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Due Monday, September 28
th

, 12:00 midnight 

 

All homework problems here refer to the solution of one-dimensional boundary value 

problems: Weak forms, issues of numerical integration, discretization, boundary 

conditions, etc. 

 

Problem 1 – Properties of shape functions, finite element interpolation and 

interpolation error (MatLab)  

 

1. Modify the function FiniteElement_1D.m to include quadratic and cubic shape 

functions in one-dimension.  

 

2. Write a short MatLab program that uses the above function and for several values 

ofx, 1 1x- ¢ ¢ returns the following two values (for N
e
=2,3,4, N

e
=number of 

shape functions per element e) 
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Verify that a=1 and b=0. These tests are necessary (but not sufficient) to ensure 

correct calculation of the shape functions in FiniteElement_1D.m 

 

3. Write a short MatLab program utilizing the function FiniteElement_1D.m to 

calculate values of the finite element interpolant of the function 

( ) sin , 0 1.g x x xp= ¢ ¢ Use two elements with linear shape functions. Evaluate 

( )hg x and ( )g x at 10 equally spaced points in each element. Print the values of 

, ( ), ( )hx g x g x and | ( ) ( ) |hg x g x- at each point. Note that since the shape functions 

( )e

iN x are written as functions of x, where 1 1x- ¢ ¢, the program must select 

the value of xat which calculations are to be made and then calculate the 

corresponding value of x from 
1 2 1

1
(1 )( )

2

e e ex x x xx= + + -. Repeat the calculation 

for quadratic and cubic elements.  

 

4. Using function ErrorAnalysis.m, extend the program in part 3 above to calculate 

the mean-square norm of the interpolation error. Calculate and print the value 
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for linear, quadratic and cubic elements. Use Gaussian integration of order 4.  
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Solution: 

 

1) Shape Functions: 

 

Linear Element: 

 

N1=
1

2
(1-x) 

 

N2=
1

2
(1+x) 

 

Quadratic Element: 

 

 

N1=
1

2
x(x-1)  

 

N2=1-x2 

 

N3=
1

2
(1+x)x 

 

Cubic Element: 

 

N1=
1

16
(1-x)(3x+1)(3x-1) 

 

N2=
9

16
(1+x)(x-1)(3x-1)  

 

N3=
9

16
(1+x)(1-x)(3x+1) 

 

N4=
1

16
(1+x)(3x+1)(3x-1)  

 

We modified FiniteElement_1D.m to include the quadratic and cubic element shape 

functions and their derivatives. 

 

2) 

 

a= Ni

e

i=1

N e

ä (x)   

 

b=
dNi

e
(x)

dx
i=1

N e

ä  

 

 

We call the modified FiniteElement_1D.m and depending on the number of elements, 

add up the required number of terms. The coefficients a and b do turn out to be 

respectively 1 and 0 for linear, quadratic and cubic elements. 

 

3) 

MATLAB Code: function FEA1_3and1_4.m 
 

In order to make use of the global variables,   
include_variables;  % include global variables  
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Get the user to set the element type:  
ElementType= 1;     % Set element type: 1= linear, 2=quadratic, 3=cubic  

 

For each element, specify the exact values of the nodal displacements, calculated from 

the exact function: 
for  e= 1:2  
    if  ElementType==1  
        d= [e - 1; 2 - e];  
    elseif  ElementType==2  
        d= [e - 1 sin(pi/4) 2 - e]';  
    elseif  ElementType==3  
        d= [e - 1 sin(e*pi/6) sin(pi/e/3) 2 - e]';  
    end  
 

Evaluate functions at 10 equally spaced points in each element using linspace:     
    for  xi= linspace( - 1,1,10) % do calculations on 10 values of xi 

0<xi<1  
 

Calculate the global nodal coordinates for the element, and interpolate to calculate the 

global x coordinate for that point. Run the FiniteElement_1D code to obtain the N and B 

matrices.         
        i=i+1;  
        x1= (e - 1)*.5;   % calculate the global x nodal coordinates  (x1, 

x2) for the element  
        x2= e*0.5;  
        x(i)= x1 + 1/2*(1+xi)*(x2 - x1); % interpolate to calculate the 

global x coordinate at that point  
        [n,dndxi] = FiniteElement_1D(xi); % run the FiniteElement_1D 

code to obtain the N and B matrices  
 

Interpolate to obtain the FE solution, and calculate the exact solution at that point:         
        gh(i)= n*d; % interpolate to obtain the solution  
        g(i)= sin(pi*x(i)); % get exact solution  
    end  
end  
 

Print the values of x, gh(x), g(x) and |gh(x)-g(x)|, and plot it in a graph for easy 

comparison:  
% display the values in a table  
for  k=1:i  
    fprintf( '%f \ t \ t %f \ t \ t %f \ t \ t %f \ n' , x(k), gh(k), g(k), 

abs(gh(k) - g(k)));     
end  

  
% plot the results  
figure(1)  
plot(x,gh, x,g, x, abs(gh - g))  
title( 'Comparison of FE Interpolant with Exact Solution' )  
legend( 'gh' , 'g' , 'error' )  

  

  

Results: 
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Using Linear Shape Functions: 

 

x     g_h(x)     g(x)     |g_h(x)-g(x)| 

 

0.000000    0.000000    0.000000    0.000000 

0.055556    0.111111    0.173648    0.062537 

0.111111    0.222222    0.342020    0.119798 

0.166667    0.333333    0.500000    0.166667 

0.222222    0.444444    0.642788    0.198343 

0.277778    0.555556    0.766044    0.210489 

0.333333    0.666667    0.866025    0.199359 

0.388889    0.777778    0.939693    0.161915 

0.444444    0.888889    0.984808    0.095919 

0.500000    1.000000    1.000000    0.000000 

0.500000    1.000000    1.000000    0.000000 

0.555556    0.888889    0.984808    0.095919 

0.611111    0.777778    0.939693    0.161915 

0.666667    0.666667    0.866025    0.199359 

0.722222    0.555556    0.766044    0.210489 

0.777778    0.444444    0.642788    0.198343 

0.833333    0.333333    0.500000    0.166667 

0.888889    0.222222    0.342020    0.119798 

0.944444    0.111111    0.173648    0.062537 

1.000000    0.000000    0.000000    0.000000 
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Figure 1: Linear Element 

 

 

 

Using Quadratic Shape Functions: 
 

x     g_h(x)     g(x)     |g_h(x)-g(x)| 

 

0.000000    0.000000    0.000000    0.000000 

0.055556    0.192931    0.173648    0.019283 

0.111111    0.365407    0.342020    0.023387 

0.166667    0.517428    0.500000    0.017428 

0.222222    0.648994    0.642788    0.006207 

0.277778    0.760105    0.766044    0.005939 

0.333333    0.850762    0.866025    0.015264 

0.388889    0.920963    0.939693    0.018730 

0.444444    0.970709    0.984808    0.014099 

0.500000    1.000000    1.000000    0.000000 

0.500000    1.000000    1.000000    0.000000 

0.555556    0.970709    0.984808    0.014099 

0.611111    0.920963    0.939693    0.018730 

0.666667    0.850762    0.866025    0.015264 

0.722222    0.760105    0.766044    0.005939 



  

MAE 4700/5700 (Fall 2009)              Homework 4  1DBVP  

Finite Element Analysis for Mechanical & Aerospace Design      Page 6 of 29 

0.777778    0.648994    0.642788    0.006207 

0.833333    0.517428    0.500000    0.017428 

0.888889    0.365407    0.342020    0.023387 

0.944444    0.192931    0.173648    0.019283 

1.000000    0.000000    0.000000    0.000000 
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Figure 2: Quadratic Element 

 

Using Cubic Shape Functions: 
 

x     g_h(x)     g(x)     |g_h(x)-g(x)| 

 

0.000000    0.000000    0.000000    0.000000 

0.055556    0.175499    0.173648    0.001850 

0.111111    0.343376    0.342020    0.001356 

0.166667    0.500000    0.500000    0.000000 

0.222222    0.641738    0.642788    0.001050 

0.277778    0.764957    0.766044    0.001087 

0.333333    0.866025    0.866025    0.000000 

0.388889    0.941310    0.939693    0.001618 

0.444444    0.987179    0.984808    0.002372 

0.500000    1.000000    1.000000    0.000000 
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0.500000    1.000000    1.000000    0.000000 

0.555556    0.987179    0.984808    0.002372 

0.611111    0.941310    0.939693    0.001618 

0.666667    0.866025    0.866025    0.000000 

0.722222    0.764957    0.766044    0.001087 

0.777778    0.641738    0.642788    0.001050 

0.833333    0.500000    0.500000    0.000000 

0.888889    0.343376    0.342020    0.001356 

0.944444    0.175499    0.173648    0.001850 

1.000000    0.000000    0.000000    0.000000 
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Figure 3: Cubic Element 

From the tables and graphs, it can be seen that the FE interpolation using 2 elements is 

least accurate using linear shape functions, and is the most accurate using the cubic shape 

functions. The solution curves match the exact solution better, and the error values are 

smaller. This is useful as with few elements (and subsequently less computing power) a 

more accurate interpolation can be obtained by using cubic shape functions.  

 

 

4) 
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The mean-square norm of the interpolation error is also known as the normalized L2 

error. Since this has been coded in the function ErrorAnalysis.m, the FEinterpolant.m 

function from part 3 was simply extended to input the parameters needed, then 

ErrorAnalysis was called. 

 

MATLAB Code: 

 

Input parameters that are called within ErrorAnalysis. Use a Gaussian integration of order 

4. For each element type, specify the exact nodal displacements and connectivity 

matrices. Finally, call the error analysis function. 

 
% input the parameters required in the ErrorAnalysis function  
nel=2; % 2 elements  
ngp= 4; % use 4 gauss points  
nno= nel*ElementType + 1; % number of nodes  
Nodes = linspace(0,1,nno); % x coordinates of nodal points  

 
% for each element type, specify the ex act nodal displacements and 

element  
% connectivity matrix over the whole domain  
if  ElementType == 1  
    d= [0 1 0]';  
    Elems= [1:(nno - 1);  
    2:nno];  
elseif  ElementType== 2  
    d= [0 sin(pi/4) 1 sin(pi/4) 0]';  
    Elems= [1, 3;  
        2, 4;  
        3, 5];  
elseif  ElementType== 3  
    d= [0 sin(pi/6) sin(pi/3) 1 sin(pi/3) sin(pi/6) 0]';  
    Elems= [1, 4;  
        2, 5;  
        3, 6;  
        4, 7];  
end  

  
% call the ErrorAnalysis function  
ErrorAnalysis  

 

 

Modify the exact.m to have the exact solution: 
u    =      sin ( pi * x );  
du   =     pi*cos(pi * x );  
 

 

 

MATLAB Results: 

 

For linear elements,  

The normalized L_2 norm error is 2.133717e-001 
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For quadratic elements,  

The normalized L_2 norm error is 2.154594e-002 

 

For cubic elements,  

The normalized L_2 norm error is 1.480859e-003 

 

As expected, the L2 norm error decreases from linear to cubic elements. 

 

 

 

Problem 2 – Transverse displacement of a non-uniform cable (Hand calculations and 

MatLab) 

 

Consider the problem of finding the function u(x) that satisfies the differential equation 

( ) 0, 0 1
d du

a f x
dx dx
- - = < < 

and the boundary conditions 

(0) 0, (1) 0u u= = 

where ( ) 1 , ( ) 1 4a x x f x x= + = +.  

 

This problem corresponds to the transverse displacement of a nonuniform cable fixed at 

both ends and subjected to a distributed transverse force. This problem is simple enough 

that an analytical solution exists: ( ) (1 ).exu x x x= -  

 

a) Determine the finite element solution to this problem using four linear finite 

elements over the domain 0 1x< <. Perform all calculations of the stiffness and 

force vector analytically, apply the boundary conditions and solve the resulting 

3x3 system of equations. 

b) Repeat the calculations by running the provided MATLAB code after you 

appropriately modify the InputData.m, ff.m, qq.m, and pp.m functions. 

c) Repeat the calculations above for 4, 8, and 10 elements and compare the finite 

element solution and the derivative of the solution with the exact solution. Note 

that the analytical solution is quadratic in x but these calculations use linear finite 

elements. Provide a clear summary of your results.  

 

Solution:   

This problem considers the differential equation below: 

 

-d

dx
(a

du

dx
)-f =0, 0<x<1 

with the following boundary conditions: 

 

u(0)=0, u(1)=0 

where 

 

a(x)=1+x 

 

f (x)=1+4x 
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This problem has an exact analytical solution: 

 

uex(x)=x(1-x) 
 

a) We will first solve this problem using four linear finite elements across the length 

of the cable.  Substituting the given functions into the boundary value problem 

gives: 

 

 
 

For each element, we write the following weak form: 

 

 

 
 

The values for w at x = 0 and x = 1 are zero because u is prescribed at the 

boundaries. Integrating by parts gives: 

 
 

 
 

The last two terms are zero because of the boundary conditions. 

For each element, we approximate  

 
and 

 
where  is the total number of elements.  

 

Substituting into the weak form gives 
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Where 

 

 

 

 

 
 

The element stiffness and load matrix, taken from the weak form, are 

 

 
For the first element,  

 

 

 

 
 

Thus, 

 (element 1) 

 

Similar computations for the other elements give the following local stiffness and force 

matrices: 

 (element 2) 

 (element 3) 

 (element 4) 

 

Assembling into the global stiffness and force matrix gives 
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Because we know that , we can partition the matrix and solve for the 

remaining 3x3 system.  

 
 

Solving for this system gives . 

b-c) MATLAB 

 

We modified the Exact.m file to match the problem, as well as InputGrid.m and 

InputData.m (changed the number of elements, and the type of boundary conditions). The 

files pp.m, ff.m and qq.m are also problem specific, and were changed to model the 

differential equation at hand.  

 

¶ 4 elements 

 
Figure 4: u (4 elmts) 
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Figure 5: du (4 elmts) 

¶ 8 elements 

 
 

Figure 6: u (8 elmts) 



  

MAE 4700/5700 (Fall 2009)              Homework 4  1DBVP  

Finite Element Analysis for Mechanical & Aerospace Design      Page 14 of 29 

 
Figure 7: du (8 elmts) 

¶ 10 elements: 

 
Figure 8: u (10 elmts) 
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Figure 9: du (10 elmts) 

 

 
Table 1: Error between FE and Exact Solution 

# 

Elements 

Max 

Normal 

Error 

Normalized 

L_2 Norm 

Error 

Normalized 

Energy 

Norm Error 

4 1.041667e-

02 

5.707301e-

02 

2.500000e-

01 

8 2.604167e-

03 

1.426390e-

02 

1.250000e-

01 

10 1.666667e-

03 

9.128785e-

03 

1.000000e-

01 

 

Looking at the analytical solution 

 

uex(x)=x(1-x) we expect the finite element solution 

to be quadratic, and the finite element error (taking the derivative of the solution) to be 

linear.  

However, due to the nature of the elements used, linear elements, the solution is a 

succession of linear segments and the slope of these segments is constant. The more 

elements we use, the better the finite element results model the exact analytical solution. 

This can also be seen from the table above where all three types of error decrease with 

increasing number of elements. 
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Problem 3 – Axisymmetric radial heat flow through a circular cylinder (MatLab) 

 

Consider the axisymmetric radial heat flow by conduction through a homogeneous 

hollow cylinder of inside radius ir  and outside radius 0r . If the cylinder is sufficiently 

long, the end effects can be neglected. The governing equation for the temperature is 

given as 

 

0( ) , i

d dT
kA AQ r r r

dr dr
- = < < 

 

where k is the thermal conductivity, 2A rlp=  the surface area, l is the length of the 

cylinder, Q  the heat generation per unit area, r  the radial coordinate and T the 

temperature. The heat flux is given as 

dT
q kA

dr
=-  

Use the data 0r =3.25 in, ir =1.75 in, l =10 ft, Q= 0, k = 0.04Btu/(h.ft.
0
F), iT = 400

o
F, 0T  

= 80
0
F, where iT  and 0T  are the specified temperatures at the inner and outer walls, 

respectively.  

 

Modify the given MATLAB programs to compute the temperature and flux in the 

cylinder (use 10 linear elements) 

 

Compare your results with the analytical solution 

0
0

ln( )

( ) ( )

ln( )

i
i i

i

r
r

T r T T T
r

r

= - -

 
Solution: 

 

 This problem follows the differential equation below: 

 

-
d

dr
(kA

dT

dr
)=AQ, ri<r<ro  

 

 

q=-kA
dT

dr
 

 

 

and has the following analytical solution: 

 

 

ro=3.25 in 

 

ri =1.75 in 

Q=0 

k=0.04 Btu/(h.ft.F) 

 

Ti =400 F 

To=80 F 
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T(r )=Ti-(Ti-To)
ln( r

ri

)

ln(
ro

ri

)
 

The area is A=2ˊrl where l=10 ft.  

 

The analytical and FE solutions given by MATLAB are as follows: 
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Figure 10: Temperature 
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Figure 11: Heat Flux 

 

We modified the m files in the following ways: 

InputData.m was modified to use the appropriate boundary conditions. At the first node, a 

temperature of 400° F is applied while at the last node, a temperature of 80° is applied.  

InputGrid.m is where we input the coordinates of the leftmost and rightmost nodes (at the 

inner and outer radius). We used ten linear elements to approximate the solutions. 

In exact.m, we input the analytical solution given for T(r) and the heat flux solution based 

on the equation given.  

ff.m, qq.m, and pp.m were modified to reflect the parameters of the boundary value 

problem.  

Postprocessor.m was also changed so that it plots the FE solution of the heat flux, not just 

dT/dr. The plot titles in ErrorAnalysis.m were also modified for that reason.  

 

From the plots, it is apparent that the FE solution for T is very accurate, but the FE 

solution for heat flux is not. Analytically, the heat flux is constant. It is given by 

 
However, because we are using linear elements, dT/dr is constant, so q varies with r. In 

order to make the FE solution more accurate for heat flux, we could either increase the 

number of linear elements or use higher order elements.  

 

 

 

 

 



  

MAE 4700/5700 (Fall 2009)              Homework 4  1DBVP  

Finite Element Analysis for Mechanical & Aerospace Design      Page 19 of 29 

 

Problem 4 – Heat conduction with surface convection (MatLab) 

 
Develop the finite element equation e e e=K d f for heat conduction with surface 

convection. The strong form in this case is given by 
2

2
( ), 0 ,

d T
kA h T T x l

dx
b ¤= - ¢ ¢ 

where , , ,k A hbandT¤are constants. 2 rb p= is the perimeter of the fin. To simplify the 

derivation, consider zero essential boundary conditions on both ends. 

 

Now, letôs consider also convection boundary equations 

( )
T

h T T
x

¤

µ
= -

µ
  on  x l=  

Modifying the MatLab finite element code, solve the problem with the following 

parameters: 

 
1 1 2 1 2400 W m C , 0.1m, 3000 W m C , 10 m (radius of pin), 

20 .

k l h r

T C

- - - - -

¤

= = = =

=
 

 

Boundary conditions: (0) 80 ; ( )
T

T C h T T
x

¤

µ
= = -

µ
 on x l= . 

 

Find the temperature and flux with uniform finite element meshes consisting of  four, 

eight and sixteen 2-node linear elements. 

 

Solution: 

 

a) Weak Form Derivation 

This problem is given in the strong form which follows: 

 

kA
d2T

dx
=bh(T-T¤)

 
with a mixed boundary condition at x=L 

 

dT

dx x=L

=h(T-T¤) 

Multiplying both equations by the weight function w: 
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w(kA
d2T

dx2

0

L

ñ -bh(T-T¤))dx=0

w(
dT

dx0

L

ñ -h(TL-T¤)dx=0

 

Integrating by parts we obtain: 

 

kAw
dT

dx

è 

ê 
é 

ø 

ú 
ù 

0

L

- kA
dT

dx0

L

ñ
dw

dx
dx- bhw(T-T¤)dx=0

0

L

ñ
 

 
Furthermore, from the boundary conditions (fixed temperature at both ends) we know 

that w(0)=0 and w(L)=0 so the first term of the above equation is 0. 

Making the following substitutions 

 

we=weTN eT

(
dwe

dx
)T =weTBeT

ue=N eue

due

dx
=Beue

 

We obtain that 

 

weT Be(kA)BeTdxT e+ bhNeTNedx
0

L

ñ T e

0

L

ñ
è 

ê 
é 

ø 

ú 
ù 

e

ä = weT

e

ä N
0

L

ñ
eT

(bhT¤)dx 

We then equate like terms between the equation above, and the equation below. 

 

weT Bep(x)BeTdxT e+ q(x)NeTNedx
0

L

ñ T e

0

L

ñ
è 

ê 
é 

ø 

ú 
ù 

e

ä = weT

e

ä N
0

L

ñ
eT

f (x)dx

 
This allows us to identify the following functions: 

 

p(x)=kA

q(x)=bh

f (x)=bhT¤

 

We can then modify ff.m, pp.m, qq.m accordingly. 

b) MATLAB 

We used 2-node linear elements and modified include_variables.m, ff.m, pp.m, qqm, 

InputData.m for the mixed boundary conditions, and InputGrid.m for the number of 

elements, post-processor for plot labeling. 

The mixed boundary condition is as follows: 

 

dT

dx
=aT+b  where   

 

a=h

b=-h.T¤
 

¶ 4 elements: 
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Figure 12: T (4 elements) 

 

 
Figure 13: dT/dx (4 elements) 

¶ 8 elements: 
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Figure 14: T (8 elements) 

 
Figure 15: dT/dx (8 elements) 

¶ 16 elements: 
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Figure 16: T (16 elements) 

 
Figure 17: dT/dx (16 elements) 

 

 

Problem 5 – Advection-diffusion problem (MatLab) 

 

Consider the one-dimensional advection-diffusion equation 
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2

2
0, 0 10

d d
v k x

dx dx

q q
- = ¢ ¢ 

with the boundary conditions (0) 0, (10) 1.q q= =Use linear finite elements and a 20 

element mesh with uniformly space nodes such that the element length is 0.5el = . The 

Peclet number is defined as 
2

e

e

vl
P

k
¹ .  

 

a. Solve the problem analytically in terms of v  and k . 

b. Derive the weak form of this problem and the finite element equation. 

c. Let 2v=  and 5k=  so that the Peclet number 0.1eP = . Solve q by modifying the 

provided MatLab code. Compare the finite element solution with the exact 

solution. 

d. Let 60v=  and 5k=  so that the Peclet number 3.0eP = . Repeat the calculation. 

Compare your solution with the exact solution. Note that the solution will exhibit 

a spatial instability. For high values of the Peclet number, i.e. when advection 

dominates, special techniques must be developed to obtain accurate solution. We 

will introduce such methods later in this course.  

 

Solution: 

For the one-dimensional advection-diffusion equation,  

 
With boundary conditions, 

 
 

Analytical Solution: 

Since the equation is a standard ordinary differential equation, let 

 
Thus, the characteristic equation is, 

 
And the roots are: 

 
The general solution now is: 

 
Applying the boundary conditions and solving for the constants c1 and c2,  

 

 

 
The analytical solution becomes: 
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And the derivative with respect to x is: 

 
 

Derivation of the Weak Form: 

From the original equation, multiply by an arbitrary weight function w(x) and integrate 

on the domain 

 
Performing integration by parts on the second term,  

 
Since the displacements at the boundaries are defined, w(0)=w(10)=0, and we can 

simplify the weak form as: 

 
 

For each element, using the approximations: 

 

 
Substitution into the weak form gives: 

 
Thus, for the MATLAB code modifications,  

 

 
 

MATLAB Modifications: 

1. InputGrid.m: 

Input the domain: 0<x<10, for 20 linear elements.  

 

xl = 0.0;           % the left location of the 1D domain 

xr = 10;           % the right location of the 1D domain 

ElementType = 1;    % two nodes per element, i.e. linear element 

nel = 20;           % number of total elements 

 

2. InputData.m: 
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Define the boundary conditions of u(0)=u(10)=1 for u=ɗ. They are essential boundary 

conditions, applied with 0 value at node 1 and 1 value at the last node.   

BoundaryCondition(1).type = 1;     % left boundary has an EB condition   

BoundaryCondition(1).value = 0; 

BoundaryCondition(1).glbID = 1; 

 

BoundaryCondition(2).type = 1;     % right boundary has an EB conditions of 1 

BoundaryCondition(2).value = 1; 

BoundaryCondition(2).glbID = nno; 

 

3. Modify pp.m, qq.m and ff.m so that: 

  

Where the values of k and v can be adjusted for the parts c and d of problem 5.  

 

4. Integrands.m: 

Modify K to fit the problem: 

Ke = Ke + (pp(felm.x)*B'*B + qq(felm.x)*felm.N'*B) * felm.detJxW; 

 

5. Exact.m 

Specify the exact solution obtained in part a. 

v= 2; 

k=5; 

u    =      1/(exp(10*v/k)-1)*(exp(x.*v/k)-1); 

du   =     1/(exp(10*v/k)-1)*exp(x.*v/k)*v/k; 

 

MATLAB Results: 

For v=2, k=5; 
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Figure 18: u (v=2, k=5) 
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Figure 19: du/dx (v=2,k=5) 

As expected, the FE solution matches the exact solution very well for u, but less well for 

its derivative. Since the element interpolation type used is linear, its derivative will give a 

constant, which results in óstepsô in the du/dx FE plot. Refining the mesh by using more 

elements will cause the FE solution to converge with the exact solution, and become 

more accurate.  
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For v=60, k=5, 
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Figure 20: u (v=60, k=5) 
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Figure 21: du (v=60, k=5) 
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The FE solution matches rather poorly with the exact solution. They both exhibit the 

same trend initially, but as x increases the FE solution exhibits an oscillatory behavior 

while the exact solution increases exponentially.  

This spatial instability is caused by the current methodôs inability to deal with the high 

advection term v. It cannot solve the problem properly. Using the heat transfer analogy, 

when advection dominates conduction, there is a very rapid change in temperature very 

close to the fixed temperature surface (on the right boundary at x=10), as advection does 

not allow conduction to take place at its usual pace. With increased flow v, heat 

propagates out of the surface more quickly. The FE solution thus predicts that 

temperature will fluctuate near the right boundary.  

This problem will be solved later in the course.  

 

 

 

 


