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Composition variations and Composition variations and 
phase fractionsphase fractions
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Composition variations and phase fractionsComposition variations and phase fractions

• Consider a system composed of variable 
chemical elements and various phases.

• The internal degrees of freedom are the 
compositions of the various regions that 
compose our system.
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PhasesPhases

• Phase: A part of the system that can be 
identified as `different’ from another part of the 
system.

• Examples of phases are a solution of iron and 
carbon in an FCC structure and a solution of 
iron and carbon in a BCC structure.
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Composition of each phaseComposition of each phase

• Composition: The fractions of the various 
chemical components that comprise the system.

• Phase fraction: The fraction of the system that is 
in each phase (α,β,γ,…).

• Composition of phase α: The composition of the 
subsystem composed α-phase alone.
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Composition variations and phase fractionsComposition variations and phase fractions

• Let NB and NW represent numbers of B and W-
type molecules.

• The number of moles in phases α and β can be 
varied.
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Composition variations and phase fractionsComposition variations and phase fractions
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Composition variations and phase fractionsComposition variations and phase fractions

The total number of B and W molecules in the system are:

The total number of atoms in the system are:
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Composition variations and phase fractionsComposition variations and phase fractions

The average composition in the system is:
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Composition variations and phase fractionsComposition variations and phase fractions

The total number of atoms in each phase is:
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Composition variations and phase fractionsComposition variations and phase fractions

The compositions of each phase can now be defined as:
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Composition variations and phase fractionsComposition variations and phase fractions

The phase fractions can be computed as:
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Composition variations and phase fractionsComposition variations and phase fractions

Note the following identity:

From which we derive:
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Composition variations and phase fractionsComposition variations and phase fractions

Consider the example above and think of B as the black spots.

Note that the composition is nowhere equal 
to the average composition.
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The chemical The chemical 
potentialpotential
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The chemical potentialThe chemical potential
• Let ni be the number of moles of substance i.
• Then we have: U=U(S,V,n1,n2,…nC) and:

• For constant n1,n2,…nk, 

• We can thus write: 

• We introduce the chemical potential as: 
μi is an intensive property. It represents the tendency of 
a substance to diffuse from one phase to another.
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The chemical potential through GThe chemical potential through G

• We can also introduce the chemical potential through G.
• Let G=G(T,P,n1,n2,…nC). Then:

• For constant n1,n2,…nk, 

• We can thus write: 

• We can show that
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The chemical potential through GThe chemical potential through G

• Recall that 

• Add on both sides d(PV-TS)

• μi is thus given as 
• μi is thus the amount by which the capacity of the phase 

for doing work other than work of expansion is 
increased per unit amount of substance i added for an 
infinitesimal addition at constant T and P.
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Combined first and second lawsCombined first and second laws
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The chemical potentialThe chemical potential

The chemical potential is an intensive variable.             is 
the chemical potential of species i in phase α. It is the rate 
at which reversible work must be done on the subsystem α
to add a species i at constant P and T.

( , )i T Pαμ
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The chemical potentialThe chemical potential
Recall the method that was used to demonstrate the 
uniformity of P and T: from a conservation principle 
(constant U and V) for the extensive variables (U and V), 
and with the maximal entropy principle dS=0, it followed 
that the intensive variables (T and P) associated with the 
conserved quantities must be equal to equilibrium.

At constant T and P, Gsystem is minimized at equilibrium. 

With another conservation principle, another equality can 
be derived. What will that be? Consider a closed system 
constraint: 
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The chemical potentialThe chemical potential
With another conservation principle, another equality can be 
derived. What will that be? Consider a closed system 
constraint (a closed system with f phases & C components): 

1
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At equilibrium, the chemical potential for any 
transportable species must be uniform throughout the 
system.
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The chemical potentialThe chemical potential
If we can calculate the chemical potential in some phase 
we knows its value in any other phase that is in 
equilibrium with it.

A clever approach would be to determine the chemical 
potential in the phase where it is most simple to calculate!
What would that be?

An ideal gas? 
More to come in another lecture
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Coefficient and Maxwell relations Coefficient and Maxwell relations 
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Coefficient and Maxwell relations Coefficient and Maxwell relations 
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Coefficient and Maxwell relations Coefficient and Maxwell relations 



CCOORRNNEELLLL  
U N I V E R S I T Y  
CCOORRNNEELLLL  
U N I V E R S I T Y  

Coefficient and Maxwell relations Coefficient and Maxwell relations 
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Coefficient and Maxwell relations Coefficient and Maxwell relations 
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as a work termas a work term

• For a reversible change in composition of 
a closed system,            can be interpreted 
as the ‘chemical work’ (work other than 
compression work)
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Integration of the basic equationsIntegration of the basic equations
• Let us consider 

• Let the phase under examination is enlarged from V to 
kV.

• T,P and μi remain unchanged (intensive variables). 
Thus we can write:

• Because U, S and ni are extensive variables:

• Thus:
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Integration of the basic equationsIntegration of the basic equations
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is the partial molar Giμ



CCOORRNNEELLLL  
U N I V E R S I T Y  
CCOORRNNEELLLL  
U N I V E R S I T Y  

Conditions of multiphase equilibriumConditions of multiphase equilibrium
• We will show that for a multiphase system, 

the chemical potential in each phase must 
be uniform and equal.
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Conditions of multiphase equilibriumConditions of multiphase equilibrium
• Consider the conditions of internal equilibrium to 

the entire system considering that is composed of 
f phases:
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Conditions of multiphase equilibriumConditions of multiphase equilibrium
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iμ is the chemical potential of chemical species i in phase j.
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Composition variations and phase fractionsComposition variations and phase fractions

Consider e.g. two phases α, β:

Consider two components 1,2:

Consider constant T and P
(already shown to be required for equilibrium):
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Composition variations and phase fractionsComposition variations and phase fractions

1 1 1

2 2 2

( )

( )

dG dN

dN

α β α

α β α

μ μ

μ μ

= − +

−

A chemical species is transported
from the a phase of high potential to
a phase of low potential. Indeed, lets assume that 
Since        and        are independent of each other, let’s 
consider only: 1 1 1( )dG dNα β αμ μ= −

1 1

For spontaneous processes:

α βμ μ>

10 0dG dNα< ⇒ < ⇒

Component 1 is transported from phase α to phase β!

1dNα
2dNα
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Composition variations and phase fractionsComposition variations and phase fractions

1 1 1

2 2 2
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For equilibrium dG=0: 
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Composition variations and phase fractionsComposition variations and phase fractions

1 1
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We can simplify using the following constrains: 
1
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Composition variations and phase fractionsComposition variations and phase fractions

1 1
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These remaining        are independent of each other1
jdN
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Conditions of multiphase equilibriumConditions of multiphase equilibrium
1

1 1

( )
f C

j f j
i i i

j i

dG SdT VdP dNμ μ
−

= =

= − + + −∑ ∑

Because G is minimized at  
equilibrium at constant T and P, 
it follows that if any species i 
can be exchanged between the j-
phase and the f-phase (i.e. one 
can consider virtual changes 
with                  ), then it follows 
that at equilibrium: 

j f
i idN dN= −

j f
i iμ μ=
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Conditions of multiphase equilibriumConditions of multiphase equilibrium

A chemical species could be 
spontaneously transported from 
a phase of larger potential to one 
of lower potential. 
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The Gibbs The Gibbs DuhemDuhem equationequation

Eqs. (*) and (**) lead to the following Gibbs-Duhem equation:

Consider our initial fundamental 
equation (for each phase):

1
(*)

C

i i
i

dU TdS PdV dNμ
=

= − + ∑
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1

C

i i
i

U TS PV Nμ
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C C
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dN d Nμ μ
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1
0
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i i
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SdT VdP N dμ
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The Gibbs The Gibbs DuhemDuhem equationequation
For f phases at equilibrium, we 
have f Gibbs-Duhem equations:

The Gibbs-Duhem equations 
provide constrains on the 
independent variables at 

equilibrium.
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Number of independent degrees of Number of independent degrees of 
freedomfreedom Consider f phases (of a C 

component system) at 
equilibrium. 

What are the independent 
degrees of freedom at 
equilibrium?

1. T and P (2 variables)
2. Chemical potentials 

(total of Cf variables)

j
iμ

How many constrains we have 
from equilibrium?

1. f Gibbs-Duhem eqs
2. Chemical potentials 

C(f-1) equations
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Gibbs phase ruleGibbs phase rule
Consider f phases (of a C 
component system) at 
equilibrium. 

What are the independent 
degrees of freedom at 
equilibrium?

1. T and P (2 variables)
2. Chemical potentials 

(total of Cf variables)

j
iμ

How many constrains we have 
from equilibrium?

1. f Gibbs-Duhem eqs
2. Chemical potentials 

C(f-1) equations
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Gibbs Phase rule Gibbs Phase rule D+fD+f=C+2=C+2
Example 1: Consider water + ice at equilibrium.
C=1, and f=2. Then D=1+2-2=1

Indeed we can only change one variable T or P and still maintain
equilibrium (once you change T (P) you know what P (T) should 
be). 
Example 2: Consider water + 
ice+vapor at equilibrium.

C=1, and f=3. Then D=1+2-3=0
Indeed this is the triple point (well defined 
T and P). Cannot change any of them and 
still maintan water, ice and vapor in 
equilibrium)
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Phase rule Phase rule D+fD+f=C+1 (pressure not counting)=C+1 (pressure not counting)
Example 3: Consider a two component binary system as follows:
How many independent DOF we have when 2 solid phases α and β
coexist? C=2, and f=2. Then D=2+1-2=1. You can change T but the 
composition is specified. 

X

Composition of the α
and β phases are fixed for
a given temperature

Region of
interest

http://en.wikipedia.org/wiki/Image:Eutektikum.gif
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Phase rule Phase rule D+fD+f=C+1 (pressure not counting)=C+1 (pressure not counting)
Example 3: Consider the one-phase region of a two component 
binary system :

Here C=2, and f=1. Then D=2+1-1=2. You can independently 
change T and composition! 

X

Region of
interest

Temperature and composition of 
the β phase can change independently and 

still maintain a β phase in equilibrium

http://en.wikipedia.org/wiki/Image:Eutektikum.gif
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Mixture of ideal gases at T and pMixture of ideal gases at T and p

n1+n2+n3+...nN = nTotal

Assume all components are in thermal and Assume all components are in thermal and 
mechanical equilibrium, i.e., each at T and its mechanical equilibrium, i.e., each at T and its 
respective partial pressure for each components.respective partial pressure for each components.
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),....,,,( 21 NnnnTpGG =

Gibbs function for the mixtureGibbs function for the mixture
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G is an extensive property. Let each of the G is an extensive property. Let each of the 
constituents change by an arbitrary amount constituents change by an arbitrary amount α.α.

),...,,,,( 21 NnnnTPGG αααα =

),...,,,,( 21
,

N
TP

nnnTPGG αααα
α

=
∂
∂

Processes at constant T and pProcesses at constant T and p
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Processes at constant T and pProcesses at constant T and p
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EquilibriumEquilibrium

At equilibrium, dG = 0 and 
G is a minimum, i.e.,

G

ni

∑==
i

iidndG μ0
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