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Finite element basis functions in 1D
• The domain is divided into finite elements and the 

weight functions and trial solutions are constructed 
within each element. 

• These functions have to be chosen so that the 
FEM converges, i.e. as element size, denoted by 
h, decreases, the solution tends to the correct 
solution (mesh refinement).

• Convergence of the FEM requires basis functions 
that satisfy continuity and completeness.
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Continuity and completeness
• Continuity: the trial solutions and weight functions need to 

be sufficiently smooth. 
The degree of smoothness required depends on the order of the 
derivatives that appear in the weak form. 
For the 2nd order ODEs considered, the derivatives in the weak 
form are 1st order, thus the weight functions and trial solutions 
must be H1 (C0 piecewise polynomials). 

• Completeness: the basis functions need to be able to
approximate a given smooth function with arbitrary 
accuracy. As the element size h approaches zero, the trial 
solutions and weight functions and their derivatives up to, 
and including the highest-order derivative appearing in the 
weak form, must be capable of assuming constant values

finite elements can represent rigid body motion and 
constant strain states exactly
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Linear one-dimensional elements

• We need to approximate (interpolate) the trial 
solution and weight functions in an element e.

• To demonstrate the process of constructing the 
basis functions, we use a general approach even if 
the answer is rather obvious. For linear elements, 
we write: 

• We want to compute the parameters       and       in 
terms of the nodal values              and           .
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Linear one-dimensional elements

• Combining the above eqs. gives us the element 
shape functions
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Element shape functions

• The element shape function matrix can now be 
computed as:
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Two-node linear element: Shape functions

• Verify that (as desired) the following holds:

• The interpolation property is now summarized as:
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Two-node linear element: Shape functions

• The derivative of          can now be approximated as:
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Three node element: quadratic interpolation

• We can repeat the same process as for the 2-node element to 
derive the shape functions for the 3-node element.

• However, we can use Lagrange interpolants to find out directly the 
shape functions using simple arguments.

• Lets derive       . It’s a quadratic function, and it needs to be zero at 
nodes        and        . So it needs to be of the form:                           . 
It also needs to take a value of 1 at node     . We finally arrive at:
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3-node (quadratic) and 4-node (cubic) elements

• We can generalize this process to higher order interpolation. For 
cubic interpolation, we need 4 nodes. 
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Master elements in natural coordinate
• It is more common to define the shape functions on a 

master element in coordinate      with               .
• For linear elements, we can then easily map to real 

coordinate x for each element e with the isoparametric 
transformation (the same interpolation we used for u(x)):
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Master elements in natural coordinate

• Similarly a quadratic element in natural 
coordinate has nodes at             . 
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Global and element shape functions
• In an earlier lecture, we introduced the transformation 

from elemental to global degrees of freedom:

• By assembling the local element approximations, we 
can compute our global finite element approximation:

• N are our global shape functions. We can rewrite the 
global approximation as:
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Linear global and element shape functions

• The matrix [N] of global 
shape functions is a row 
matrix.

• In a column form:
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Linear global and element shape functions
• For the mesh of the 2 

linear elements shown, 
we can write:

• The mappings             are:

1 1 2 2[ ] [ ][ ] [ ][ ]N N L N L= +

[ ] [ ] [ ]T e T e T

e

N L N=∑
[ ] [ ][ ]e e

e

N N L=∑
1 2[ ],[ ]L L

1

11
1 11

21
22

3

1 0 0
{ }

0 1 0
L

u
u u

u u
uu u

⎧ ⎫
⎧ ⎫ ⎧ ⎫ ⎡ ⎤⎪ ⎪ ⎪ ⎪= = =⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥
⎪ ⎪ ⎣ ⎦⎩ ⎭⎩ ⎭ ⎪ ⎪⎩ ⎭��	�


2

12
212

22
32

3

0 1 0
{ }

0 0 1
L

u
uu

u u
uu u

⎧ ⎫
⎧ ⎫ ⎧ ⎫ ⎡ ⎤⎪ ⎪ ⎪ ⎪= = =⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥
⎪ ⎪ ⎣ ⎦⎩ ⎭⎩ ⎭ ⎪ ⎪⎩ ⎭��	�


Global shape functions

Element shape functions



CCOORRNNEELLLL  
U N I V E R S I T Y  16

MAE 4700 – FE Analysis for Mechanical & Aerospace Design
N. Zabaras (9/23/2009)

Linear global and element shape functions
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Linear global and element shape functions

Piecewise-linear basis 
functions for a 4-element 

mesh generated by linear 
shape functions,         defined 

over each element.
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Quadratic global and element shape functions

A mesh consisting of three 
quadratic elements and the 

global basis functions
generated by these elements.

iN
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Gauss quadrature: Numerical integration
• In FEM, we need to compute element stiffness and load 

contributions. These are integrals that generally cannot be 
computed analytically. 

• We need a numerical approach to computing integrals 
over elements in the form:

• Let us assume a linear element from       to      . With the 
transformation                                                      , we can 
map the integral I to natural coordinates as:

• We need a numerical approximation to integrate in    .
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Jacobian of the transformation from x to ξ
• We just showed that for a linear element the Jacobian of 

the transformation is derived as:

• Similarly for higher-order elements (n=3,4,..) using the 
isoparametric transformation, we derive that:

• Please note that for higher-order elements, the Jacobian
of the transformation generally changes from Gauss point 
to Gauss point.
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Gauss quadrature: Numerical integration

• are appropriate weights and        are appropriate 
evaluation points. The selection of these is optimal in the 
sense that the highest possible polynomial can be 
integrated exactly.

• An              Gauss integration formula can integrate exactly 
a polynomial of order

• So if you have to integrate a polynomial of order p, you 
need to use
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Gauss quadrature
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An example of Gauss quadrature

• Let us compute the integral:

• We need:

• Using Gauss quadrature:
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