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Function norms

 In preparation for defining error norms in
finite element analysis, we next
summarize some definitions.

e Consider a function f(x) defined in the

interval [a,b]. We define the L, norm of this
function as follows:

|| f(x)an:[ | f%x)dx]
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Finite element error

« Assume that you know the exact solution in the
problem of interest (e.g. our 1D deformation
problem). Then the L, error in the finite element
solution (displacement) is defined as:

b

||e||L2=||u“(x)—uexa“(x)||L2=( [ (u" () —u== (%))’ dxj

a

e Since the FEM solution is defined piecewise over
each element, we can write the above error as:

e
2

” u" (X) _ e (X) |||_2 _ Z[J‘ (Uh (X) _ e (X))Z dXJ

e e
Xl
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-Inite element error

 The normalized L, error in the finite element
solution Is also used:

lu" () —u™* () I, [;(u () -u* (x)) de

1= ()] [j o dx)

a

 These definitions are of course not very

useful as usually the exact solution is not
known!
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Energy norm

* In deformation problems, one is often
Interested In the error In the gradient of the
displacement field (e.g. in the strains and

stresses).

A common form to express the error in the
gradient is using the energy norm defined:

b

lell..=] g (x) et ) |l.,= (;j E (gh (X) — ooxact (X))2 dX]

a

b

» Recall that v=J;o"00s" wex=[

a
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Energx norm

* The relative error in the energy Is defined
similarly as:

N |~

_en _ ” uh(x)_uexact(x) ”en :[ _!:E(g (X)—g (X)) dX]

” uexact (X) ”en 1 b 1/2
jE exact (X)
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Convergence of t

ne finite element method

e \We are interested to know how the

error in the FE so
refine the FE grid
size Is halved).

ution reduces as we
(e.g. Iif the finite element

o If the finite element contains the complete
polynomial of order p, then the L, error of

the displacement

le]l.,<ChP"

varies as follows:

C: constant independent of h but
depends on the element polynomial
order

p=1: linear elements
p=2: quadratic elements, etc.

CORMNILL,
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Convergence of the finite element method

lefl.,<Ch""

e For linear elements: If you halve the
element size, the L, error decreases by

1/4

e For quadratic elements: If you halve the
element size, the L, error decreases by

1/8!

— The cost of using higher order elements does
pay of!
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Convergence in the energy norm

lefl,<Ch”

en —

* For linear elements: If you halve the
element size, the energy error decreases
by 1/2

e For quadratic elements: If you halve the
element size, the energy error decreases
by 1/4!

— The cost of using higher order elements does
pay of!
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Log-log Elots of the finite element error

-1.0 =20 =3.0 4.0
log/h

@w A A @QL# N. Zabaras (9/23/2009) 10




Convergence

 The earlier formulas are valid assuming that the actual
solution has smooth derivatives up to order p+1.

 Assume that the actual solution of our BVP has the property
that its derivatives of order A are square-integrable in QQ but
those of order A+/ and higher are not, A being an integer 2>1

* As before, we assume that we use shape functions that
contain complete polynomials of degree <P and a uniform
mesh of element of equal size h. Then:

» Thus the rate of convergence

lell..<Ch® is p if p<A or A if A<p

en —

= mln( D, /’L) > Note that for A<p, the rate

of convergence is independent
of p and no improvement is
observed by increasing p

@W@M MAE 4700 — FE Analysis for Mechanical & Aerospace Design
_ N. Zabaras (9/23/2009
i B 21 ( ) 11




Finite element function spaces

* There are an infinite number of functions in U
and U, , 1.e. these spaces are of infinite
dimension.

 When we represent the weight functions by
shape functions, then the space of weight
functions U; becomes of finite dimension (equal
to the number of nodes excluding those on
essential boundary).

o Similarly, the space u" in which we seek our FE
solution becomes finite dimensional.
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Finite element function spaces

 While the weak form is exactly equivalent to the
strong form for the Iinfinite dimensional spaces u
and Y, , it is only approximately equivalent for the
finite dimensional spaces u"cu and u? cu,, which
are used in the finite element method.

* Therefore, the balance (equilibrium) equation,
and the natural boundary conditions that emanate
from the weak form are only satisfied
approximately.

 |n this lecture, we distinguish between the weak
forms defined for the exact and finite element
solutions.
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Finite element error

* Let us consider the weak forms defined for the exact
and finite element solutions. For the elasticity problem
these equations are given as follows.

du
dx

du’ = AW"t|. +[bw"dx =0, vw" inU
dx Y

e Lete=u-u (flnlte element error). Subtracting the two
weak forms gives (note the 15t eq. is also valid for

vw'einU, since Uy cU,);

Find u(x) eU :j‘;""AE dx = Awt|, +[bwdx =0, YweinU,
Q

j—AE—d x=0,vw" einU
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Finite element error estimation

e How do we estimate the error when the
exact solution i1s not known?

e Let us consider the finite element spaces

U"cU, Ul cu,.

* We will prove that v"(x minimizes the energy
norm of v -u I, foranyu’(xeu”. Here, u IS the
. Tu(q) —u" (),
exact solution. 0

[u() =u" () lles=min 1uCx) —u" ) Il 0" (%)
u”(x)eu" - u"(x)
[u(x) = u" (%) [l
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Finite element error estimation

1uE) =" I, =l (00 ~u" (X)) + " (0 ~u" () I

e Wh EUQ

* Note that since u"(x) and v'(x) satisfy
essential boundary conditions, it follows
that vw-vw=w<u and thus:

h
aw" g dey,
dx dx

luG) —u" GO IE lle+w" [F l[elf +[w" [ +2]
Q

 However, we already have shown that the
last integral vanishes:

TuC)=u"C) I =llelf, +lIlw"|IE llell
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Finite element error estimation

” U(X) o uh (X) “en S” U(X) o U*(X) ”en

e Thus to compute the finite element error, we
need to find some function«w<u for which
the error w-vwi, IS easier to compute.

 We will use as vw<u the finite element
interpolant u®<u"of u(x), i.e. a function in v’
that interpolates u(x) between nodes (i.e. it Is
equal to the exact solution at the finite
element nodes, ix)=ux) ).
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Finite element interEOIant

14} i

x\%ﬂ—ny\ﬁk
AN — (e —1)h
~ 2 r; =(e—1n

// element e I-r_jr =1 — Ch

&

« The derivative of the interpolation function ux in
element e is given by: 0(X,,) —U(x;)

X

Xig =X,

* By the mean value theorem there isa c, x, <c<x;,;:

Ux=Uu,(c)
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InterEOIation error

Ux =U,(C)
« Expand the derivative of the exact solution using a
Taylor’'s expansion:

U, () = U, (€)+ (X =) (£), c < E< X

e Subtracting the above two Egs and assuming |u,($)[<a

0,00 =0 () = (X = O, () =85 [= U, (9~ U () [ 3 (x—)u o (£) [ @] X=X, [< ah

Interpolation
error

@W@M MAE 4700 — FE Analysis for Mechanical & Aerospace Design
_ N. Zabaras (9/23/2009
i B 21 ( ) 19




Finite element error for linear elements

e [< ah
e The interpolation error in the energy norm is then:
~ 1 ~e 1 < eeh —e 1 where we
lef,,== [ AE(ex)’dx==>"[ " A"E°(ex)’dx<-nhK(ha)’  assumed
2(2 2 o1 - e-Dh 2 ACES < K

e Denoting nh=L, and recalling that the energy norm of
the finite element solution error is less than or equal to
the energy norm of the interpolation error: - /%KLazhz _ch

en—
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