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Due Monday, October 19
th

, 12:00 midnight 

 

Problem 1 – 2D heat conduction in a rectangular domain (hand calculation)  

 

 
 

Consider a problem on a rectangular (2 m 1 m) domain as shown in the left figure. The 

conductivity is 14 W Ck  . 10 CT  is prescribed along the edge CB. Edges AB and 

AD are insulated, i.e. 10 W mq  ; along the edge DC, the boundary flux 

is 130 W mq  . A constant heat source is given: 250 W ms   

 

Find the nodal temperature and nodal fluxes; evaluate the element matrices by Gauss 

quadrature. Use a single rectangular finite element with node numbering shown in the 

right figure so that the local and global node numbering coincide. 

 

Solution: 

The weak statement for this problem takes the form: 

Find a function    1, ,T x y H   with ( ) ( ), TT s T s s  such that for any  1w H   

with 0w  on T the following equations holds: 

q

k T wd fwd qwd
  
         

From the weak form, we can easily identify: 

,
e e e

q

e T e T TK kB Bd f N f d N qd
  

        

The basis functions in natural coordinates are: 

1 2

3 4

1 1
( , ) (1 )(1 ), ( , ) (1 )(1 )

4 4

1 1
( , ) (1 )(1 ), ( , ) (1 )(1 )

4 4

N N

N N

       

       

     

     
 

Then the mapping is  
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 

4
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4
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i

i i
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x x N N N

y y N N N









    

    




 

The Jacobian matrix can be obtained as 

1
0

2

1 0

x y

J
x y

 

 

  
       
   
    

 

The determinant of the Jacobian is 
1

| |
2

J  . 

The inverse of this Jacobian matrix is  

1

1
0 10

2 2
2 0

1 0

J 

 
         

 

 

 

31 2 4

31 2 4

1 1 1 11

1 1 1 14

NN N N

NN N N

      

   

   

   
           
    

          
 
    

 

 

  

 

 
 

       

31 2 4

1

31 2 4

1 1 1 11

2 1 2 1 2 1 2 14

NN N N

B J
NN N N

      

   

   



   
          
    

         
 
    

 

 

The stiffness matrix is  
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 
2 21 1

,1 1
1 1

| | | |

3.3333 2.3333 1.6667 0.6667

2.3333 3.3333 0.6667 1.6667

1.6667 0.6667 3.3333 2.3333

0.6667 1.6667 2.3333 3.3333

i i

T T T

i j

i i

K kB Bd kB B J d d k B B J WW
   

 
   

 

   

  
 
 
 
  
 

  

  

 

 

The source contribution is:  

1 1

1 1

25

25
| |

25

25

e Tf f N J d d 
 

 
 
  
 
 
 

   

We now need to compute the contribution to element load from the natural boundary 

conditions along edge CD. When using natural coordinate, this side is mapped to the side 

2-3 on the master element. Then we have 1,     

 
 

 

1 1

11 1

0

01
1

302 02
| | 30

1 302
1

2 0

0

e T

qf q N J d d




 


 

 
   
   

          
    
   
  

   

Assemble all the node contributions give: 

 

1 1

2 2

3

4

103.3333 2.3333 1.6667 0.6667 25

102.3333 3.3333 0.6667 1.6667 5

1.6667 0.6667 3.3333 2.3333 5

0.6667 1.6667 2.3333 3.3333 25

T r

T r

T

T

      
    

  
     
      
    

     

 

 

3

4

3.3333 2.3333 5 2.3333 1.6667 10 5

2.3333 3.3333 25 1.6667 2.3333 10 35

T

T

             
             

            
 

 

3

4

17.3529

22.6471

T
C

T

   
   
    

 

The nodal heat fluxes are 
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,                   

,                          

Therefore, nodal temeperature and heat flux values are: 

 

  

  
 

Comparing with the solution from Matlab- 2dBVP, we see that the results are the same. 
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d = 

 

           10 

           10 

       17.353 

       22.647 

 

 

 

Problem 2 – Torsion of a cylindrical member 

 
The Prandtl theory of torsion of a cylindrical member leads to 

2 2 in ; 0 onu G u      

where   is the cross section of the cylindrical member being twisted,  is the boundary 

of  , G  is the shear modulus of the material of the member,  is the angle of twist, and 

u is the stress function. Solve the equation for the case in which   is an elliptical section 

member using the mesh of linear triangular or quadrilateral elements implemented in the 

MATLAB libraries provided. Compare the finite element solution with the exact solution 

(valid for elliptical sections with axes a  and b ): 
2 2 2 2

2 2 2 2
1

G a a x y
u

a b a b

  
   

  
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Use 1, 1.5,a b  and 
0 2 10f G  .  

 

Note the mesh shown in the figure is just for illustration purpose. You may first create the 

grid in ANSYS and use the function loadFromGridFile.m to read the grid. You may want 

to check the convergence of the mesh.  Once the stress function is determined, the 

stresses can be computed from: 

,xz yz

u u
G G

y x
   

 
  

 
 

Plot the stress vector ˆ ˆ
xz yz  v i j , where /xz xz G   , /yz yz G   . 

 

Solution: 

 

MATLAB Modifications: 

For this problem we modified the exact.m and ff.m files to match the problem’s set-up. 

We modified InputData.m to assign essential and natural boundary conditions to the first 

(curved) boundary. specifyEssBCValue.m and specifyNaturalBCValue.m were modified 

accordingly. Preprocessor.m was modified to allow the program to import the grid from 

the ANSYS files, which we saved in the same directory. Finally Postprocessor.m was 

modified so that the right quantities would be plotted. 

 

exact.m: 

Inputted the exact analytical solution and it’s partial derivatives. 
a=1;  
b=1.5;  
GTheta=5;  
u=((5*a^2*b^2)/(a^2+b^2))*(1 - (x(1)^2/a^2) - (x(2)^2/b^2));  
dudx=( - 2*x(1)/a^2)*((5*a^2*b^2)/(a^2+b^2));  
dudy=( - 2*x(2)/a^2)*((5*a^2*b^2)/(a^2+b^2));  

 

ff.m 

Apply a body force of  
value = 10;  

 

InputData.m: 

Assign boundary conditions. 1 on side 1 for essential boundary conditions, and 0 and 

sides 2 and 3 for zero natural boundary condition. 
IsBoundaryCondition = [1 0 0];  

 

specifyEssBCValue.m: 

Apply an essential boundary condition of 0 to side 1 (the curved surface) since there is no 

stress there.  
if  ( sideInd == 1)  
     dof = ndof*(nodeID -  1) + 1;     
     vals = 0;  
end  

 

specifyNaturalBCValue.m: 
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There are no non-zero natural boundary conditions in this problem, hence, 
alpha = 0;                        % initialize the two output variables  
beta  = 0;    

 

Preprocessor.m: 

Ask program to load the grid from ANSYS. 
load_grid     = 'yes' ;  

 

Postprocessor.m: 

Plot the specified stress vector. 
plotvector(+gradient(:,2), - gradient(:,1), 'FE solution: Stress 

Vector' ,0.9);  
plotvector(grad(:,2), - grad(:,1), 'Exact solution: Stress Vector' ,0.9);  

 

 

The grid I generated is 

 
The boundary conditions are 

0u  on boundary 1 and 0
u

n





on boundary 2 and 3 due to symmetry. 

The results are 
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Therefore, the finite element method gives an accurate solution. From the vector plot, it is 

seen that it indeed exhibits a torsion motion in the elliptic section. 

 

Problem 3: Torsion of a cylindrical member (ANSYS) 
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SMX=3.462 

 

We can compare this to the solutions obtained from problem 2, which for both finite 

element solution and exact solution yielded a maximum value of Sigma_XZ=3.23 which 

constitutes an error of  7.18%, reasonably small. 
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MAX=6.785 

 

Comparing the maximum value of sigma_XZ to the maximum magnitude of the stress 

vectors in MATLAB (6.8438), we see that they differ by 0.86%. Thus, the MATLAB and 

ANSYS solutions match very well. 

Also, we note that the overall trends match, with the stress vector being tangential to the 

surface, as expected in a torsion problem, and that the stress is highest at the periphery in 

both cases, which also makes sense for a torsion problem. 

 

 

ANSYS List of Commands: 

 

The torsion problem was modeled as a heat transfer problem in ANSYS. However, this 

yields the same numerical results, as the governing equations are the same.  

 
1. Element type: Thermal Solid quad-4 node: Plane 55 
2. No real constants 
3. Material model: Thermal > Conductivity > Isotropic 

KXX= 1 
4. Create quadrant model: 

Modeling > Create > Areas > Circle > Partial Annulus 
WPX = 0, WPY= 0; Rad-1=0, Theta-1=0, Rad-2= 1, Theta-2 = 90 
Modeling> Operate> Scale > Areas 
RY=1.5, existing areas moved 

5. Apply essential boundary conditions 
Loads > Define> Apply> Thermal> Temperature> On lines 
Pick arc, set temperature to 0. 

6. Apply natural boundary conditions 
Loads> Define> Apply> Thermal> Heat Flux> On lines 
pick the 2 straight lines, set flux to zero 

7. Apply body forces 
Loads> Define> Apply> Heat Generation> On areas 
VALUE= 10 

8. Solution> Solve > Current LS 
9. Plot contour 

General Postproc> Plot Results> Contour Plot> Nodal Soln> DOF soln> Nodal Temp 
10. Plot vector 

Element Table> Define Table> Add 
s_xz= TGY, s_yz0=TGX 
s_yz=-s_yz0 
Plot Results>User defined 

 

 

Problem 4 – Confined flow around a rectangular wall 
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The irrotational flow of an ideal fluid (i.e. a non-viscous fluid) about a rectangular wall 

(see the above figure) is to be analyzed using the finite element method implemented in 

the MATLAB libraries provided. The equation governing the flow is given as 
2 0u   in   

where u  can be any of the two functions: u is the stream function or (2) u  is the velocity 

potential. If  u  is the stream function  , the velocity components of the flow field are 

given as  

 

1 2,u u
y x

  
  
 

 

 

If u  is the velocity potential  , the velocity components can be computed from  

 

1 2,u u
x y

  
 
 

 

In either case, the velocity field is not affected by a constant term in the solution u . By 

symmetry, only left half of the domain needs to be models. Choose the bottom left point 

as the origin. First create the grid in ANSYS and use the function laodFromGridFile.m to 

read the grid to solve this problem using the two formulations. Compute the solution in 

each element and compare your results from the two formulations. Give the velocity 

vector plot and contour plot of the potentials.  

 

You need to be careful with the type of boundary conditions that you use. Here are the 

basic justifications for the boundary conditions shown in the figures.  

 

a) Stream function formulation: Remember that flow perpendicular to a streamline 

is zero. Therefore the fixed walls are streamlines! Due to the symmetry about the 

vertical centerlines, only left half of the domain needs to be used in the analysis. 

Since the velocity field depends on the relative difference of two streamlines, we 

take the value of the streamline that coincides with bottom left point (say A) to be 

zero ( 0A  ) and then determine the value of   on the upper wall from the 
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condition where 0u  is the velocity of the fluid parallel to the streamline. Since 0u  

is given at the inlet, we determine the value of the streamline at the upper left 

point (say B) by integrating the above equation as follows: 

 

0 0 ( )
B B

A A

y

B A B A
y

d u dy u y y



         or 

 

0 ( )B A B Au y y     

 

 Since the velocity at the inlet is constant,   varies linearly at the inlet from 0 at 

 point A to the value 0 Bu y at point B. These boundary conditions are summarized 

 as:  On the left boundary,   is specified to be 0yu   on the left boundary,         

04u   on the top wall, and 0  on the bottom wall as well as on the        

rectangular boundary. 

 

b) Velocity potential formulation: The fact that 2 0u
y


 


  on the upper wall and 

the bottom  line of domain gives the boundary conditions there. Along AB the 

velocity
1u

x n

  
  
 

 is specified to be 0 .u  Along vertical line of symmetry we 

must know either   or 
n x

  


 
. Since 

1u
x





 is not known there, we 

assume that  is known and set equal to a constant (e.g. zero) to complete the 

boundary conditions.  Setting equal to zero on the vertical of line of symmetry  

eliminates the rigid body motion in the solution! Since the velocity field depends 

on the gradient of  , any constant for   on this line will give the same results for 

 . These boundary conditions are summarized as: on the right boundary,  is 

specified to be 0  . 
n




is specified to be zero at the top and bottom walls as 

well as on the rectangular boundary. On the left boundary 
0u

n


 


. 

 

Solution: 

The grid we used is as follows: 
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(a) Stream function formulation: 

The boundary conditions are: 

On the left boundary 2,   is specified to be 0yu  , 04u   on the top boundary 1, and 

0  on boundary 3, 4 and 5. These are essential boundary conditions. 0
n





on 

boundary 6. This is zero natural boundary condition. 
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(b) Velocity potential formulation: 

 The boundary conditions are: On the left boundary 2,   is specified to be 
0u

n


 


, 

0   on the right boundary 6. This is essential boundary conditions. 0
n





on boundary 

1, 3, 4 and 5. These are zero natural boundary conditions. 
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Discussion: 

 

(1). We get nearly the same velocity field from stream function and velocity potential 

formulations, which verifies the correctness of the two methods and our implementation. 

Furthermore, the velocity flows along the boundary of the wall which is consistent with 

the no-slip condition there. However, there is one velocity vector from stream function 

across the rigid wall, which I think it may be due to the numerical error.  

 

(2) From the theory of potential flow past a rigid wall, there is a stagnation point at 

(5.25,0). From the velocity plot, indeed the velocity is zero there. What’s more, we know 

the flow velocity achieves its maximum at the top of the wall, which is also consistent 

with our finite element solution.  

 

(3) From the contour of the stream function, its pattern is parallel to the top and bottom 

boundary, which makes sense since we know the flow cannot across the stream line, so it 

should exhibit the similar pattern with our velocity vector. This is indeed the case from 

the velocity plot. 

 

(4) From the contour of the potential function, it is seen that the its pattern is 

perpendicular to the wall which is because the velocity is zero there so the gradient of 

velocity potential is also there. 

 

All of the above verify the accuracy of our finite element solution. 
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Note: Some of you are confused with the definition boundary conditions. Essential 

boundary condition means the degree of freedom have specified value on the boundary. 

Natural boundary condition means only the derivative of the unknowns are specified on 

the boundary. However, the value of the degree of freedom are not known. 


