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Intro to FEM: The direct approach

e Consider a linear spring with nodes’ 1 and
2: - -
—"91—5\/"~~._f"~xﬂf IVAVAVAY
k

1
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 The force on the spring at node 1 is: F =k(5,-6,)
o Similarly the force at node 2: F,=k(5,-4)

F, =k(5,-6,)=-F,
* \We can re-write the above equations in

matrix form as: £ Tk —k](s,
el
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The direct aEEroach
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Load vector Displacement
vector

 \WWe can generalize this equation for a linear

spring as: {Fl}_{kn klz}{gl}
|:2 k21 k22 52

k;: force on i node induced by a unit displacement in the j" node
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Stiffness matrix




Direct method

e Let us consider the analysis of the following

loaded system of linear springs (each with 2
nodes)

(D -’J‘Né{ I o F
}JN W .'-2'-* 3o AMMA ? 4
JI'N\/@J'J“ 00

e This system has 4 linear spring elements
and there are 4 global nodes.

e Node 1 is fixed but node 4 can slide under
the (known) applied load F.

We are interested to compute the nodal displacements 64, 9,, 83, 0,

|
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Direct method
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 We know the behavior of each element’, e.g.

@) (1) (1) 1) Element Local Global
{ Fl - kll k12 51 Node Node
F® kKO k® [|s®
2 21 22 2 1 1 1
2 2

51(1) — Displacement of local node 1 of element 1

o) — Displacement of local node 2 of element 1
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Direct method
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e For element’ 2:

(2) (2) (2) (2) Element Local Global
Fl _ k11 k12 51 Node Node
F(2 k@ k@ || s®

2 21 22 2 2 1 5
2 3

51(2) — Displacement of local node 1 of element 2

5y?) —  Displacement of local node 2 of element 2
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Direct method
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e For element’ 3:

(3) (3) (3) 3) Element Local Global
Fl _ k11 k12 51 Node Node
F G kK@ k® || s®

2 21 22 2 3 1 5
2 3

51(3) — Displacement of local node 1 of element 3

52(3) — Displacement of local node 2 of element 3
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Direct method

DWWy @ .
S AMMAY D WM
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e For element’ 4:

(4) (4) (4) (4) Element | Local Global
Fl _ I(11 k12 51 Node Node
F4 kK& k@ || 54

2 21 22 2 A 1 3
2 4

51(4) — Displacement of local node 1 of element 4

52(4) — Displacement of local node 2 of element 4
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Connectivitx matrix
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e Connectivity matrix T:

1
2

T =

2
3

(4]

o AN AN, s

TrTY 'Vfi "F

O 0

Global nodes

2
3

One column for

each element

|e=2

_ " of element 2
3
4

CORNELL

MAE 4700 — FE Analysis for Mechanical & Aerospace Design

N. Zabaras (9/1/2009)

9



Summarz

DWWy @ .
oM D e WA Ae——
; iy ;1,1'2 3 VT rv‘/o—:\ =
J‘M)‘éﬁfr

1%
RO [k kT, Rk ke |[d,
FO [T 1ke k@ [|d, F2 1 [ k2 k@ ||d,
{Fl(?’)}:{kff) kff’}{dz} {ﬁ“”}{kﬁ) kff)Hda}
F7) Lk kg L 21 Lk kg |

« We use d,,d,,d,,d, from now on to denote the global
degrees of freedom.

e Let us re-write each of these equations to include in the
displacement vector all nodal displacements of our system
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Local to global transformation
-\ FATH \
) /N‘ng ' @

SO AAMAMAA O

/':l LARAARI '5’2- o
WS

1) ) 1) kl(i) kl(:zL) 0 0 (dl \ Fl(l)
Fl . kll k12 dl k Q) k (1) O O d F (1)
EO[ | k® kO |]d 2 2 JEl=0"2

2 21 22 2 0 0 0 0lld , 0
Global node 0 o 0 of(d,] 0 |
displacements - o y

(2) (2) (2) 00 0 0 dl 0
H . ki k' |]d, (2) (2) (2)
£ @ = @ 1@ |d — |0 ki k' O <d2 L, H

2 21 22 3 2 2 N 2

0 kz(l) kz(z) 0 d3 Fz( )
0 0 0 0 \d4) 0
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Local to global transformation

@ J;/\.Af\f\f.f,‘f @ )
No A d D e N,
/‘:l AR AR L) 3 'I'III'IIV‘/—\\ -
00
Y-
0 0 0 O07(d,) [0
(3) (3) (3)
{Fl(s)}:{kl(ls) kl(z)Hdz} T J& 1 _ o
F, Ko Ky d3 0 kéf’ kz(g) 01|d, B |:2(3)
0o 0 0 0]d) [0
RO [ k2 [, O | I
o1 o g — [0 O O 0l Jo
2 21 22 4 0 0 kl(f) k1(24) d3 |:1(4)
0 0 ky k' [ld] (R
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Assembly: [K1= 2 [KI" [F1=2.[F1"
()

ki)
ki
0
0

(1)

SN AMMAAAL o
/‘:I Jﬂf‘if‘h’z'
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)

k12

® 1 @ 4 1O
k22 +k11 +k11
(2 1 ®

k21 +k21

0

yy )‘éﬁj e

0

2 | 1B
k12 + k12

) 1 ® )@
k22 T I(22 T kll

(4)
k21

4
} 0—‘,‘ '!‘»'!‘ 1 lfi'l'}. ‘.! 'l'f']vr-ﬁ__b-
AN F
O 0
IR =)
0 I(d,) (R
0|d,| |FP?+F9+EY
3 > = < >
k1(24) d3 |:2(2) + |:2(3) + |:1(4)
kg)_ d, \F2<4)

« What contributes to the global stiffness component
Kij 1J=1,47
v Elements between nodes i and j.
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Assembly: [K1= 2 [KI" [F1=2.[F1"
()

ki)
ki
0
0

(1)
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k12

® 1 @ 4 1O
k22 +k11 +k11
(2 1 ®

k21 +k21

0

yy )‘éﬁj e

0

2 | 1B
k12 + k12

) 1 ® )@
k22 T I(22 T kll

(4)
k21

4
} 0—‘,‘ '!‘»'!‘ 1 lfi'l'}. ‘.! 'l'f']vr-ﬁ__b-
AN F
O 0
IR =)
0 I(d,) (R
0|d,| |FP?+F9+EY
3 > = < >
k1(24) d3 |:2(2) + |:2(3) + |:1(4)
kg)_ d, \F2<4)

« What contributes to the global stiffness component

K

1=1,47

v Elements that share node 1.
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O 0

_kl(i) kS 0 0 | d, ) ”|:1(1)

koy Ky Hky ki k) k) 0| Jd| _JRV+FP+FY |
0 KD+k®  KD+kD4k® K| || T|RO+FO RO
o 0 ki @] R

g Displacement
vector of global
nodes

4 '
Global stiffness matrix Global load vector
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Assembly: [K1=2[KI" [F1=2[F1"

(1)

W/ ‘g‘f v

(4]

4
\f‘_ﬂl h..,"} l‘ ﬁ f! — O 4 O—ﬁf‘.!‘-f-}'.hr'. l'""'__-
/“ Jﬂf‘if‘ls’z 3 I!lrrrvit
'-M)‘éﬁf -
1, (D D 1ra =) )
Ky K5 0 0 |(d, F
kD kD +kD +kD kD 4+ kS 0 < d, _ FY+E® +E® >
(2) (3) (2) (3) (4) (4) (2) (3) (4)
0 ki +k;; ki + k) +kP kY []d, F2+F® +F
(4) (4) (4)
0 0 k.’ kP 4] |F,

 What Is the total force acting on nodes 2 and 3?7
FO+ R+ F® =0 F2+FY+EY =0
|:1(2) |:2(2)
Fz(l) 4_@::Fl(e,) Fz(s) ::@4_5(4)
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Assembly: [K1=2[KI"(F1=2[FI"

o P
@ 4
S AMAMA o = oA MMM, e
/':l ARARAI 5’2 3 v s F
Wi
| v
O @ 0 0 Tl (E®
11 12 1 1
KD KDkD K2 ek o la| o
=X :
2 3 2 3 4 4
0 k2(1) T kél) kz(z) T kz(z) T kl(l) k1(2) d3 0
4 4 (4)
_O 0 k2(1) kz(z) . \d4z \FZ J
e How about F” and F* ? .
F
F\ F i 1
2 @ > ©—
F\Y = F = applied force (known) FY = F. = reaction force (unknown)
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Assembly: [K1=2[KI"(F1=2[FI"

WV ‘g‘f lv

(4]

}J‘hi.%fru - (2 oA ;.;..;.,r..,rA4_E
WS o
0k o
YKk ek KOk 0 |ld,| o |
R R R LA L.
0 0 kz:) ki) |lda)  (F
* We have 4 equations with 5 unknowns: d,.d,,d;,d,,F,

* We have not yet used the boundary condition: d, =0
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DisEIacement calculation
-\ VAR \
) /Né"Nf ' @

SO AAMAMAA O

/':l LARAARI '5’2- o
WS

[ 1D (2) (3) (2) (3) T N

Koy + Ky + Ky’ k' +kg 0 |(d, 0

@ k@ k@@ ) @ |Jg Lo
(4) (4)

_O k21 k22 | \d4) \F)

e This 3x3 system of egs can be solved for: d,,d;.d,

e Once you do that, how do you compute the reaction
force at node 1?
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Reaction force calculation

o WMWY D
Frw-;m@a 2 }MNNNV A
WS T
\3/

e Return to the 15t equation in the assembled system
before the application of the boundary condition:

Y Tl

k]_(Jl_) kle) O O - dl D - Fr A
KD+ +k? K2k 0 |]d,| o
4 > = < >
0 KDk KDk ek K []dy[ O
0 0 d,)]  ka k@ |1d ) (F
d
(K kE 00]) " 1=F = F =k{) d, +kfd, =k{d,
3
\d4,
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Non-zero disEIacement at node 1: 6, =«a

(1)

N AAAAAAAL

MM
(2)

(4]

o AN S

AR AR ALY LA TV ’
/':l 2 3 ,i’o o‘_\ F
|/ A
_1 0 0 O_ rdl ) ra\
(1) (1) (2) (3) (2) (3)
k21 kzz T k11 T I(11 k12 T k12 0 ) dz . 0 Ax4 system
@ 1 3 @ 1@ @ @ g ["o [~ 7 ofEgs
0 k21 T k21 kzz T kzz T k11 k12 3 0
(4) (4)
_O 0 I(21 kzz Ld4 J N F J
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Non-zero disEIacement at node 1: 6=«
AMMM
(D) /N!‘Nf 2

SO AAMAMAA (ﬁﬁ

/':l LARAARI '5’2- o
WS

1 2 3 2 3 P S - N
kz(z) + k1(1) + k1(1) k1(2) + kl(z) O|(d —kz(?a
D +kD KD k@ HkE KD [1d =10 = 3x3 sysiem

of Eqs
(4) (4)
0 k21 k22 \F

» The reaction force can be computed as before:
04

o AN ey
3 FriIrevy i \_\ F

O 0

.

kP kP 003 *t=F =F =k§ a+kid,

w

d
d
4 )
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Consider k! =k =k$) =—k, for all elements e, ie. K =

/'% VYTV — '3 AL AN -
- B
3k -2k 0 ](d,) (o) [ [0
_2k 3k —k <d3>:40 >:>4d2>:<|:/k >
_O _k k_ \d4, kF) d3 3F /2k
_»Symmetric kd4z \5F /Zk)
stiffness

e The reaction force can then be computed as:
F, =kd, =—kF/ =—F!
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Revisiting the assembly process

[K]= X [K]®.[F]= Y [F]

* In the equations above, we imply that the
element stiffness k1© and load vectors [F1”
are already written in the expanded global
node format.

« How do we write the above assembly
process If we want to use element
stiffness [K1® expressed in the local node

format?
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Revisiting the assembly process

0 WMWY ) ,
R }3 N s
eyl

 Recall that e.g. element 1 In local tormat:

@) 1) @) @)
I:1 kll k12 5 [K (1) ]{d (1)}
FO[ [k® k@ ||s®

K©] W)
 WWe can write the foIIowin%\transfc_)rmations:
d, F 1 0

(1) 11 1
{d(l)} {5 } F‘ 00 O} d2>:[L(1)]{d}, Fz() 01 {Fl()}:[L(l)]T{F(l)}

s9("[o 1 0 0ld, lo [Tloo ||ge
s 0 00
 Note that the matnx (LT scatters the nodal

forces into the global nodal form
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Revisiting the assembly process

/ff/f// .
PJNNN i s

N\/‘@h

 But we have seen that from eqw Ibrium of

each node: (F®) (o ] (0 ) [0 ] (F)
(1) |:(2) |:(3) 0 0
<F2 T e T T @ (=) -={f}
0 |:2(2) |:2(3) |:1 0
0 0 0 FRY) (F

 If we call the applied external force vector
simply ¢f;,we can summarize the above as:

Z[L(e’] {Fy={f}

4x2 2x1 4x1

@wm MAE 4700 — FE Analysis for Mechanical & Aerospace Design
N. Zabaras (9/1/2009
E REN ( ) 26




Revisiting the assembly process

/ff/f// .
PJNNN i s

N\/‘@h

* Return to the element equations

(e) (e) (e) (e)
{F(e)} {F } |:k11 k12 i|{5 } [ (e)]{d (E)}
Fz(e) kéi) kég) 5(9)

and the transformations.

{51(6)} {1 0 0 O} dz&z[L(e)]{d} i[L(e)]T{F(e)}:{f}

ol 010 0]|d,
Hf_/
{d®} d4

« Combining these 3 Egs gives: 2ILTIKYHI"={1}=
Z[L(e’] [K ‘e)][L(e)]{d} {f}= {f}=[KK{d}, where [ﬂ_z[ue)] [K ML

4Ax4 e 4x2 2%2 2x4
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Revisiting the assembly process

/ff/f//
P—ANNN “"WNN‘ >

N\/‘@h

Transformation matrix from
local to global node

o Letus verify [K®1=[T [Kl*”][L‘”]

Element stiffness in global || Stiffnéss in local format
node format node format
1 0] kY kG kY k00
KO 0 1(k%Y k&1 0 0 0 k@ kG [0 0 0] |k ko 0
0 Ok kP01 00 o o (10100 o 00O
0 0] 0 0 0 00 0

 This Is Indeed what we used before!

N. Zabaras (9/1/2009
m 1 RS ( )

28




Revisiting the assembly process

D) W -%f lv y ONEY
e N s

N\/‘@h o
Z[L‘”] FOr={f} [K]= Z[L‘e’] [K'(E)][L(“]
KH{dy=¢f3

 \We remind you that k®1is the e-element
stiffness in global nodal notation and x™1

the e-element stiffness In local element
nodal notation.
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Another examEIe

A i ¢ (4
2 i %ﬂﬁ* WA 'P“H!W WAV ﬁxﬂ\’E
}f - > 5

14 -a;% Ao ARMAPAAN ;53 50N

4 3

* For the spring system above, compute the
— global stiffness and force vector

— partition the system and solve for the nodal
displacements

— compute the reaction forces
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An examEIe

3+1 O -3 -1 1

0 1 -1 0 2
[K]=

-3 —1 3+2+1 -2 3

-1 0 —2 1+2] 4
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An examEIe

1@@@ AR WE

« \We partition and apply BCs: d,=d,=0
{6 —2} {dB} {50Nt} {dg} 1 {10.7143}
K = = =— Nt
-2 3||d,[ |0 d,| k|7.1429
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An examEIe

7 k @
aﬂw A MM ﬁxf\ﬁg
Z 2k > 35
LA AR, o
4 0 ;-3 -1 ][d] [
kO __________ 1 _____ _1 .............. O ...... -<-F.i.2.->_—_<r2 >
3 -1 . 6 ~2 ||d,[ |50Nt
-1 0 -2 3 |[ld,] |0

e Compute the reaction forces:
{—3 —1} {dg} {rl} {rl} {—39.286}
k = — = Nt
-1 0|ld,|] [r, r,| |-10.714
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