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Finite element basis functions in 1D

e The domalin is divided into finite elements and the

weight functions and trial solutions are constructed
within each element.

Elements: Q, 2, Sy §i,

4 . . . .
v = [} x=1 x

MNodes: 0 1 2 3 4

e

These functions have to be chosen so that the
FEM converges, I.e. as element size, denoted by
h, decreases, the solution tends to the correct
solution (mesh refinement).

Convergence of the FEM requires basis functions
that satisfy continuity and completeness.
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Continuity and completeness

e Continuity: the trial solutions and weight functions need to
be sufficiently smooth.

v' The degree of smoothness required depends on the order of the
derivatives that appear in the weak form.

v' For the 2" order ODEs considered, the derivatives in the weak
form are 15t order, thus the weight functions and trial solutions
must be H! (C° piecewise polynomials).

 Completeness: the basis functions need to be able to
approximate a given smooth function with arbitrary
accuracy. As the element size h approaches zero, the trial
solutions and weight functions and their derivatives up to,
and including the highest-order derivative appearing in the
weak form, must be capable of assuming constant values

v finite elements can represent rigid body motion and
constant strain states exactly

@wm MAE 4700 — FE Analysis for Mechanical & Aerospace Design
N. Zabaras (9/23/2009
E REN ( ) 3




Linear one-dimensional elements

e

] [ ]
1 2

 \We need to approximate (interpolate) the trial
solution and weight functions in an element e.

 To demonstrate the process of constructing the
basis functions, we use a general approach even If
the answer Is rather obvious. For linear elements,
we write:

u"(x)=a, +a, X

 We want to compute the parameters & and & in
terms of the nodal values  uv(x}) and u’(x}) .
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Linear one-dimensional elements

e

Qo ®
1 2
a,
u“(x)=[1 X]{ e} = p(x)a’
o LA

'

a
u (x;) =a, +a;x, 10e)) 1L % ]la)
M ® a
 Combining the above egs. gives us the element
shape functions
u*(x) = p(x)a’ = p(x)(M*)*d°

N®(x)

ue(x¢) =as +ax’ {de}:{ue(xf) RERA 8}
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Element shaEe functions

) [
1 2
et e e
(Meyt=|t B e X
1 x5 -1 1
%/_/

 The element shape function matrix can now be
computed as:

NS =[NS NST= pOO(M®)* =L x]%{xg ‘Xf}:»

11
e 1 €
1 N =1 (% =%)
N°=[N; NT=pOOM) ==X X x—x¢]= 1
Nze:F(X_Xle)
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Two-node linear element: Shape functions

« Verify that (as desired) the following holds: N; (X]) = J;
u®(x;)=N;(x)d; + N, (x))d, =1d; +0d, =d;
NOE: o e read® + NE (1 A 1 o
u(x;) = Ny (x;)d; + N, (x;)d, =0d; +1d, =d,

* The Interpolation property is now summarized as:
u®(x) =N;d; + N,d,

_ iNiedie
i=1
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u*(x) = N*(x)d” =[N; NS]{dle}z Nyd; +Nyd; =
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Two-node linear element: ShaI:_)e functions

€ 1 e
i N, :F(Xz_x)
: € 1 €
i N, :F(X_Xl
7

1

* The derivative of u®(x)can now be approximated as:

du®(x) dN°(x) 4e — dN;

dx

From which we can write:

du®(x)
dx

dleer&dze
dx dx dx
fde\
= 2. ' =B°{d°|
R S S o
Be

CORNELL
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Three node element: quadratic interpolation

 We can repeat the same process as for the 2-node element to
derive the shape functions for the 3-node element.

« However, we can use Lagrange interpolants to find out directly the
shape functions using simple arguments.

 Lets derlve N, ° It S a quadratic function, and it needs to bee zero gﬂ
nodes X, and X; . So it needs to be of the form: ~(X=X)(X=X;) .
It also needs to take a value of 1 at node X . We finally arrive at:

e ()X x)
L OCX)06 )
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3-node (quadratic) and 4-node (cubic) elements
p Ne = X))
(X - x)0¢ - x5)

NE = (XX (x=x5)

(X3 = X7 )(X; —X3)

r_ NE = (XXX =x5)
(X3 =X )(X5 —X3)

 We can generalize this process to higher order interpolation. For

cubic interpolation, we need 4 nodes. N = (X =X3)(X = X$)(X—X{)
L8 =) 06 = X))

1. ’\ /fj‘f’éh__\ o NE = (x=x)(x=X3)(X=X;)
N — % (6 = X)) (6 = x)(%5 — X¢)
"N N \e = (X=X (X =%)
of -~ -5—*:;-%:;__,___ ﬁ_=1__1;;>f:i:§—’—i—— — T x5 = x5) (6 = x5)
N ~_ | | NE = (X=X )(X=X3)(X=X3)
o 1 2 3 b X 06 = x5) (X = %5)
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Master elements in natural coordinate ¢

e Itis more common to define the shape functions on a

master element in coordinate & with—-1<¢& <1,
e For linear elements, we can then easily map to real

coordinate x for each element e with the isoparametric
transformation (the same interpolation we used for u(x)):

=[N

1 e e e
X=X 4206 X)L+ ) =TS+ S =[N NZ]{E
—_— —_ 2
NE Ng
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Master elements in natural coordinate ¢

o Similarly a quadratic element in natural
coordinate has nodes at $=0,+1

1
N(& T
A C R A NP =<
j\fl('? LT s Ne_l 2
e N !,fz 2 _5
ve 'x}/ . 1
/ r_,.r/ \ N3 :_(1+§)§
/ i \-\ E." 2
‘\ ,r"_.::-. ..-f'. —~
I "= 7 2 T 3
E=-1 £=0 c=1_
X
x=| Ny N5 N |{x¢t=[N]{x}
3
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Global and element shape functions

* In an eatrlier lecture, we introduced the transformation
from elemental to global degrees of freedom:

{d*}=[L"Kd}

By assembling the local element approximations, we
can compute our global finite element approximation:

u"(x) = > [NI{d}= > [N°][L°"{d}
i -— — Global shape
§ functions (row matrix)

« N are our global shape functions. We can rewrite the
global approximation as: Number of nodes

u"(x) =[N{d}= Z N d in the mesh
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Linear global and element shaEe functions

AN N s oges
() =INHd} = 3 N,

W' () =[NKw}= 3 Nw,

i=1

e The matrix [N] of global
shape functions is a row
LN matrix.

[N1= > IN°I[L]

Global shape functions

e |n a column form:

[INT = > [LTINT

Element shape functions
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Linear global and element shape functions
‘*Mf

| For the mesh of the 2
Global shape functions :
: V(. v linear elements shown,
N (z) N,(z) Ny(z) .
: = we can write:

[N]=[N'J[LT+[N"I[L]

[NT= > [N°][L] » The mappings [L]1.[L] are:
AN, [N]T :eZ:[Le]T[Ne]T

=
c
H
e’
[
—
-

N = e
N
[
—
c (-
N e
N
[
Canpmm—
o B
= O
o O
L 1
(- -
N -

\ J
Lt -
ul
1 0
U, ¢
1
~ - (U
|_2 \§ 3 J
Element shape functions
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Linear global and element s nape functions

AN Global shape functions [IN]=[N'I[L]1+[N"][L] =
. , 10 0 010
N, (z) N,(z) Ny () N NG +IN2 N2 —
N NG oINE N g
| | N} N; O]+[0 N7 N|=
T
1 g 3 F_Nll N +N; sz]
[NT=> [N°][L]
AN, [N]T _ ez:[Le]T[N e]T 1 1
e N :Nl
N2 =N+ N
N2 = N2

Global shape

T C® continuous ¢ ~tions

Element shape functions
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Linear global and element shaEe functions

Nx) Ny Na(X) N, (D) M)
f / / 1 .

| ¥ ¥

|
|
Piecewise-linear basis I o, 2 o, 3 0, 4 9 3

functions N. for a 4-element . | i -
mesh generated by linear N | | |
shape functions, N° defined o | |

over each element. ”1,_/_ ! |
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Quadratic global and element shaEe functions
NE NGO MO N XSO >

|
1) 1
I I *?"T] I::“C) L@—O—O—O—‘

}"'72 (1} A - . . -

A mesh consisting of three
quadratic elements and the N S

global basis functions

generated by these elements. N(x) PN X
4
Ns(x) . ________.___//.\_________.,
5
No(x) PN
(V]
N.(x) o . . . _______%
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Gauss quadrature: Numerical integration

 In FEM, we need to compute element stiffness and load
contributions. These are integrals that generally cannot be
computed analytically.

 We need a numerical approach to computing integrals

over elements in the form: 1 = [ f(x)dx
Qe

e Letus assume a linear element from X to X, . With the
transformation X=X +%0G - x)A+&) =x +% 1+<&)  we can
map the integral | to natural coordinates as:

= [ F(x(E)IE = [T(&)dE, I ==

 We need a numerical approximation to integrate in & .
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Jacobian of the transformation from x to g

 We just showed that for a linear element the Jacobian of
the transformation is derived as:

1-& . 14& . oo T dx [dNg dNg ] [x 11
gl NZ]{%}:[N Jo }jjgdg{ d déHxs}:[_E EH

o Similarly for higher-order elements (n=3,4,..) using the
Isoparametric transformation, we derive that:

i _xox o
2 2

X:[Nle N§N§]< X2 $:>J = dX = le sz dNn <X2 &: dN < X2 e
dé | d& d&  d& |]|.. dé ||..
X, X, X

* Please note that for higher-order elements, the Jacobian

of the transformation generally changes from Gauss point
to Gauss point.
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Gauss quadrature: Numerical integration

NGauss Points

T=[T@de= 3 WTE) =W sw

—1

?(5 NGauss Points )

NGauss Points

« W, are appropriate weights and ¢&; are appropriate
evaluation points. The selection of these is optimal in the
sense that the highest possible polynomial can be
Integrated exactly.

* AN Ne..roims GAUSS INtegration formula can integrate exactly
a polynomial of order 2Ng, . poins 1

e So if you have to integrate a polynomial of order p, you

need to use v For p=2, you need a minimum of

2 Gauss points
v For p=3, you need a minimum of
2 Gauss points
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Gauss Points




Gauss quadrature

Gauss Points 5 Wi
1 0.0 2.0
2 + }/ 1.0
J3

3 +0.7745966692 | 0.5555555556
0) 0.8888888889
4 +0.8611363116 | 0.347/8548451
+0.3399810436 | 0.6521451549
5 +0.9061798459 | 0.2369268851
+0.5384693101 | 0.4786286705
0.0 0.5688888889

CORNELL
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An example of Gauss quadrature

e Let us compute the integral:

=] (& +2£7)ds (= §+% - i—g —1.73333)

p+1 441

® We need: NGaussPoints Z 2 2 =25= NGaussPoints =3

* Using Gauss guadrature:

| :wa(éi)+v%f(§2)+v%f(§3x
£ =0.7745966692, &, =0, &, = —0.7745966692 = f(£,)=0, f (&) = f(£,) =1.56
W1 = ().5555555556,W2 = 0.8888888889,W3 = (0.5555555556

| =0.5555555556, x1.56 +0.8888888889 x 0 +0.5555555556 x1.56 = | =1.73333!
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