MAE 4700/5700 (Fall 20®) Homework8 2D finite elementslinear elasticity

Due Monday, October 26", 12:00 midnight

Problem 17 Thermal expansion(hand calculation)

An elastic body subjected to temperature tends to expansion. This expansion is given in
the form of thermafprescribed) strain as

O=aT[110[,
Where a is the thermal expansion coefficient (for isotropic materials) @nds the
temperature. The stress is
a=D( U °X
Where the terncorresponding to thermal strains is prescribed temperature data. Develop
a weak form and finite element matrices for the case of loads arising due to thermal

expansion. Hint: Substitute the above into the weak form derived in theaddsgpeat
the deriation.

Solution:

e€=aTp 1 0

s =D(e- )
Develop weak form and finite element matrices

The general weak form derived in class was

J["st]rcrdﬂ = J E-Edr+f w - bdQ Yw, € U,
n L n
Substituting the stress for this problem gives

j(?sw]rﬂﬂ[s —eNdn = J w-td I+ f w - bdQ Yw, € U,
n L n
For each element,
1
1] do + J- wTtd I + f weThd( Yw, € U,

0 I n

j(?swﬂjrﬂasﬂdﬂ= J(?SWEJTDEQT

Making the substitutions
vV we = WETBET

£f = V,N*d*® = B*d*

Into the abovequation and transforming into global coordinates gives
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WTZ L”{J. BT D*BdNL°d® — J NTtd T — J- N°TbdQ
g n

I n
1
—jEE’TDE'a:T 1]::{1’1}:0
A 0

The element stiffness and force matrices are thus
K® = [, B D°Bd0

Fe=[ NTEI+ ] N°ThdO + [ BTD®arT

1
1] dQ

0

Problem 271 Plane stresghand calculation)

Consider a rectangular panel as shown in the following figure:
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The panel is modeled using a plane stress linear elastic material with the following
properties: Eodici0g Ba @modu Po $ms=9.8 Miesessental i o
boundary conditions are

Up =Uy Uy, &
The ratural boundary conditions are as follows. Along each edge of the panel, the
prescribed traction consists of normal and lateral components, both eqG&iNan* as
shown in the figure.

Discretize the panel using a single rectangudements as shown below. For
convenience, use identical global and local numbering. Calculate nodal displacements

and stresses at the element Gauss points.

+ 3




MAE 4700/5700 (Fall 20®)

Homework8

2D finite elementslinear elasticity

Solution:

Using a single rectangular element, calculate nodal displacements and stresses at the

Gauss Points.

The basis functions for the element are
F=(-9@-n)
F.=5 1+ -
M=+ (+n)

Fo=;(1-9(+n

For plane stress

1 v 0
E v 1 0
Df = —— _
1-vy o (1210
The Jacobian is given by
AN oN; 9N; ONI|pxi yf
5] = a¢  d¢& 9¢ ¢ [|xI wI
~|aNT 8Nt aN: aN:||xi ¥5
oy an an oanllxi ¥
0o 0
:1[—14-?1 1—n 1449 —1—?;] 2 0 =[1 III]
4l—-14+¢& —1—-¢& 14+&8 1-¢&](2 1 0 05
0o 1
|JFE'|=EI-51 o
1™ = [n 2]
The B matrix is given by
[aNe aNe aNe aN: .
dx dx dx dx
. aNe aNe aNe aNe
o dy dy dy 0 dy
aN; oN; oN: aN: oN; aN; aN; aNg
L dy  dx dy  dx dy  9x dy  dx .
—1+n 0 1—n 0 1+n 0 —-1—n 1]
= 0 -2+ 2¢ 0 —2—2¢ 0 2428 0 228
2428 —14nm —-2—-2f 1-n 2428 14+4n 2-28 —-1-17q

The stiffness matrix for the element is given by
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&)= [ s = [ [ EroEtdd

To integrate this, we use Gauss quadrature

(K]

(BT [D°1B IV D= m=n,

i=1 j=1
The four points to be evaluated §¢g 1;) = (£—, £ ) and the weights are
(wow;) = (L1).
The force vector is given by
t:r
frg = J_ nNeT [t _]Eﬂ"

¥
It

This integral is evaluated for sides AB, BC, CD, and DA, as they all have an applied

traction.
[Ne 0] r 0 01
0 N 0 0
AT E
1|Ng 0 1|V f'
S = 0 N3 —1000
o m| [ waes [|0 % [0
-1 -1 —
0 0 0 N:
0 0 0 o0
-0 0 Ye=gp=—1 -0 0 Je=19=n
" 0-
0 0
0 0
1o o
= —1000]
s 1)d
T f Ny O [—1000 (1)ds
-1l 0 N
N: o
L
e 0
0 N
1] 0 0
0 0 [mnn]
0.5)d
+J- 0o o 1000] (0-2)dm
1lo o
Ng o
Lo W%

“E=-1n=-q
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r10007 1 0 1 7T
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1 _ |1000], |—500 0 _
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0 0 —1000| |500
Lo 4 L o 1 L-1000! Lspo-
With unknown reaction forces,
r1500 4+ 7,47
1500 + 73,y
500
500 + 1,
—1500
—1500
—500
L —500 -
Thedisplacement vector is given by
S0 -
0
-
0
{d'} = g,
Ug

¥
uD:r

1 5007 71
500

o e Y e
o D

f°=

LS5

- —500 -

1500 7
1500
500
500
—1500
—1500
—500

Partitioning the system of equatiofig = f and solving for the unknown displacements

gives
-0 -

0
—0.0467

- 0
td }_'-—u1333
—0.0233
—0.0867
L—0.0233-

x1077

To calculate the stresses at each gauss point, we use the formula
o = D%e® = D*B°({,,n;)d" where[fi,n}-) = (-I- L_,ii_) are the gauss point§he
W3 W3

stress at each gauss point was calculated to be

T -1
a = J}'}' = 103 -1 mez
Cl'x}_ —1

Checking the solution with MATLAB,
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R =

1500
1500
500
500
-500
-500
-1500
-1500

d=

1.0e007 *

0

0
-0.0467

0
-0.0867
-0.0233
-0.1333
-0.0233

Deformed Configuration

Initial shape
Deformed shape
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Problem 371 Circular beam subjected to end shear

We consider a circular beam in a state of plane stress. The solution to the problem is
given in Timoshenko an@Goodier based on the use of a stress function. The geometry
and loading for the problem are shown in the above figure. The solution for stresses is

given by
s P8 AV &b a
" Ngr re r %"‘
_Pe &b &+ g
sqq—ﬁér 3 §in q
e r r a

_ Pe

L= Ngr *3
WhereN=a" - (& logll e
displacements is given by

. For the restraints shown in Figure swution for

_ P ge1, av@a+n) ,, . 2. s 2 f
u. = NE%QZ(l 37)r® %7 @ b"X1 nlegr gm g@a b )(2+ q)CpSrg q
- Ksing
uJ—NPE?el(s aye ETA) o o plogr @ 4 rcos) g8 B2 )sip
162 2r u j
- K cosg

Where foru, (a0 /2)= Owe obtain

e 2

K=_rF_ 1(1 3)a? b a+v) @ B
NE 2

In the aboveE and vare the elastic modulus and Poisson ratiand b are inner and

outer radii, respectively.
For this solution the displacememtfor g =0is constant and given by

X1 v)lega

u(n0= L@ ¥)

Finite Element Analysis for Mechanical & Aerospace Design Page7 of
22
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Thus, instead ofomputing the nodal forces for the traction on this boundary, we merely
set all the nodal displacements in thdirection to a constant value.

For the numerical solution we choose the properties
a=5;b 40;thickness =1} =0-0E 16000 and (
In addition the displacements on the boundary
u(x0)=y, andu(0,y) =v(0,a) =
Solve the problem by modifying the MATLAB code.
(a) Plot the deformed structure;

(b) Compute the elastic enerd{Kd , where d is your finite element solution and K
is the gbbal stiffness matrix. Compare your result with the exact value

1(|og 2- 0.6 °©0.029649668442.
p

(c) Plot the contour ofs , g and s . Compare your result with finite element
solution.

(d) Compare theu, and u,displacements from the finite element solution to the
exact values at =a.

Note: The finite element solution from the Matlab Code is in Cartesian coordinates while
the analytical solutions are givem Polar coordinates. Therefore, you need to transform
the result to the same coordinate in order to make the comparison.

Solution:
The transformation equations from Polar to Cartesian is

U=y cosg -y, sin

V=1 sing 4, cOS ¢
5,= §coS g+, sif g _sin coy
5,= §si’ g+ s0$ & _sin coy
s

w=(§ - 9sin cgs ﬂyrq(soé si&l)

The mesh Lsed is:

Finite Element Analysis for Mechanical & Aerospace Design Pages of
22
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20 Grid Plot
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The deformed structure is:

Defarmed Configuration

=t

Initial shape
Defarmed shape
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The elastic energy:

FE: k =0.02974438090625
Exact: k =0.02964966844238
% error: 0.31943852611390

The FE and exact energies match very well, with only a 0.3% deviation.

Error Report:

The maximum error of u displacement is 2.8986606
The maximum error of v displacement is 1.5982608
The maximum error of sigma_xx is 7.091568#

The maximum error of sigma_yy is 3.104578¥L

The maximum error of sigma_xy is 2.3997d¥¥l

Finite Element Analysis for Mechanical & Aerospace Design Page9 of
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FE solution: u displacement
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Exact solution: u displacement
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FE solution: v displacement
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"

Exact solution: v displacement
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MW = M

[}

L e A = R ' |

FE solution: S,

7
3
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ke

Exact solution: a.
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Finite Element Analysis for

FE solution: Ty

Exact solution: O
WY
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Exact solution: ny
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u displacement at r=a

0 T T T T ' ! ' ' i
-0.001 S 7
-0.002 - Exact
0,004 f------- ------- ------- """" """ """" """" """" """ i

S 0005 f------- ------- ------- ----- ------- """" """" """" """ 7

-0.006 ------- ------- ----- P """" """" """" """" """ i

0,007 feo oo ------ ------- """" """" """" """" """" """ ]

-0.008 f------- ------- """" """" """" """" """" """ B}

0.009 p--- b ------- """" """" """" """" """" """ B}

0 10 20 30 40 a0 a1l 71 g0 a0

0

A
Once again, theesults match very well. As expected, the u_rvalues steitat0 1 at d=
he u

and increases |inearly at 0 at d=90e. T
BC condition of zero displacement at that point is applied correctly.

Finite Element Analysis for Mechanical & Aerospace Design Page12 of 22
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Problem 471 Thin plate with a hole in tension

y
X

Consider a tension problem involving a thin linearly elastic plate with a hole as shown in
the figure. Suppose that the plate is a homogeneous isotropic elastic body.

preeered
YYVYVYVY

The plate is of unit thickness and subject to tensioharhbrizontal direction. Because of
symmetry in the model and loading, model only one quarter of the plate. Use ANSYS to
generate the gird files usingnbde quadrilateral elements.

The plate is20 cn® 20 cnand the radius of the hole i2.5¢c m. Assume Young:
modulus is2.310 N/e\d and Poi ssonédés ration is 0.29. T
S, =100N/cm.

To check the quality of the finite element solution, compare your solution witofthat
infinite plate. For a circular hole in an infinite plate subjected to a pure uniaxial tension or
compressios,, a @, there exists an exact solution for the stresses (Timoshenko and

Goodier, 1970):

s,f¢ 2a 59 € ad pa’‘a *
S :_Oié]' -%’_ o6u 41 64__& g* éo%‘
276 ¢t g @ r¢c Tr ¢ g o
s, B¢ 3a %59 € a3y o f
Sy q:_oi é]' o U 1 é3+_ai‘ (@S\IZqU
216 ¢f Tp 6 'S¢ Tu
s, & _3a % . ad
Sy= -8 d= S %\267
2g ¢t = r¢ ogF

where a is the radius of the hole andqr,is a polar coordinate system, the origin of
which is located at the center of the hole.

a. Provide a plot showing the FE and exagtstress distribution along the-axis.

What is the stress concentration factor?

b. Show the deformed configuration

c. Compute and plahe distribution of the finite element principal stress solution
(s,, 8) andthemaximum shear stress solution.

d. Note that a interesting comparison can be made with the stress pattern obtained
by photoelasticity in which fringes correspond te tmaximum shear stress

Finite Element Analysis for Mechanical & Aerospace Design Pagel3of 22
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tox =1/2( § - . Verify that the contour lines af,,, obtained bythe finite

element approximation are quite similar to the fringe pattern obtained by the
phobelasticity shown in the following figure

Solution:
The mesh | used is

20 Grid Plat
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(a) The stress distribution along thexis is

Finite Element Analysis for Mechanical & Aerospace Design Page14 of 22
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otress distribution along the y-axis
"q'I:II:I T T T T T T T
—=—FE

Exact
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2 3 4 5 A 7 g 4 10

The Stress concentration factor (&)defined as the maximum sigma_xx value at the top
of the hole (y=2.5 cm) over the applied stress on the boundary (sigma_0=100 N/cm)

N=3.6in our case, and the theoretical value is N=3, which is fairly close.

To obtain the above plot we modified posigessor.m to find the values for which x=0

and reordered the values around using matl ab
For the exact solution we used transformations between Cartesian and polar stresses.

The result is not accurate since the analytical solution is givefinity. In order to

improve the results, we may want decrease the radius of the circle or increase the size of

the domain.

(b) The deformed structure is

Finite Element Analysis for Mechanical & Aerospace Design Pagel5of 22
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Deformed Configuration
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The displacements contours are
0 FE solution: u displacement FE solution: v displacement
I ooE 00D
9 I =7E-006
. | ERAIES
I cEns
7 I 1 7oE0s
2 13E-005
B 2 B2E-005
c I 3 .08E-005
N 5 spE-O0s
4 [ 5 93008
. 4.81E-005
5 24E-005
2 & BAE-005
N ; 12E-005
L [ RPN

a 2 4 B g 10

ke X
(c) Plot of distribution of FE principal stress and nsdwear stress solution
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FE solution: First principal stress o,
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FE solution: Second principal stress @,
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FE solution: Maximurm shear stress‘tmax
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(d) Plot the fringe pattern:

Problem 57 Thin plate with a hole in tension (ANSYS)

Repeat problem 4 using Ansys and compare the results with those obtained using MatLab
using the same discretization.
We used théollowing commands in ANSYS:
Preferences > Structural
Preprocessor > Element Type > Add > Plane 42
Preprocessor > Material Properties > Material Models > Structural >
Linear > Elastic > Isotropic (E_x = 2.1e7, Prxy = 0.29)
Modeling > Create > Areas > Rengile
Circle > Partial Annulus > rad
Operate > Booleans >Subtract

Meshing > MeshTool >Lines > Select All > Mesh
Preprocessor > Loads > Define Loads > Apply > Structural >

Finite Element Analysis for Mechanical & Aerospace Design Pagel8of 22



