MAE 4700/5700 (Fall 2009) Homework 6 2D finite elements

Due Tuesday, October 12", 12:00 midnight

Problem 1 — Weak form of the steady-state heat flow problem in two-dimensions
(hand calculation)

Consider the problem definition in the following figure:
T:T“

L= Ty

The governing differential equation is

)z
ox\ “ox ) oyl Yoy

with Q a known heat source per unit area.

Note that the compact form for this partial differential equation is: V+([K]JVT)+Q=0

[kI= [o c }
where the conductivity matrix is

Consider the following boundary conditions:

T =T,(prescribed) on S,
d,=d, on S,

(@) Multiply the above differential equation by virtual temperature w= 4T and
integrate over the domain A. Recall thatw =0T is zero at the boundary where the
temperature is prescribed.

Integrate by parts each term separately in the differential equation using the
following:

(I (ﬁ(kx aTij+ﬁ(ky aTj JdA j( Ten wk, —n w]ds I [a‘” g Ty e O gn
Alox U ox oyl 7oy ox oy T oy
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MAE 4700/5700 (Fall 2009) Homework 6 2D finite elements

Show that this is the equivalent component form of the compact expression used
in class and also given in the lecture notes:

j jAv.([k]VT )wdA = L [KIVT -nwdS — j jAvW-[k]VTdA
qn
where g, =q,n, +q,n, is the normal heat flux on the surface whose unit normal

vector isn =n,i+n, j . Provide the final weak form for this problem.

(b) Consider now a convection boundary condition given by q, =h(T; -T)on S, . For

this case, provide the new weak form and then derive the finite element matrix

equation K’d*=f°of t he heat fl ow probl em.
element calculations. Leave the element stiffness and load vectors in terms of

integrals involving the basis functions | N° |and their derivatives| B |.

Show the contributions to the stiffness and load vectors that result from the
convection boundary condition.

Solution:
The governing differential equation is

o, o, 2, or
&(K&H@(K@HQZ 0

with Q a known heat source per unit area and the following boundary conditions
T=T, (prescrived on$S;

¢, =g ons

a) Multiplying the governing differential equation by w and integrating over the
surface area A gives

[ (202 2 30)Jvan+ [ awar=o

To integrate by parts, we start with the compact formula from the lecture notes

ff ‘F-([Ic]‘i-"T]wdA=J- [k]‘FT-nwds—-ﬂ Vw - [k]VTdA
k, 0
=[5 &)
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MAE 4700/5700 (Fall 2009) Homework 6 2D finite elements
d
_|d=
V=13
dy
Substituting the matrix components into the compact formula gives
d dT
ax [kx ﬂ] 9%
. wdA
I 2] e«
dy dy
dT d dT
k. ﬂ] EN I ax| ke 07|0x
= sni+nyg st__ﬂ [ ] dA
L5 sliarf i mipeas= [ 1505 |57
d aT1 . aT d aT
15 Gafvaa= [ | "B Guisniwas = | [2n]| " 5x|ea
A - N 5 N A - N
dy kyay- kyay dy kyﬁy

Performing matrix multiplication and dot products gives us the final formula for
integration by parts given in the problem. The two forms are equivalent.

J‘J’ d (k 3T)+ d ( BT) dA

L \ox\ Fax/  dy k?’ay W
_J L R ﬂ (Bwk ot , aw E?T)dA
B s * gy X kya}rn:" W , \Ox T ox aykyﬂy

Applying this formula to our initial equation gives

J (k riilin—|— T )wdS—I—J (kﬂn+ % ) ds
. = ky 3y U ax ky 5y % )W
aw BT dw BT

Jf "Bx B}rk”ay dﬂ-l—f QwdA =0

Because the temperature is prescribe on the boundary S+, w = 0 on that boundary
and the first integral becomes zero.

] A

Substituting the heat flux gives the final weak form for this problem.

BT dw BT

ko akyay dA-I—f QwdA =0
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f[ - )dsﬂ aw o o aTdAJrf da=o,
Gl T+t W ke gm aykyay Qw

Yw E Hl(ﬁj with w = 0 on S;

b) With a convection boundary condition on Sq given by q, =h(T; -T)on S, the

new weak form is

ﬁw ﬁw dT
J. h(T, — T)wdS — J.f k}ﬂy dA+f QwdA=0

Elw ElT dw 4T
J. hT,wdS — J. hTwds — ﬂ’ k} dA+f QwdA =10
l‘r’

d

ﬂw ﬂw aT
J. hTwds + J.J’ k} —) dA = J. hT,wdS +J. Qwda
dy 5 A

In matrix form,

q

ﬂ [Vwe]T [k] [vTE']dAJrf weThTeds = ﬂ weT QdA +f w=" hT,dS

Replacing the integrals with the sum of integrals over the finite elements gives,
ZJ [‘Fwﬂ]r[k][?Tﬂ]dﬂ+Zf wThTeds = ZJ weTQdn +ZJ weThT, dS
=1 1 e=1"3q g=1 8 s=1 1

where
T = [N°][L7]{d}
[vre]= [B°][L7]{d}
Wal" — {W}T[LE]T[NE]T
(Vw1 = (W} [ [B°]°

The finite element matrix equation is then

{w}'fnzﬂ:[fr([q e rrelas + | 15[ i,][BE]dﬂ)[LE’]Ed}

={w}'*’nzg:[f]?(£ hTf[NE']TdS—l-L [NE']TQdﬂ)

g=1
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where

K® =J.ﬂ [BE]T[IE‘ 1?}] [BE]dﬂ+J; h[N®]T [N°®]dS

q

and
fe =J [NE]T{Qdﬂ—I-J hT,[N®]7dS

g

Problem 2 — Bi-material heat conduction (hand calculation)
}r

A
B
';__
Insulated
T=10
k] :4 kzz 3
D
A ¢ > X
g=15x

) )
[ = >l = >l
| ] |

Consider a triangular panel made of two isotropic materials with thermal conductivities
ofk, =4 W ‘Candk, =8 W ‘C*as shown in the figure. A constant temperature

of T =10°Cis prescribed along the edge BC. The edge AB is insulated and a linear
distribution of flux, g=15xWm™, is applied along the edge AC. Point
source P =45 W is applied at(x =3, y =0). Plate dimensions are in meters.

For the finite element mesh, consider two triangular elements, ABD and BDC. Carry out
calculations manually and find the temperature and flux distributions in the plate.

Solution:
Recall the final weak form is given on slide 25 of lecture 13 !!!

Local Nodes and Global Nodes:
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2D finite elements

N,
B® =

222
2|2

1 % B 2A°
¥ &N K
2A° = (3GY5 = %¥5)— (Y5 — X5¥5 )+ (Y5 — X))
K® = BkB°A°
e=1
2A = 6
3 0
Bl=lt_3 3 oJ g _ 13
60 -2 2 6 0 >
3 3 0
K'=|-3 13/3 -4/3
0 -4/3 4/3

e=2
202 =6

3

330

Bzzaz 0 2J BZT:% 30
0 2

213 -9 -4
K:=3-9 9 0
0 4

Assembling yields:
3 3 0 O

-3 13 6 4
0O 6 6 O
0O 4 0 4

For forces we have:
f=f+f,+r

fe=—J [N°Tadr
06— Xyt (= Y (4 Xy

- 08— X+ (= Yk (4= Ky L5
i(xiyi— Xyt + (i Yox (= Xy

?i_ui{ﬁ—ﬁ Yi=Y Yi-Ys
X=X X=X X=X
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2D finite elements

1- X
2
#yoz—f g 15 f}
°l'o
o_ X
2 40
and similarly f?2 =—f 14 X i sedx 2, =50
)| o° 0
For the point force
o= | 45[NTax-3y)do
Q
= 45[ [NTay-0
1]
2
-t L
0
-10+0+0 -10
. —60+45/2+0 ~75/2
Assembling .+ f, +r= =
—50+45/2+r, —(55/2)+r,
r, r,
Putting the stiffness and force matrices together:
Tl
T2
[K ]T3 =[f]
T4
and T3=T4=10
3 -3 0 0T -10
o -3 13 -6 —4||T, _ -75/2
0 -6 6 0][10 —(55/2)+r,
0 -4 0 41|10 r,

10

=—| 20

0

and solving the inner matrix for the temperatures and temperature gradient, we get that:

T,=1.9167 (r,=56
—
T,=5.25 r, =19
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The flux vector can be compute for each element as:
1.9167

A H e R R L Seel

SR | A e ] EY B et

Problem 3 — Mapping Quadrilaterals (hand calculation)

A four-node quadrilateral element is shown in the figure below
Master element

Y10, 3 }0 5 Actual element ) :
e T
A (2. 2) | 7 |
: i
l ] _é_[
| I i
(0, 0}|3 Fi 4 | b2
— (4, 0)
- - I .

(a) Develop an appropriate mapping to map the actual element into the 2x2 master
element shown in the figure.

(b) Verify the mapping is good.

(c) ComputedN, /oy, where N;(&,7) is the third interpolation function for the master
element. Give the value of the derivative at node 3 of the element.

(d) Compute IIA64N2N3dA, where N, (&,77) and N, (&, 77) are the second and the third
interpolation functions for the master element and Ais the area of the actual
element. Use numerical integration with a 1x1 Gauss quadrature formula.

(e) ComputeHC4N3Cdc, wherecis the line 3-4 of the element and N, is the third
interpolation function for the master element expressed in a coordinate that runs
along this line. Use numerical integration with a two-point Gauss quadrature
formula.

Solution:

a)
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= 1 1
N(em)= 7= A-n) =S 0-n-E+nd)

(&) = %<1+ Hl-7n) = %(1— n+ E- 1)

N £) = %<1+ Hrn) = %(1+ n+ E4 )

1 1
NS = 2= OU+n) = Z(L+n= &= 1)
x=2N,+4N,
y=2N,+ 3N,
so we obtain the following mapping:

X= %(3+ n—35—&n)

y= %(5— 57+ &- &)

1= S 2 S S B [ Sy 2

= Z+§+377
4 2 4

If &=-1,77=—1 (worst case scenario), we still have |J| = %> 0 so the mapping is

b)

invertible since the Jacobian will always be positive.

c)
N, N 55 N, on
& % 0’3’ on 0’3/
0’N3_£ d 'k
oY 4T |J|Zxk (&)
1 and 4y 1
TN 2 e+l 27 = k
o &Y y e é(m
at node 3 (x,y)=(0,0) which corresponds to 6n7=2+4&s0 &=1,n=1
W eaya=3
N _ 1. N, _ 14 Ny _1 Ny _ 1.
5—77—4( 1+9) p 4( 1-9) p 7L+ e) p 4(1 %)
N _1._ N, 14 Ny _ 1 N, _ 1o,
5—5—4( 1+7) = 4(1 ) e 7L+ = 4( 1-7)
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& -1, N, N, N, M,
Ry SV | =0
o & 3()(1577+X20,,77+X3 &77+X4 0,,77)
o -1, AN, N, N, N, -2
_:_(Xl_ X X )=—
& e T T T
0 % - Z(n+1)(0)+%(§+1)(_—32)
and N, :_1
é’y node 3 3
d)

ﬂ 64 N,N,dA
A

From the basis functions of the master element,

V=5 (L+ (-

1
Ny=2(1+ 9 +n)
Applying the 1x1 gauss quadrature, the gauss point is:

(£&.1) = (0,0)
And the gauss weight is:

At the gauss point,

The Jacobian (obtained from part 3(b) is:
1
I7l = §(14 + 4% + 61)
At the gauss point,
14
IJl =— =175
Applying Gaussian mtegratlon over dlscrete elements,

ﬂ’ 64 N,N,dA = 264 (Nalo0) (N3lgo) 11w 254 ( )G)(1.?5)(4)=25

j 4N, dc
c

y = D.! = n= 1
The third interpolation function for the master element expressed along this line is:

1 1
Mo =3(1- DA+ D =51-9)

On Line 3-4,
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Note the minus sign here. This is because the integration direction is
counterclockwise. We should have &=-&. In general, we have the following

mapping on sides (also consult ApplyNaturalBC.m)

Forsidel: £=¢, n=-1
Forside2: £=1, n=n
Forside3: £=-¢&, n=1
Forside4: £=-1, n=-n

The Jacobian of the ratio of areas is:

[fexe N favE VP
""_I( ot ) +(ﬂ—f)] -2

Applying the two-point Gauss quadrature, the gauss points and weights are:
1
f = i = W= 1:1

bal

V3
Evaluating the third interpolation function at the gauss points,
1 1 1 1
N |1=—(1—,—_), N | 1=—( +,—_)
3c ﬁ 2 1."',3 3c _ﬁ 2 ‘n.-'IE

Applying Gaussian integration,

XS D4 Nadl s, = 451 +%)(1}(z}+ %(1—%)(1}(2)= :

Problem 4 — Convection heat transfer (Matlab)

Here we consider the FEM analysis of heat transfer problems that involve convection
phenomena (i.e. energy transfer between a solid body and a surrounding fluid medium).
The governing equation in a special case considered here is taken as

o, or, o, ol :
_ )L (k. 2 = Q
8X(kx 8X) ay(ky 8y) rn

whereT is the temperature (in"C), k and ky are the conductivities [in W/(m¢g C )] along

the xand y directions, respectively and f is the internal heat generation per unit volume
in (W/m°).

The essential boundary conditions here involve the specification of the temperatureT .
The natural boundary condition involves the specification of the heat flux ¢, such that:

el el _
(kx&nx_i_kyany)—'_ﬂ(-r _Too)_qn =0
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where S is the convective heat transfer coefficient [in W/(mgC)] and T_ is (ambient)
temperature of the surrounding fluid medium and g, is specified heat flux.. The first

term accounts for heat transfer by conduction, the second by convection and the third
accounts for the specified heat flux.

a) Derive the weak form for this type of problems and give explicit expressions for
the element stiffness matrix and element load vector. Assume parts of the
boundary with essential boundary conditions and the rest with the above natural
boundary condition. How this last condition affects the stiffness matrix?

b) Now consider a series of heating cables placed in a conducting medium, as shown

in the figure. The medium has conductivity ofk, =10 W/(cmgC) and k, =15
WI/(cm¢ C), the upper surface is exposed to a temperature of -5 “C, and the lower

surface is bounded by an insulating medium. Assume that each cable is a point
source of 250 W/cm. Take the convection coefficient between the medium and

the upper surface to be =5 WI/(cm?- C). Use a 8x8 mesh of linear quadrilateral

elements in the computational domain (use any symmetry available in the
problem). Plot the temperature contour. Then Check the convergence of the mesh.

Convection [T, =-5°C, f=5W/(cm® °C)] Ya
73 81
i 1 A ?
1 _ |
et 4em it 4cm > 4 c:m 2cm ﬁf 7 i
__4"\ ——— e e e e e = - — S i 55 63
-
\ a — £ | 46 54
Electric cables (Qp =250 Wiem)t = | ‘%
g ! g 1 17 45
1 =] ! -
= I
: 2 6 cm 28 36
ky =10Wi(em °C), k), =15Wi(em"C) 1 £ : 19 .
] i 10 18
! N . 0y x

W’\.-‘Vv’\/VW

Hint: Use symmetry of the problem, we can reduce the computational domain to that
shown in the figure. The heat input at the node where the cable is located is 125 W/cm
located at node 63. The boundary conditions at the upper boundary is that of convective
type, at the right and left boundaries the heat flux is zero (because of symmetry), and at
the lower boundary the heat flux is zero because of the insulation.

Solution:
The governing equation is:

-0, o, -2, oI .
g(l&g)—g(%g):f in Q

the natural boundary condition involves the specification of heat flux g, such that

ar ar
('&gnﬁ‘ﬂ,gr‘y}ﬁa—ﬂ)— g,=0
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a) The weak form is
I(I&ﬂé+ ﬂéz—NJdQ+jﬂde& I fWCfZ+J-(,BTw+$WdE
KK “HKY p o o

This gives us the following expression for the stiffness matrix and load vector:
K®=|B' 0 BdQ N 'Nd
_I 0 K, + .[ B S
[29)
f=[fN'dQ+ [ (BT, +GN ds
Q X2

The natural boundary condition affects the stiffness vector by adding the line integral
terms.

b) Matlab Solutions

MatLab Modifications:

InputGrid.m:

Using the symmetry in the problem, set the x range from 0 to 2cm, and the yroange

0 to 8cm, with 8 elements in both the x and y directions. Use quadratic elements, with 2
spatial dimensions.

if strcmpi(load_grid, no' )==1 % Use default box grid
xI =0.0; % left location of the range in the x direction
xr= 2.0; % right location of the range in the x
direction
yb =0.0; % bottom location of the range in the y
direction
yt = 8.0; % top location of the range in the y direction
nx = 8; % number of element s in x direction
ny = 8; % number of elements in y direction
ElementType = 1, % 1: Q4 2: T3
nsd = 2; % number of spatial dimensions (2 (default) or
3)
BoxGrid_2D(xl,xr,yb,yt,nx,ny); % Use the provided box grid
generator
end
InputData.m:
Plot the mesh, boundaries, contours and vectors.
plot mesh = 'ves' ; % What to plot. For big meshes,
plot_ node = 'no' ; % it is better not to plot node and vector.
plot_boundary = 'ves' ; % Change this information as appropriate
plot_contour = 'ves'
plot vector = 'ves'
is_exact = no' ;

Only boundary 3 has a naero natural boundary condition. Boundaries 1,2,4 as shown
in the plot of the boundaries have zero heat fluxes.
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IsBoundaryCondition = [0010];

Conductivity.m

Input the conductivity matrix, with kx= 10 and ky=15.
D =[10 O;
0 15];

specifyEssBCValue.m:
Since there is no specified temperatures on the boundaries, there is no essential BC

condition. Thus,
dof = ]; % initilize the two output vectors
vals =[];

specifyNaturalBCValue.m:
Input the specified natural boundary condition on side 3. Since,
aT aT
(kxanx + k}.a—}?n}_) = —BT + BT,
Comparing this with
kgradu . n = alpha* u + beta

We obtain:
alpha = —f = —5
beta = fT_= 5=%(—5)
Thus, we input:

if (sidelnd==3) % Add the NC value below
alpha= -5;
beta = 5*( -5);
end
ff.m
Since there is no internal generation of heat,
value = 0;

NodalSoln.m
Input thevalue of half thgpoint source of 125W/cm at node 63. (Half the point source

due to symmetry)
R(63)=R(63)+ 125;

Since there are no essential boundary conditions, there is no need to partition the matrix.

Directly solve for the temperatures. There is no reaction vector.
d=K\R

rf=0;

There are no changes made to integrads.m and integrands4sideay mstch the weak
form of this problem.
MATLAB Results:
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o ,2D Grid Plot FE solution: Temperature distribution FE solution: Heat flux
SIS g gfftEELPE
) I 5 25E+000
7 I o 31E-+000 :
7 I 5 51 E-+000 7prETEET
6‘ I 1 04E 001
B I 1 14E-+001 BT
1 B 1.25E+001
5 5 U 1 4BE+I Bhe-- - el
/ U 5TEHD
4 - 1 57EH0T > gpe-vu-w-
4 1 B7E+0D1
gb 1.78E+001 Bheseeens
) 3 1.88E+001
) k ~ 1.99E+001 )
) 2 B 2 10E+001
N C :1E-+001
1 Ipeceecceces
1
4
011111111 ok : :
0 1 2 0 0 1 2
0 1 2
X
Comparing the temperature contour witte ANSY S solution with the same number of
elements
NODAL SOLUTION pm
gagPii QCT 14 2009
TIME=1 13:51:32
TEMP (BVG)

REYS=0
SMN =7.19
SMX =23.068

7.19 10.718 14.247 17.775 21.304
8.954 12.482 16.011 19.539 23.068

The results match well.

Looking at the contour plot of temperature, we see that the temperature is the highest at
the node where the cable is located, which makes sense—it is the heat source that
transfers heat throughout the areas near the node. However, it should spread out even in
all directions even though the figure does not show it. After I increased the number of
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2D finite elements

elements for the mesh to 24 by 24, it represents the heat flux more precisely as shown in

the figure below.

2D Grid Plot

AT
0 1 2
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FE solution: Temperature distribution

N s 43E+000
I 5 43E+000
I 5 7=E-+000
I 1 10E-+001
I 1 23E+001
N 1 .36E+001
0 1.49E+00
0 1 B2E+001
P 1 75E+001
S 2 D1E+001

2.01E+001

2.14E+001
L 2.27E+0D1
N 2 40E+001
I  c5E-+001

FE solution: Heat flux
8 ’

TR TP R RPN
? Boovinrninannananave oy

........................
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