oy |

MAE 4700 — FE Analysis for Mechanical & Aerospace Design
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2D Heat conduction —weak form

e \We can substitute these expressions into the weak
form

nel nel nel

S [ (vl D 1vTelda=Y [w' fdo-)" [w gdr =

e=1 Q e=1 Q e=1 1"

nel

j [D] B [y L° | j fdmj qudQ]:OV{WF}

q

 Note as we did earlier for the 1D BVP, the vector w was
partitioned as follows:
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2D Heat conduction —weak form

nel

wi YT [[B ‘T [p*1[ B Jda L* j fdQ+je | qdr [=0v{w,}

e=1 e
Q q

 From this equation, we can easily identify:

[Ke]zé[[Be:T[De][Be]dQ {fe}zé;[ ]fdQ j [N°T qdr

%) ]

 \We now can write the weak form as:

W) (”ze'[Le]T[Ke][Le]j{d} [”ze'[u] fe) ~0v {w, )

e=1 =1

Residual {r}
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2D Heat conduction — global stiffness and load

nel

W) (nzel:[Le]T[Ke][Le]j{d}—(Z[LeT fej —0v{w, )

i Residﬁal {r}

« The global stiffness and load can now be written:

nel

k=S [eT kel (=2 T ()

e=1

« Utilizing the partition of w, the weak form Is written as:

{WF}T{rF}—i—{WE}T{rE}ZO,V{WF}:{rF}:O:>{r}:|: re }{KE KEF}{dE}{fE}j

r- =0 Ke Ke |l d; fe
3 This follows exactly the solver in our
Ke  Kee |l de _ fe+re MatLab 2DBVP program. rg here are the
Kee Ke |l dp fe fluxes on the boundaries with essential BCs.

They are computed after this system
of equations is solved for d.
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