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Development of discrete equations

e Consider the elastic bar problem with arbitrary BCs.

This is a scalar Q This is a scalar

T
I(d—wj LV Atl, [ W' bdx=0,vw(x)in0<x<L,withweU,
o Ldx dx

This is a scalar

* Note that we added the transpost ()' on w terms for
allowing us to do easy matrix operations at a later time.

At this time, this has no effects as w Is a scalar!

« Having selected the FE mesh and introducing smooth
approximation functions over each element, we can

write:

>[4
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Development of discrete equations

€ T €
Zf(dwj EeAe%dX—ﬂiAeflrt —wa‘ibedx=0,vWF eU,
€0

dx
e . , scalar e (e scalar

[ scalar
scalar

 We use the same approximations fofs andye

scalar
row vector column I row vector row vector Nodal
vector scalar DOF
T
e
T T dw T T
e eT e e e e
o —w =o' [T (S =) [
\ﬁf_—l
Scalars dX

e Substitution into the weak form gives:

>{w | [[B] A [BJax{ar} - 2| [[N] b [N] At [p=0,% {w)

e Qe e Qe ~~
S ~ - - ~ — Element load
Element stiffness Element Load Concentrated
Distributed
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Development of discrete equations

> {I[BeT e fof oo} [ 0] o[ ] Aef|rt}=0,v{wF}
[B°] AE*[B*|dx

] b+ (N AT

A4

!
I

vector { fé} ’ { fre}

| o} = [T
 The element and global matrices are related: {de}:[l_e]{d}

 The global stiffness and load now take the form:

T e [ -2 [T () =0 viw,)

e e
N

%
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Partitioning of the global solution

 As we did In earlier lectures, we partition
the solution and weight function to account
for essential boundary conditions:

el

e S0 In our discretized weak form the
statement for every weu, needs to be
translated to for every {w.} .
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Development of discrete equations

(w)' Z[LG]T[KG][LE]{d}—Z[LE]T{fe}j =0,V {w, }

e e
N J N

v

[K] (F}

'

e Using the partition w and similar partition for the
residual r, the above equation leads to:

i, wF]T!rE}={wE}T{rE}+{wF}T{rF}=o,V{wF}

\rF

 Since{w,}=0, this leads to:{%}=0. and we can
summarize:

a={al o= L e
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Discrete finite element equations
Ke K |[de [ fe+r
K-IE-F KF dF ) fF

e The unknown displacements can be computed from:

[KeJ{de =} [ Kep | {de)

 And the reaction forces from:
[re]= [KE]{HE}J“[KEF]{C’F}_{ fe )

« The displacement field in each element is:u*(x) = N°(x) |{d°}
and the stresses o*(x) =E*(x)[ B*(x) |{d°}, where: {d*}=|L° |{d}
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Element stiffness matrix

b:. e g_ — X 1 e e
V| A2 ]
1:. 4 iz -
C R e |
dx X, =X X=X | L

* The element stiffness is computed as:

e | _ e T nere e _Xgi_leei_ _AeEe_l_ X3
[K]_i[s] AE*[B* Jdx = LEL }AE S ax=—5 L }[ 1 1], dx=

o AE[1 -1
K= L° {—1 1}
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Element load matrix

b, e | X=X X=X | 1r., .
ﬁ'_________——————_____ﬂi [N ]_{X;—xf xg—xf}_E[XZ_X X_X1]
1‘:' za *2 = dN® 1 1 1
[BedeH_xs—xf xs—xf}ﬁ[‘l .

e e
merpolantorhe gien 4 Ty = e [N°] 88 ax= [e[ne T[N ]R fox

force! Scalar

N jxg{ws—x)z (X6 —)(x-%) }dxf’u

@ L€ X (X5 —X)(X=X; ) (x—xf)2 5
L2
i 1( ) . . e Leb 1
{fe} L© < b, > For equally distributed load b, = bz,{ fg} = T{l}
@) 6 1 211lp The total load G_eb) is equally distributed at the
- e 2 nodes (as expected!)
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ExamEIe Eroblem: Heat conduction

T(ea=0)=T =0°C glr=4m =g =5 Wm"~
E=2 W°C'm™ N\
y =D_"1r:'1: \
| S
r=10 r=4 m
b=5W/m

e For the heat conduction problem shown, we
will compute the temperature and heat flux
distribution using 2 linear finite elements.

'z

\ b=5W/m :
1 (1) 2 (2) 2
&

&y 0 @,
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ExamEIe Eroblem: Heat conduction

I

\ b=5W/m 9
1 (1) 2 (2)

- 3
L & »—» o
:I._ = I:I _.r__:‘ — — _l_

9
= Ig

* The element stiffness matrix and load
vectors for heat conduction are given as:

Ke]=[[B] A%k[B*]dx

Qe

(fe]= je[Ne]T bdx—((N*]" AQ)||,
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Element 1

(2)
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Element 2

: r
\ b=5W/m
1 (1) 2 (2) 3
L 2 & »—» =
'I._:[] .,;r£=2 .I‘3=-l-
4 [xox x—x] [4-x x-2 anz] [ 1 1 ] 1
v e ) B e e
1[-1] .1 01 —01
T 2 — . — U.
[KZJ:(;[[BZ] Azkz[BZde:LEL }0.25[—1 1]dx:{_0.1 0.1} :
a
2\ _ 27 2T azs _ﬁl_z ._5_0 5 |2
[ f }—é[[N | bax—(N*] A*q)|, = > m - o.15_M {0.5}{4.5}3
- 2 dx=4
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Assemblz

i r

\ b=5W/'m 1
1 (1) 2 (2)
10
[K]=X [ ] [k ][w]=|o 1
° 0 O

3
L 2 i
01 -01)j1 0 O
-0.1 010 1 O
_O O_

0.1 -0.1|0 1 O
+/1 0 =
-01 010 0 1
0 1
) B B 1 2 3
01 -01 00 01 -01 0.0 1
[K]=]-0.1 0.1+01 -01|=|-01 0.2 -01] 2

00 -01 01 |00 -01 01| 3
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Assemblz

z T,
b=5W/m
\1 (1) 2 (2) 3
& & ®»—» =
£, =0 o, =2 I‘3=-l-
(1 0] c 0 0] .
e T el _
{F}:Ze:[L] {fel=10 1 M+ 10 LJ:
0 0] [0 1]
e 71
{F}==|10 | 2
145 3
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Assemblz

r
b=5W/m g
\ 1 (1) 2 2) 3
L 2 - ®»—»
r, =0 @, = 2 T, =4
(01 | =01 0.0 [[T,=0] [5+r]
01| 02 -01KT, (=10 |=
0.0 -01 01]|T, | |45 |
02 -0.1](T,] [10 T,] (145
< = — =
-01 01](T,] |45 T.| |190
(T,
[-0.1  0.0] e [5+r]=r=-195

3
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PostErocessing: TemEerature

o r
\ b=5W/m !
1 1) 2 2) 3/
L 2 & ®»—» =
r, =0 &y = 2 T, =4
T! |:N1:“:L1:|{d1} |:2—X X:||:1 0 O:| 145 29 By 200 : : .FEMtem.perature. : : ’,-
= = — — = . Exact Solution: T=-12.5%%+97 5%
2 2110 1 0 1801 —— 7
190 160 | //”//
140 | -
2
o 120 /
2 /
§ 100 | /S
E /
4-x x-270 1 0 —or 4
T2=[N2][L2]{d}=[ ; ; }{o . J 145 | =100+ 22.5X 4| o
190 i s
/
20-//
OO O.I5 'Il 175 é 2.|5 ZIS 3.|5 4

Location across bar
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PostErocessing

I, r
\ b=5W/m !
1 (1) - @ 3
& & »—» =
r, =0 o, =2 r, =4
qT 1 1 1 1 10 0 100 . ; . . . ; ;
. . . Exact solution: d T/dx=-22.5"x +97.5
K{B][L][d ]_E[—l 2][0 . o} 145|=72.5
190 80
60 -
g 40 |
3
I
20 -
dT? 1 010
™ =[Bz][|_z]{dz}:§[_1 2]{O . J 145 =225,/
190
-20 L L L L L I I
0 0.5 1 1.5 2 2.5 3 3.5 4

Location across bar
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Example problem

b =10N/m B=2100Pa

T P —150M
- - > >R ul
A A=0.1m B A=0.05(x-1)m*

LA LY

T, =3

]
by SLSSESSIII ST
o
I
o

|
|
D B
. .

3 4

I—‘-:["_l-
g

A
zlement 1 element 2

 We need to compute the global stiffness
matrix and load vector and solve for the
displacements and stresses. We consider a
3-node element from A to B and one 2-node
element from B to C.
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Element 2

b = 10K /m F=2.10Pa

2 2
—— - - 1
- N? {XZ > 2 Xi}:- 5—x Xx-3

P =150N . N Xo —x2 X —x 2[ ]

- - > - il
A A=0.m B A=0.05(x-)mT §

PLLLLLLLLN Y

1
z, =1 Iﬂ}:g I;ncza
3 3 s .
! elemﬁnt 1 ! element 2 :
[KZ]—T[BZT AZEZ[BZde—jl - 005(x—1)(2e7)1[—1 1]dx
. a201 | 2
4 2
*p 15 -15
[KZ}:X{[BZT AZEZ[BZde:loGLLS 1.,5}
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Element 2

E=2.10" Pa -

§ b= 101{..-!“1 ________________———____ ':N 2:| _
Z P = 150N
Z re. > - = - -7
A  A=01m 2 A=0.05(x-1)m% R
2 ______“—————______ dN 2
B°]=
1 2 dx
z, =1 |z, =3 |2, =5
| |
A D B [
® & o ®
1 3 4 2
element 1 element 2
T 115-X
bdx + (N2 P) |rt=—{ } 150 =
X —
x=3

X -x x=x | 1 ~
b= XS—Xf}Z[E) )
| 1 1 1
{xl xs—xf}‘i[‘l .
150 4

0 2
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Element 1

b=10N/

m

E=2.10" Pa

_ } [Nl}:E(x—Z)(x—B) —(x=D(x-3) %(x—l)(x—z)}

i A=0Im” B A=005(x-1)m~ § |
A TTT— 1
1 [Bljz{dN }:{X_E 4—2x x—%
2, =1 o, =3 |2y =5 dx 2 2
| |
A D B C
L @ ¢ ®
1 3 4 _ 2 _
element 1 element 2 5
"2
[Kl]:XjB[BlT AlEl[Bl]dx=f 4-2x 01262 x=2 a—2x x> lix
4 | 21 2 2
XA 3
X__
2

| K']=10°

1 3 4 1
2.333 —-2.6667 0.333

_2.6667 5.333 —2.6667 |°

10.333 —2.6667 2333 |4
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Element 1

b =101 /m F=2.10Pa

[Nl]{%(x—zxx—s) - (x=1)(x~3) %(x—l)(x—z)}

é A A= O.lmr E __'_A‘__: 0.05(x _1)m2C N |
A TTT— 1
1 [Bljz{dN }z{x—§ 42X x—%
€T, = r. =3 . — 7 dX 2 2
=1 I 5 IJ:C 5
A D B C
® @ o ®
1 3 4 2
element 1 element 2 _ —
L X—2)(x-3 - -
T T 5 (X =2)(x=3) 3333 |1
{fl}:j[Nl] bdx+ (| N* | A'P) |rt=j13 —(x-1)(x-3) [10dx=[13.333 |3
Ql
% (x=D(x-2) 3333 |,
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Assemblz

[K]=10°

1 +3.333

p b= 10N/m E=210 Pa._ -
é_.,._.b . T p—1s0N ..
r, =1 r, =3 T, =5
I
01 -26667 0333 |[u=0
15! 0 15 ||u,=0
| = = = === i —
0. 5.333 -2.6667 ||u,
~15 —2.6667 3.8333||u,

153.333 |

MAE 4700 — FE Analysis for Mechanical & Aerospace Design
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Solution steE

b= 10N/m £=210 PE"__ ]

T P—150N

|
|
|
|

b

| i

| |
]

8
Il
ot
luﬁq
I
o
=}
I

i 1

D B C
-@ L ®
3 4 2

element 1 element 2

| 9.333 —2.6667 ||u, 13.333 U, 345|,
10 = = = 107 m
—-2.6667 3.8333||u, 153.333 u, 64
5| —2.6667 0.333]|u, I, +3.333 I, —74.02
[K]=10 = = = Nt
0 -1.5 u, I, I, —96
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DisEIacement calculation

b= 10N/m £=210 Pa —

T P—150N

b
]

|
|
|
|

z, =1 T, =3 Ty =5H
A D B C
@ @ ® L ]
1 3 4 2
element 1 element 2
u, =0
u'(x)=| N* [{d'}= B(x— 2)(x-3) —(x—1)(x-3) %(x—l)(x— 2)} u, =34510° | =
u, =6410°
u'(x) =| N* {d'}=(-2.5x* + 42x-39.5)10 °m

a0 -

Displacement x 107

u2(x) =[N2]{d2}=E(5—x) %(X—3):|{u4 =64f|.06}:>

u,=0

u®(x) = (160—-32x)10°m
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Post Erocessing: Stress calculation

P b=10N/m £=210 PE"______ ]
4 I
4 P = 150N
o —— i —— i -
a4 C
“ —_—
Z e
z, =1 T, =3 T, =5
A D B C
@ —@ ® L ]
1 3 £ 2
element 1 element 2

0
34510° } =
6410—6 200 . . . Axial strless plat .

o (x) =840-100x Pa T

400 |

ul
al(x):E[BlJ{dl}:[(x—g) 4—2x (x—g)} u,
u4

200

ok

Stress » 107

-200 -

O'Z(X):EI:BZ]{dZ}:l:% _%}{34224106}3

-4n0

02 (X) =—-640 Pa -BO00

-800

1 1 1 1 1 1 1
1 1.5 2 2.5 3 3.5 4 45 5
Location across beam
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Example problem

 We revisit a boundary value problem with generalized
boundary conditions (all coefficients shown are non zero).

_di(k(X)d—u) +q(X)U(X) = f (X), X e (O,I)
X dx
o O+ U0 =
X
alg—u(|)+ﬂ|u(|):7|
X

* We here start with weak formulations written separately for
each element.

« This process is identical with what was done before but it is
helpful as it shows how to include discontinuities in fluxes
within the domain.

« Here we use index rather than matrix notation (i.e. instead of
writing Ax=b, we write AU =F.i=12..N),
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Example problem: Weak form

 For each element e, we can write the following weak form:

du; dw;
‘ dx dx

dx—k(x)

dd‘j(h we € + j q(xX)us (X)W (x)dx = j f W (X)dx, YW e HY(Q,) =

e
X

du; o,
e dx dx

dx + f q(x)u, (x)w: (x)dx = f f (x)w; (x)dx
+ o (X)W, (X7) — oy ()W (X5), YWy € HY (Q,)

« Let us clarify the notation once more:

— We use for both u and w the indices - to emphasize that we work
with their restrictions on element e.

— Note that since we write the weak form for element e alone, we now
have (unknown) flux terms appearing at the 2 ends of each element.
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Example problem: Weak form

“dx+ j qOOUE (XOWE (X)dx = j f (X)WE (X)dx
+<fh(Xl)wh(xl)—Gﬁ(XS)Wﬁ(XS),VWﬁ eHY(Q,)

 For each element e, we approximate ui(x)= Zu CHN;(x) and taking
w,(0)=N?,i=1..N, results in the following discretized equations:

N, (% dN e
ZLJ‘ dl\)|( }1 (x )+Z[Iq(X)N (XN’ (X)dXJU (X) If(X)N (x)dx

AN L%

+ 0, (X)NF (X)) — oy (X )NF (Xz)slz ----- N

e Thus as we have seen before, the element stiffness matrix
and Ioad vector are'
% [ dN°

X

ANy dx+_[q(x)N (ONE(x)dx fe = [ FOONS (Qdx,i=1,...,N,

e
X
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ExamEIe Eroblem: Element eguations
iKﬁUﬁ(X?) =+ o (XINF(X) —of (XINF(X5),i=1,...,N,

1 r 3 4 N—2 N-1 N
L

& - & - il - - L]

Ql QZ QN—l

o Let us write these equations explicitly for a linear element.
Kyl (%) + KU (%) = 17 + 01, (X))
Koty (X)) + KUy (%) = £ — 0y, (X;)

* For the first element, these equations are:

Klllul + K112uz = fll +0(0)

1 1 1 -
KU, + K3,u, = fz _G(Xz)

where o(x) Is the heat flux at node 2 approached from the left.
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ExamEIe Eroblem: Assemblz process
_NzeKa?Uﬁ(X?): £ +or (INF (%) —op (X5 )NF (%5),i =1,..., N,
11:1 P, 3 4 N—2 N-1 _.1,:'
Q Q, ) ) D 'QN_lr
K111u1+K112u2 = f11+0'(0)

1 1 1 -
K, + KU, = fz - U(Xz)

e ]1stelement

e 2nd alement Kliluz + K1222u3 = f122+(7(x';)
KU, + Kuuy = 17 —o(X;)

K111u1 + Kllzuz = 1:11 +0/(0)

 Assembling the KLu, + (KL, + K2, + K2u, = f1+ 2+ 0 () — o (%)
elements equations o by
flnally giVGSZ KZ,u, +(K,§2 + Kf’l)u3 +Kou, = 7+ f° +[o(x,)]

N-1 N-1 N-1
Ko U, + Ko, u, = fz —-o(l)
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ExamEIe Broblem: Discretized eguations

K;u, +Kyu, = £ +0(0)
Kglul + (ng + K121)u2 + K122u3 — le + 1E12 + [[U(Xz)]]

KU, + ( Ko + K131)u3 +Kpu, =, + 7 +[o ()]

N-2 N-2 N-1 N-1 N-2 N-1
Kz UN—2+(K22 +Ky )UN—1+K12 uy =1, "+ 1, " +lo(xy,)]

Kz'\i‘lu1 + I(Z'\é‘lu2 — fz'\"1 —o(l)  You can now account for flux discontinuities
within the domain! For example let
[[O'(Xs)]]: f3
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ExamEIe Eroblem:Assembe process

A finite-element mesh
with N nodes and N - 1
two-node linear ]

elements and the * o)
assembled stiffness 1
matrix.

 The shaded blocks of
entries representing the

contributions of each
element.

 The symbols 0 represent
the fact that outside the
diagonal blocks all
entries are zero.

- O

7 \

CORNELL,
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ExamEIe Eroblem: Boundarx conditions

_k111 k112 1( u, | ( f11 +0(0) |
kél k%z + k121 k122 U, le + 1t12
K2 KL+kE K U, 242+ f
kgl kgz + k141 4 (= ’
kzl\;z + klNl_l klNz_l Uy sz 2y le_l
i Ko K JLU ) | )=o)

« Finally, recall our 2 generalized boundary conditions:

d
% d—i(o) +6u0)=7,= o(0)= —k(O)g—z(O) =—k(0) [ﬁ—&U(O)]

Q, o

a MW+ gu) =y = o=k :_k(|)(ﬁ_ﬁu(|)]
dX dx

Q  Q
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Example problem: Final linear system of equations

ko K _ k@ |
ki, —k(0) o, ki L, ; —k(0) 2,
Koy Kz, + ki3 K U, f, + 1
k221 k222 + k131 k132 U, f22 + f13 + ?
Koy K + ki 4 (=) &
k2 +k)™ k™ Uy A
. _ u
QI ekO 2| U ey 2
| a, L a |

 Once you compute the nodal solution, the FEM solution In
each eIemenNt IS:

: : N, dN°®
500 = U ONS ) as(x)z—k(x)d““(x)=—k(x)(zuﬁ<x$) ’(X)J.

dx dx
CORNELL
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