Composition variations and
phase fractions



Composition variations and phase fractions

e Consider a system composed of variable
chemical elements and various phases.

e The internal degrees of freedom are the

CO
CO

mpositions of the various regions that

mpose our system.
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Phases

e Phase: A part of the system that can be
Identified as “different” from another part of the

system.

« Examples of phases are a solution of iron and
carbon In an FCC structure and a solution of
Iron and carbon in a BCC structure.
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Composition of each phase

e Composition: The fractions of the various
chemical components that comprise the system.

e Phase fraction: The fraction of the system that is
In each phase (a.,B,7y,...).

e Composition of phase a. The composition of the
subsystem composed o.-phase alone.
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Composition variations and phase fractions

* Let Ng and N, represent numbers of B and W-
type molecules.

e The number of moles in phases o and 3 can be
varied.
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Composition variations and phase fractions

o—phase

(NG, N

Notation
Ngj  Number of B atoms (or molecules) in a-
phase
N3 Number of W atom in a-phase

NE Number of B atom in F-phase

Nﬁ, Number of W atom in F-phase




Composition variations and phase fractions

o—phase

(NG, N

The total number of B and W molecules in the system are:
I
N =Ng+ Nj =  (general) Z N§
y
Nw =Ng. + Nij- = (general) Z N
=1

The total number of atoms in the system are:

&
ntotal _ o N = (in general) z N;

=1

CORNEL

RS Y



Composition variations and phase fractions

o—phase

The average composition in the system is:




Composition variations and phase fractions

The total number of atoms in each phase is:

netotal _ne 4 NG = (in general) Y NP
i=1

total °

NP =N + Nj, = (in general) Z NY
=1

I
(general, for phase i) f"v”mtﬂl = Z N_;
=1
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Composition variations and phase fractions

o—phase

(NG, N

The compositions of each phase can now be defined as:

o NE ¥ "H'TE:"'
X yatotal KX Natotal

] ]

X8 Ny P Ny




Composition variations and phase fractions

o—phase

(NG, N

The phase fractions can be computed as:

N eratﬂt-'r_'ll 2 Nﬁt'c'ta-l
= Ntotal fr= wtotal
”'t-'l:lta.l
generally, ' = ~total
f ]
1=>"r

=1




Composition variations and phase fractions

o—phase

(NG, Ny

Note the following identity: X5 = foXg + (1 — f*) X3

v
From which we derive: fo = Xnp Xg
Xg— X%
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Composition variations and phase fractions

Consider the example above and think of B as the black spots.

Note that the composition is howhere equal
to the average composition.




The chemical
potential
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The chemical [:_)otential

 Let n; be the number of moles of substance I.
* Then we have: U=U(S,V,n,,n,,...nc) and:

oU oU ¢ oU
U= a5+ av+SZ . dn
oS |V,ni oV |S,ni ; ani |S,V,nj I
 Forconstant ny,n,,...N, 4u —Tds_pdy —T :_f;‘é’ P :_Z\Lj .

- C
We can thus write: du =Tds - Pdv +ZZ_:|S’V’”J dn
i=1 i

: i i oU
We introduce the chemical potential as: # =7, lsva, -

W IS an Intensive property. It represents the tendency of

a substance to diffuse from one Ehase to another.
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The chemical potential through G

dU =TdS - PdV +_j sdn,
We can also introduce the chemical potential through G.
Let G=G(T,P,ny,n,,...nc). Then:

oG oG <0G
dG =— dT +— dv + ) — dn.
aT |P,ni aP |T,ni lean |T,P,nj i

For constant n,,n,,...N,, dG =-sdT +Vdp.

- C
We can thus write: dG =-sdT +VdP+Zg—nG|T,P,nj dn.
i=1 i

0G
e We can show that #=——k:.

on.
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The chemical Eotential through G

oU 0G

:u - ani |S,V,nj_ ani |T,P,nj

Recall that du =Tds - PdV+Zydn

Add on both S|des d(PV-TS)
dG =TdS — PdV +Zﬂdn +d(PV -TS) =-SdT +VdP+Z,udn

w; Isthus givenas 4, =2—fh,p,nj

* w; IS thus the amount by which the capacity of the phase
for doing work other than work of expansion is
Increased per unit amount of substance 1 added for an

Infinitesimal addition at constant T and P.
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Combined first and second laws

C
U=G(S,V,n,n,,.n.):dU =TdS —PdV + > xdn,
i=1

C
H=H(S,P,n,n,,.n.):dH =TdS +VdP+ > x.dn,
i=1

C
F :G(TlvinlinZ"'nC) : dF :_SdT - Pdv +Z’uidni
i=1

C
G =G(T,P,n,n,,.n.):dG =-SdT +VdP + » z4dn,
i=1

oJ oH oF oG

a_ni|S,V,nj_ an |S,P,nj_ an |T,V,nj_ an |T,P,nj

where: U =
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The chemical Eotential

c
dl = E p;dN;  (constant pressure and temperature for the system)
—
c
dG = Z p:dX;  (constant pressure and temperature for the system per mole)
=1

o
d" = Z prdNT  (constant pressure and temperature for the a subsystem)
Y

c
dG® = Z ufdX?™  [(constant pressure and temperature per mole of the o subsystem)
3 (aGﬂ en
Hy = =
an; /. : ﬂ : g2 dX,
t ) const P constT constN; Where j#i ") const P constT constX; Where j#:

The chemical potential is an intensive variable. #*(T.P) Is
the chemical potential of species I in phase a. It is the rate
at which reversible work must be done on the subsystem o
to add a species I at constant P and T.
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The chemical Eotential

Recall the method that was used to demonstrate the
uniformity of P and T: from a conservation principle
(constant U and V) for the extensive variables (U and V),
and with the maximal entropy principle dS=0, it followed
that the intensive variables (T and P) associated with the
conserved quantities must be equal to equilibrium.

At constant T and P, G, IS minimized at equilibrium.

With another conservation principle, another equality can
be derived. What will that be? Consider a closed system
constraint:
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The chemical Eotential

With another conservation principle, another equality can be
derived. What will that be? Consider a closed system
constraint (a closed system with f phases & C components):

dN¢ +dNZ +...+dN, =0=dN¢ +dNZ +....+dN, " =—dN;,
dNZ +dNZ +...+dNg =0=dNZ +dN/ +....+dN. ™ =—dN_

dNg +dNZ +....+dN! =0=dNZ +dN/ +....+dN/™ = —dN/

At equilibrium, the chemical potential for any

transportable species must be uniform throughout the

Note that in the last partial derivative
SyStem' oG oG there is a constraint to be considered

H; :mlp,T,NjiNi X |PT X;#X; in _1
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The chemical Eotential

If we can calculate the chemical potential in some phase
we knows its value in any other phase that is in
equilibrium with it.

A clever approach would be to determine the chemical
potential in the phase where it Is most simple to calculate!
What would that be?

An ideal gas?
More to come In another lecture




Coefficient and Maxwell relations

C

U=G(S.V,n,n,,.n.):dU =TdS - PdV + ) zdn,
i=1
C

H=H(S,P,n,n,,.n.):dH =TdS +VdP + > xdn,
i=1
C

F=G(T,V,n,n,,.n.) :dF =-SdT —PdV + > _ xdn,
i=1

C
G =G(T,P,n,n,,.n.):dG =-SdT +VdP + » z4dn,
i=1

Coefficient relations Maxwell relations
T_BL"| _3H| 5!£| __8P|
— 95 WV.ny — 395 | P oV 1S — g5V
p__£| __é£| 3_T| _fdi’|
— T o l|Sn; — T g i T.n; ap Sy — J5 | P
5__8'_F| __E-*_G| £| _B_P|
— or!Vim — grlPm ov | T.ny — QT 1V
I,f_E]H| _E}'G—| E}S| __EJP’|
— P |S.n; — JplT.n; ap|T.n; — = 77 | Pan




Coefficient and Maxwell relations

Enthalpy H

H=U4+4+ PV H=G4+TS H=F4+ PV =T858
Second Law Independent Conjugate Maxwell
Formulation Variables Variables Relations
T = Td3 5 T=2),~ =
r B SH 5V
+VdP P V= (&), = (&) .
o r r & H é &T
. .i'ff.'ﬂ'li'i _'"-'i' i = ({—) — (':—,
+ Zle [ / 1) TN, S.PNi£N; : aN, SN £N,




Coefficient and Maxwell relations

Helmholtz Free Energy F

F=U-T5 F=H-PV-T5 F=G+ PV
Second Law Independent Conjugate Maxwell
Formulation Variables Variables Relations
dF = —S5dT T -5 = (S_g“ V. N; (g_ff')rw, - (%}um
—Pdv Vv —P = (é:_f’}']“_ﬁ, (%’L)T_N, - (%) TN, N,
+ Ef:l prid N N; Hi = (%)T_V.NI LN, (;E'?%‘L}V.N, - (%) T.V.N;£N;




Coefficient and Maxwell relations

(Gibbs Free Energy (&

G=U-T5+ PV G=F+ PV GG=H-T5
Second Law Independent Conjugate Maxwell
Formulation Variables Variables Relations
dG = —5dT T -5 = {ﬁ*} P, N; (%)T N; T (%}m\

r oG (1] 85
+VdP P V=(F)rn |(EF)n 2 I
c ,_ I _ (2c _ (2v
+ 2y padN; N = (%)T_nmﬂém (”F}Tﬁ B (fﬁ) T PN, #N,




Coefficient and Maxwell relations

Enthalpy H

H=U4+4+ PV H=G4+TS H=F4+ PV =T858
Second Law Independent Conjugate Maxwell
Formulation Variables Variables Relations
T = Td3 5 T=2),~ =
r B SH 5V
+VdP P V= (&), = (&) .
o r r & H é &T
. .i'ff.'ﬂ'li'i _'"-'i' i = ({—) — (':—,
+ Zle [ / 1) TN, S.PNi£N; : aN, SN £N,




C

> udn @S @ WOrk term

C
dU =TdS —PdV + ) zdn,
=1

» For a reversible change in composition of
a closed system, > xdn can be interpreted
as the ‘chemical work’ (work other than
compression work)




Integration of the basic equations

- C
» Letus consider du =Tds-Pdv +3 gdn
i=1

 Let the phase under examination is enlarged from V to
KV.

* T,Pand p; remain unchanged (intensive variables).

Thus we can write: i
AU =TAS —PAV + > 4An
i=1

« Because U, S and n, are extensive variables:

AU = (k-1U,AS = (k-1)S,An. = (k-1)n,

e Thus: ) c c
(k-DU =T(k-1)S-P(k -1V +Z,ui(k—l)ni =U=TS-PV +Zﬂini =G :Z,uini

CORNELL
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Integration of the basic eguations

C C
dG =-SdT +VdP + ) sdn, = G=> un
i=1 i=1

C C
dH =TdS+VdP+ > wdn, = H=TS+> un (H=G+TS)
i=1 i=1
C C
dF =-SdT —PdV + > udn, = F=-PV+> un (F=G-PV)
i=1 i=1

4 1s the partial molar G




Conditions of multiEhase eguilibrium

 \WWe will show that for a multiphase system,
the chemical potential in each phase must
be uniform and equal.




Conditions of multiEhase eguilibrium

e Consider the conditions of internal equilibrium to
the entire system considering that is composed of
f phases:




Conditions of multiEhase eguilibrium

a—phase
a.g., warery
salt crystals f C _ _
dG =-SdT +VdP+>_ > s dN/
B—phase =
(e.g., salty dG =-SdT +VdP +

water crystals)

+ 4y AN + g dNG +.. + g dNE
+ AN + JdNS + .+ pfdNY

+ 20 AN + g NG+ 4+ 2l AN

w)is the chemical potential of chemical species i in phase j.




Composition variations and phase fractions

Consider e.g. two phases a, B:

o—phase

Consider two components 1,2: Ly

Consider constant T and P
(already shown to be required for equilibrium):

2 2 ) _ a ﬂ .
dG = -SdT +VdP+Z Z,ui‘dNi’ But note that: dN;" +dN; =0,
= dNS +dNZ =0
dG = fdN7 + 1 NS + ”dN/ + 1/ AN/
0G = (4 — YN + (usf — YN
CORNEL
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Composition variations and phase fractions

dG = (44 — 44 JAN{ + ;
(ﬂg . l[,[éB )sza o—phase

(NG, N

A chemical species is transported
from the a phase of high potential to

a phase of low potential. Indeed, lets assume that £4 > ,ul
Since dN; and dN, are independent of each other, let’s
consider only:  dG = (1 — £/ )dN,”

For spontaneous processes: dG <0 = dN," <0=

Component 1 is transported from phase o to phase f3!
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Composition variations and phase fractions

4G = (44 — sf YANS + _
(15 — 145 JAN e

For equilibrium dG=0:
a _ P
H =
1y = 11




Composition variations and phase fractions

f
dG = -SdT +VdP +Z iﬂideij

j=1 i=1

—pha
dG = —SdT +VdP + ot wetory
o o o a o salt crystals
+ 1y AN + g dNgG +.. + pldNE
B AN B B AN B B AN B N
+ 1y ANy + 20 dNG +. 4 i dNG B-phase
+ . water ¢ Vs faiq_i

+ AN AN e AN

We can simplify using the following constrains:
NG+ 0N+t ONJ =02 AN = (N + N+t AN
dNZ +dN’ +....+dN, =0=dN; =—(dNZ +dN/ +...+dN /™

ANE +ANZ 4. +dNE = 0= AN{ = ~(ANE + AN +....+ NS

CORNELL
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Composition variations and phase fractions

f
dG =-SdT +VdP + )’ iyideij

j=1 i=1

dG =-SdT +VdP +
+ Uy NG + 25 dNG + .+ gl dNG
+ AN + fJdNS + .+ pfdN/

—ty (ANS +dNZ +....+dN ™
— gt (ANEZ +dNZ +....+dNS ) —....
—pl (ANE +dNZ +....+dN ™

: : 1. c |
We can simplify as:  dG =-SdT +VvdP+> > (4 — 4" )dN;

j=1 i=1

These remaining dN/ are Independent of each other
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Conditions of multilc_)hase eguilibrium

f-1 C

dG = -SdT +VdP +Z Z(ﬂij — 1" )N

j=1 i=1

a—phase

salf crystal Because G is minimized at
_ equilibrium at constant T and P,
(g satty it follows that if any species i

water crystals)

can be exchanged between the |-
phase and the f-phase (i.e. one
can consider virtual changes
with dN/ =—dN;"), then it follows
that at equilibrium:

,Uij = ,Uif




Conditions of multiEhase eguilibrium

a—phase
sosf crystals A chemical species could be
spontaneously transported from
(g ey a phase of larger potential to one

water crystals)

of lower potential.

Aol
=l
R




The Gibbs Duhem eguation

Consider our initial fundamental
equation (for each phase):

a—phase

C
cost crystal dU =TdS—PdV + >z dN,  (*)
i=1

B—phase

. ) - c
(e.g., salty Usmg U=TS-PV + Z,ui N, =
i=1

water crystals)

dU = SdT +TdS —VdP — PdV

"‘iﬂi dN; "‘idﬂi N, (%)
i1 i1

Eqgs. (*) and (**) lead to the following Gibbs-Duhem equation:

C
SAT —VdP+ > Ndg =0
i=1




The Gibbs Duhem eguation

For f phases at equilibrium, we
have f Gibbs-Duhem equations:

a—phase

e._?., wrmﬁ c
Sait crysta
0 =StdT — vidp + 3" Nldu

=1

B—phase

o
(e.g., salty 0 :SIIL’ET o VHdP 4 Z N}Idnfl

water crystals)

=1

0 =star — viap + ZC: Nigut
The Gibbs-Duhem equations
provide constrains on the
Independent variables at
equilibrium.




Number of independent degrees of

freedom Consider f phases (of a C
component system) at
p—— equilibrium.
salf rystals What are the independent
: degrees of freedom at
B-phase o
(e.g. salty equilibrium?

water crystals)

1. TandP (2 variables)
2. Chemical potentials 4/
(total of Cf variables)
How many constrains we have

ML= = from equilibrium?
=gy = = = :

] : \ 1. f Gibbs-Duhem egs
e 2. Chemical potentials
- C(f-1) equations

[_ i_ m_ ot




Gibbs phase rule

a—phase

a.g., warary
salt crystals

P—phase
(e.g., salty
water crystals)

D=(Cf+2)-[C(f—1)+ f]

D+ f=C+2

Consider f phases (ofa C
component system) at
equilibrium.

What are the independent
degrees of freedom at
equilibrium?
1. TandP (2 variables)
2. Chemical potentials 4/
(total of Cf variables)
How many constrains we have
from equilibrium?
1. f Gibbs-Duhem eqgs
2. Chemical potentials
C(f-1) equations




Gibbs Phase rule D+f=C+2

Example 1: Consider water + ice at equilibrium.
C=1, and f=2. Then D=1+2-2=1

Indeed we can only change one variable T or P and still maintain
equilibrium (once you change T (P) you know what P (T) should
be).

Example 2: Consider water +
Ice+vapor at equilibrium.

C=1, and f=3. Then D=1+2-3=0

Indeed this is the triple point (well defined
T and P). Cannot change any of them and
still maintan water, ice and vapor in I (temperatire)
equilibrium)

CORNELL
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Phase rule D+f=C+1 (pressure not counting)

Example 3: Consider a two component binary system as follows:

How many independent DOF we have when 2 solid phases o and 3
coexist? C=2, and f=2. Then D=2+1-2=1. You can change T but the
composition is specified.

r L Region of
L 4+ « L + .
Interest
i [
X i +A/P/
100 s A @l p ) 10(°a B

Composition of the «
and B phases are fixed for
a given temperature
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http://en.wikipedia.org/wiki/Image:Eutektikum.gif

Phase rule D+f=C+1 (pressure not counting)

Example 3: Consider the one-phase region of a two component
binary system :

Here C=2, and f=1. Then D=2+1-1=2. You can independently
change T and composition!

I

Region of

/ Interest

100®a A Talmm) 10®s B

Temperature and composition of
the B phase can change independently and
still maintain a 3 phase in equilibrium

CORNEL

RS Y


http://en.wikipedia.org/wiki/Image:Eutektikum.gif

Mixture of ideal gases at T and p

Ny +tNTN3+..Ny = Nygig)

Assume all components are in thermal and
mechanical equilibrium, i.e., each at T and its
respective partial pressure for each components.

CORNELL.



Gibbs function for the mixture

G=G(p,T,n,n,,...ny)

CORNELL.



Processes at constant T and p

G IS an extensive property. Let each of the
constituents change by an arbitrary amount a.

oG =G(P, T,an;,on,,...,any )

_ gG:G(P,T,Olﬂl,Olng,---,OmN)




Processes at constant T and p

— aG =G(p,T,an;,an,,...,any)

(aaej _ZN: 0G dan,
oa )+ on, O«

k=1

/aG\
o T(2) S
\Gnk/

P,T,ni__/_.k k



Eguilibrium

At equilibrium, dG =0 and
G IS aminimum, I.e.,

G 1




	Composition variations and phase fractions
	Composition variations and phase fractions
	Phases
	Composition of each phase
	Composition variations and phase fractions
	Composition variations and phase fractions
	Composition variations and phase fractions
	Composition variations and phase fractions
	Composition variations and phase fractions
	Composition variations and phase fractions
	Composition variations and phase fractions
	Composition variations and phase fractions
	Composition variations and phase fractions
	The chemical potential
	The chemical potential
	The chemical potential through G
	The chemical potential through G
	Combined first and second laws
	The chemical potential
	The chemical potential
	The chemical potential
	The chemical potential
	Coefficient and Maxwell relations 
	Coefficient and Maxwell relations 
	Coefficient and Maxwell relations 
	Coefficient and Maxwell relations 
	Coefficient and Maxwell relations 
	          as a work term
	Integration of the basic equations
	Integration of the basic equations
	Conditions of multiphase equilibrium
	Conditions of multiphase equilibrium
	Conditions of multiphase equilibrium
	Composition variations and phase fractions
	Composition variations and phase fractions
	Composition variations and phase fractions
	Composition variations and phase fractions
	Composition variations and phase fractions
	Conditions of multiphase equilibrium
	Conditions of multiphase equilibrium
	The Gibbs Duhem equation
	The Gibbs Duhem equation
	Number of independent degrees of freedom
	Gibbs phase rule
	Gibbs Phase rule D+f=C+2
	Phase rule D+f=C+1 (pressure not counting)
	Phase rule D+f=C+1 (pressure not counting)
	Mixture of ideal gases at T and p
	Gibbs function for the mixture
	Processes at constant T and p
	Processes at constant T and p
	Equilibrium

