MAE 4700/5700 (Fall 2009) Homework 9 2D finite elements: linear elasticity

Due Monday, November 2" . 12:00 midnight

Problem 1 — Axisymmetric analysis

The problem of stress analysis of solids of revolution (axisymmetric solids) under
axisymmetric loads is of considerable practical interest. This problem is similar to those
of plane stress since the displacements are confined to only two directions (radial and
axial).

For axisymmetric formulation, the elasticity equation must be expressed in terms of
cylindrical coordinates. When the elasticity problem degenerates from three-dimension to
axisymmetry, two shearing stress components vanish. These vanishing components due
to symmetry are z,,and z,, in the r@zcoordinates system where r is the radial direction,

@ is the circumferential direction, and z is the axial direction. Hence, the remaining

stress  components are ¢=(o, 0,0, 7, )T Similarly, the remaining strains
T

aree=(&, €, ¢, 7,) -

The material property matrix Din ¢ = Dg for the axisymmetric problem is

[1-v v v 0
. £ l-v v 0
T A -2 v lov 0
0 0 0 1-2v
L 2
The kinematic equation is
ou
or
gr u
o | _ r
g, ow
Vs 0z
ou ow
_+_
oz or

For an axisymmetric problem, since all computations reduce to those in the r —zplane,
the finite element model consists of a discretization of this plane area. The element
equations are developed using the same interpolation functions as those used for a plane
stress problem.

(@) Using 4-node quadrilateral element, substitute the shape functions into the
kinematic equation and derive the B matrix.
The element stiffness matrix can be expressed as

K® = IZJ.rJBBTDBderdz = 2;;”2 rB" DBdrdz
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MAE 4700/5700 (Fall 2009) Homework 9 2D finite elements: linear elasticity
The equivalent load vector due to distributed loads:

fez'[N A 27rds
S ¢ q

z

where N, are the displacement interpolation functions on the boundary.
Modify the MATLAB to solve the asisymmetric problem.

(b) To illustrate this type of analysis consider the problem of finding the stresses in a
thick open-ended cylinder with an internal pressure (such as a pipe discharging to
the atmosphere). The steel cylinder below has an inner radius of 5 inches and an
outer radius of 11 inches.

z

L

¢

/
AE
‘ — 11in —]

In both drawings the length of the object is arbitrary and represents a segment of a
long, open-ended cylinder. The z axis is the axis of symmetry. The cylinder can
be generated by revolving a rectangle 6 inches wide and of arbitrary height 360
degrees about the z axis.

Since the height of the segment considered is arbitrary, we will use a segment 1
inch in height for the finite element model. The geometry is shown below

Sin
— J1in
- 11in
Solve the problem using the modified MATLAB code. A pressure of 1000 psi is

applied at the left boundary. The cylinder is constrained on the bottom line in the
axial direction (v=0). This simply prevents rigid body motion in the z direction.

No other displacement boundary conditions are required. The radial movement is
prevented by the ‘ hoYeund'’ 'esn sEx@di0’Pans t he ¢
and Poissg=e0B s ratio

Check the deformed shape tosoktmswithf 1t s
the theoretic results: at the inside of the cylinder o, =—1000psi and

Finite Element Analysis for Mechanical & Aerospace Design  Page 2 of 13



MAE 4700/5700 (Fall 2009) Homework 9 2D finite elements: linear elasticity
o, =1521psi, radial displacement u, =0.305x10°inches. At the outside of the
cylinder o, =0psi and &, =520 psi, radial displacement u, =0.191x10* inches.

Solution:
(a) Since we have four strain components, the strain interpolation B matrix is now a 4x8
matrix. Hence we may write the matrix relating strains and displacements as follows:

au ) AN g N ANy AN,
or or or or or

& u & 0 & 0 & 0 & 0
€y _ r _|r r r r

g, a_w 0 % 0 ON, 0 ON, 0 oN,

Ve 0z 0z 674 0z 0z

8_u+@ ON, ON, ON, ON, ON, ON, ON, ON,

oz or | 0z or 0z or 0z or 0z or |

(b) The results from FE solution are as follows:

Deformed Configuration

itial shape
— — — Deformed shape

12

X

Yes, the deformed configuration is reasonable as the internal pressure pushes it to the left.
At the inside of the cylinder, sigma_r is -987.32 psi

At the inside of the cylinder, sigma_theta is 1525.96 psi

At the inside of the cylinder, u_rr is 3.035e-004 in

At the outside of the cylinder, sigma_r is -1.19 psi
At the outside of the cylinder, sigma_theta is 520.34 psi
At the outside of the cylinder, u_rr is 1.910e-004 in

Inside Outside
) rr (pSl) T (pS|) Uyy ('n) ) rr (pS|) T (pS|) Urr (ln)
Finite Element| -987.32 | 1526.95| 3.035E04 | -1.19 | 520.34 1.910E04
Exact -1000 1521 3.05E04 0 520 1.91E04
% error 1.27% | 0.39% 0.49% - 0.07% 0.00%

The FE solution and exact solutions are essentially the same with a very small percentage
difference.

It is clear that the pipe only has radial movement and there is no axial movement.
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The contour plots are

FE solution: radial displancement
1

=05

0

5

FE solution: axial displancement
e ——————
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Problem 2 — Analysis of cracks for inplane deformation of a thin plate
Consider the plate shown following subjected to the tensile stress o, with a crack as
shown.

52
o = 10 N/em

15 em

a=
ZCmIV
b

Sem —d

LU
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MAE 4700/5700 (Fall 2009) Homework 9 2D finite elements: linear elasticity

Figure 7: Stress analysis near crackti p s : Y o u n gg=8.1x1dNdcm?, u s
Poi s s om2029, rca=t10°Nicm?

Using symmetry, analyze only one quarter of the plate using quadrilateral elements. To
simulate the crack using finite element method, we assume the portion of the crack face
on the boundary is traction free.

1. Plot the deformed body
2. The stress distribution along the x axis atd =0 (o, ) together with the analytical

solution given as:

K, . :

Oy = G cos 36(1 — sin 0 sin 36)
K, R

0, = G772 €08 30(1 + sin 16 sin 36)

_ I sl 1 3
g,, = -———=sift 50 cos 30 cos 26
Xy (27.”,)1/2 2 2 2

where K, =g /7a, o,is the stress o, at oo and a is the half size of the crack..

The origin of the polar coordinates defined above is taken at the crack tip (2,0)
Here the analytical solutions correspond to an infinite plate with a crack the
length of which is2a. K, is known as the stress intensity factor of the first mode

in fracture mechanics and depends on the shape of the domain and the applied
load. For a domain of finite width as in our problem, Lawn and Wilshaw (1975)
reported that

— [2b na

K;), = og/na |—tan —

(Kpa = 0ov/na [~ tan
Plot the stress distribution o, along xaxisat =0 fromr=0(x=2) t03 (x=5)
with the analytical solution. Also plot the stress distribution o, fromx =0to 5 to

examine the rapid growth of the stress near the crack tip.
3. Compute and plot the maximum shear stress 7, .

4. There are several methods to compute K, using the finite element method. For
example using the stress solution near the crack tips yields:

6 .6 . 36
K;= anoyy/cos§(1+51n§s1n—2—)

By findingawélong the x axis corresponding tod=0 using finite element

solutions, evaluate the value of K, and the error vs. for example the solution
reported bv Lawn and Wilshaw.
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Important note: In order to trace the rapid growth of the stress near the crack tip,
very small size finite elements should be allocated there.

Solution:

To simulate the crack using finite element method, we assume the portion of the crack
face on the boundary is traction free.

The finite element mesh we use is

2D Grid Plot
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(a) The deformed configuration is
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Homework 9

2D finite elements: linear elasticity

Deformed Configuration FE solution: u displacemenfE solution: v displacement
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From the figure, it is seen that the growth of the crack is well simulated.
(2) Stress distribution along x axis:

Stress distribution along the x-axis

12

10

X 105

I
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The solution from finite element method is quite similar to the analytical solution.
However, there is still a gap between them. This is expected since the analytical solution
is derived from infinite plate.
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x 10° Stress distribution along the x-axis
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At the crack face, the stress is zero which is expected from the analytical solution.
Around the crack tip, the stress is discontinuous which is infinite in theory. So by using
finer element near the crack tip, rapid growth of the stress is simulated well.

(3) The principal stress distribution is:

FE solution: ¢ FE solution: ¢ FE solution: Trax

1 2

15 15 15¢
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0

0 5
The fringe pattern is
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Fring pattern

15

1 e

(4) To find the stress intensity factor, we need to find &, near the crack tip.
We choose o, at the point (2.06, 0) which corresponds to r = 0.06. The solution o, at

this point is 102250. Therefore,
Kl =[2zr0,, = 211300
The analytical solution is

KI = 0,7, [ 22 tan 72 — 269544
7a 2b

The error is a little bit bigger which suggests the mesh near the crack tip is not fine
enough. We need to refine it further to get good result. However, the current result is still
acceptable.

Problem 3 — Circular disk subjected to point loading
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Ay

P

Consider a circular disk loaded by two concentrated forces of P=10N each directed
along a diagonal. The material of the disk is assumed to be linearly elastic. Furthermore,
for simplicity we consider the loads to be slowly applied so that inertial effects may be
ignored. Thus, the model to be solved is a simple plane stress problem. Since the loading
is symmetric and we assume the material to be isotropic, it is only necessary to construct
a mesh for one quadrant ABO of the circular disk. E =1000 N/m? v=0.25. The

boundary of the disk is free from external forces. The diameter of the disk d =2 m.

The stress component &, on horizontal plane are given (Timoshenko and Goodier, 1970)
as

=

Plot the deformed shape.
Plot the displacement and stress field.
3. Plot o, along OB and compare the finite element solution with that of analytic

N

solution.

Solution:
The mesh | used is:
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20 Grid Plot
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The boundary conditions are:

Due to the symmetry, the u displacement on boundary 2 is zero, the v displacement on
boundary 3 is zero. The boundary 1 is stress free, i.e. zero natural boundary condition.
The applied force is -5N instead of -10N.

1. The deformed shape is:
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_ FE solution: u displancerment FE salution: v displancement
Deformed Configuration 1
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(©)

atress distribution Dy along OB

Therefore, it is seen that we get a very good comparison with the analytical solution.

Finite Element Analysis for Mechanical & Aerospace Design  Page 13 of 13



