Lecture 19, 10/30/07

GENERAL THERMODYNAMIC
RELATIONS: THE JACOBIAN
METHOD

+
CLASIUS-CLAPEYRON RELATION
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Maxwell relations

dU =TdS — PdV
dH =1dS 4+ VdP
df' = =5d1I"— PdV
dG = =SdI"'+ VdP

(T, and — P) for dU
(T, and V') for dH.

(=
(-

S, and
oT oP
s~ ).
(55, = (30),

(aS()V)T ((3’31{/))\/
orP/)rT oT /P

S,and — P) for dF

V) for dG




Playing with the definitions

More such relations with the entropy!

1. From second law 0@e, = 1'dS

2. Total differential of entropy Iin terms of
Pand T (S — (dg) dT + (dg) dP

3. Constant pressure
dSp = (53),dT
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Plaxing with the definitions

4. Combining with
5qP,TE’U — TdSP — OPdT

gives
T (53),dT = CpdT

l ()‘5'

T (57)p

Relate specific heat with entropy
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Playing with the definitions

1. Total differential of entropy in terms of

Vand T
dS — (()SY) dT (()9) dV/

2. Constant volume
S
dSv = (gr)y T

3. Combining with ~ 6qy ;e = T'dSy = CydT
T(95),dT = OvdT = Cv =T (3;),
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Functional relationsto P and T

Showed functional dependence of entropy Is
related to heat capacities. Now convert

thermodynamic quantities to functions of T and
F)

First step: Write dS and dV interms of T and P
dS = (52) ,dT + (52),.dP

e R s




Functional relationsto P and T

First step: Write dS and dV interms of T and P
(]V _ (()V) (]T (()V) (]P

Substltutlng

—71 oV = 1 ()
o = V(E)T)P and 0 = —v; (5p T

gives
dV =Vadl — V3dP
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Functional relationsto P and T: U

Covert the four energy functions in terms
of these quantities

dU =T1dS — PdV

=T (“2dT —VadP) — P (Vadl — V3dP)

dU = (Cp — PVa)dT +V (P —Ta)dP
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Functional relationstoPand T: H

Writing the enthalpy H
dH =1dS + VdP

!

=T (%2dT — VadP) + VdP

!

dH = CpdT +V (1 —Ta)dP
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Functional relationstoPand T: F

Writing the Helmholtz free energy, F

dF = —-5d1'— PdV

!

— —SdT — P (VadT — V3dP)

!

dF = — (S + PVa)dT + PV3dP




Functional relationsto P and T

Writing the Gibbs free eneray. G
dG = =Sd1I'+ VdP

dS = (42dT — VadP)
dV = VadT — V3dP
R e B S il = )
E= R e
dF = — (S + PVa)dT + PV3dP
e e e
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General relations using the Jacoblans
&= E[E,T]I

dZ = MdX + NdY M = ( %] y N =

(A
(57)

dX = (58) 4P + (55) p dT ay = () _dP + () dT

Xp = (2X

-
%fu'u]-rf Yp = (5p

u-ri'f":'l']"

A7 = M (XpdT + XpdP) + N (YpdT + YpdP)

dZ = (M X7+ NYr)dT + (MXp + NYp)dFP
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General relations using the Jacoblans

dZ = (M X7+ NYr)dT + (MXp + NYp)dFP

a7 = Zprdl + ZpdlFP

z]- = _-:ll«f.j!LF-T —+ _"‘"t"_‘.:t{]" Ep = ;:Ilrf.:'!l:j" + _'ﬁ'l-'l_};f’

E‘T Ti" _.}::-]" E]"

2 Y5 d -
M=1=F f N Ap &p

Xt Yr | X Yr

Xp Yp Xr Yp
AN — Lr¥p—ZpYy n T ZpXp—=Zr X
M = St —xnvs N = 5550




Examgle: stgT,Vz

Step 1. Identify variables:
5= 5(T.V)
Step 2. Write the differential form:

dS = MdT + NdV

Step 3. Convert dV wusing dV (P, T') from the summary:

dS = MdT + N (VadT — V3dP)

Step 4. Collect terms:

dS = (M + NVa)dl' — NV3dP

Step 5. Obtain dS(P.T) from the summary and compare to dS we
just derived:

1s = | %] a1 — Vaap
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Examgle: stgT,Vz

Step 4. Collect terms:

dS = (M + NVa)dl' — NV3dP

Step 5. Obtain dS(P.T) from the summary and compare to dS we
just derived:

1s = | %] a1 — Vaap

The coefficients are equal to each other so:
C 1 AT/
T =M+ NVa
and

Va=NV]j

Step 6. Since the algebra is simple we can just use elimination of N.

- ik
N =5= ()
r..‘ 7
and M= G- SV = (5),




Example: S=5(T,V)

S = (fg SV ) dT + 5dV




S=S(P,V)

Step 1. Identify variables:

S=8(PV)
Step 2. Write the differential form:

ds5 = MdP + NdV

Step 3. Convert dV using dV (P, T) from the summary:

dS = MdP + N (Vadl — V3dP)
Step 4. Collect terms:

dS = (M — NV3)dP + NVadTl

Step 5. Obtain dS(P.T) from the summary and compare to dS we
Just derived:

ds = |%| dT - Vadp
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S=S(P,V)

Step 4. Collect terms:

dS = (M — NV3)dP + NVadTl

Step 5. Obtain dS(P.T) from the summary and compare to dS we
Just derived:

ds = |%| dT - Vadp

The coefficients are equal to each other so:

i T F
T = NV

and

—Va=M-NVJ
Step 6. Since the algebra is simple again we can just use elimination

of N.
N — S _ (88 Cpid - -
N VTo [m»’]p 15 — (T — T ) i P + _P_ il
1. f r -ri"-:
and M = T-r:t —Va = lfrif’
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F=F(P,V)

dF = —25dP — (&£ + P)dV




H=H(S,V)

Step 1. Identify vartables:
H=H(S5V)
Step 2. Whrite the differential form:
dH = MdS5 + NdV

Step 3. Convert dS and dV using dS(P.T) and dV(P.T) from the

SUMTLATY:

dH = M f%_ﬂrﬁ —VadP) + N (Vadl — V3dP)
Step 4. Collect terms:

dH = —(MVa+ NV3)dP + (M r—]:'l + NVa)]dT

Step 5. Obtain dH(P,T) from the summary and compare to dH
we just derived:

di = Cpdl +V (1 —Ta)dP
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H=H(S,V)

Step 4. Collect terms:

dH = — (MVa + NVJ)dP + (MSe + NVa) dT

Step 5. Obtain dH(FP,T) from the summary and compare to df
we just derived:

dH = CpdT + V (1 — Ta) dP

The coefficients are equal to each other so: I Hr Ir]"
Vo Hp Vp
V(1-Ta)= —(MVa+ NVS) T S W
and | Sp Vp
Cp = (MF +NVa) | S¢ Hrp |
| S Hp
_Iﬁlll: B | 1 r
| ST Vr
Sp Vp




H=H(S,V

| Hr Vr |
_ | Hp Vp | _ HpVp—HpVy
S Ve SeVp—5plby
| Sp Ve |
—CpVA-V(1-Ta)Va
- r—TE Vo+lValo
—Cpi—(Va-TVa?)

- %.E_ﬁ Vot
p(cr e mred)
()

M




H=H(S,V)

Sy Hy

N — | Sp_Hp | _ sibp-sphr . =Cp
) | S V| SrVp=SpVr Bl T

| Sp Ve |




Pisa degendent variable: PgS,FZ

First we identify variables: P = P(S, F)
Next we rewrite our master equation since in this case the depen-
dent variable is pressure I

S =5PFPF)

We can then write the Jacobians for the partials directly:

‘-i':" :| |r =7l f-i':" :| |rf-”‘_' r.i":-:l rrrr-" r.i":-jl I“r.i'.F'
[’-r}‘-: ] -. AT L AP -. ar , lrm-,
aP . Ifri'.i"‘jl [ 2E rj-r-jl Ir 8@ — (5p) P (3;2 ),
L GT L AP . A \ _( "“":I |"r.i;.F' .'}‘-I
% =) i [
_ H}:;E - - [m",]-]“
s (55) (58) —(5E) . (55), - o(28) —1(2s (82
[’?] .r.i'F' ey 8Py :j'.F' > ['ﬂ] Lo . i LAY
\OF /P r jljn-lrr.i'.r" I:r.i'.i"":l f \OF /P ﬂlrff‘% —1(85) . (4%).
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Pisa degendent variable: PgS,FZ

. r.i":- |" HF r.i":- :I I‘r-i'F'
(25), = )
-\.I N - el il —_ aF -I:j-li ii ILEL
ar’F " E;Fj |r ['ﬂ] ﬂlr_rm ”: P Irfi!:
_|:r jlnr::i'i“ T 4 |If-r.i"'1 \OF/ P nr’ﬁ% ]r% r%
= (2 oP) ' ' |
OT

Now that we have general expressions for the partials (we could
substitute in for the various partials from the summary of thermody-

namic relations, but we’ll refrain from that here) we can write our
total differential:

dS = MdFP + NdF
and Tearmnging gives

I'LD -rf".u __ NdFF

M
e _ a5
P = (), 45— (%), || ar
BT e




Useful simlc_)lification

Notice that when I have the partials of one state function with
respect to another at either a constant temperature or constant pres-
sure that this partial becomes just the ratio of the two partials with
respect to 7' or P {which ever is not held constant). That is

I,r“x] .. :igj'pri’;;{ —| :ﬁi:‘Tr_M
LAY acy ], —(2E) |
PR N o 2P Sl r.i"]"

which simplifies by

bl 2X
[’f'}.‘{] nl:f.i‘.r" T ”r_r'jrr P
¥, b ol b
oY /P ﬂlr ::.i'.i"‘ T ] Irl:'.i"]" P
so that
(2x)
['”-1{] AT/ p
LAY /P rﬂ)
% P




Clagexron eguation

 Lets look at a phase transition (e.g. the water-
vapor transition). P

LIQUID

dG — —SdT —|— Vdp SOLD I(ap) e

e During phase transition: dG=0 (equilibrium
condition)
AG =AH —TAS =0= AS =$
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Clagexron eguation

P [

_ hfg
St 4 S
LIQUID
= From the Maxwell relation: | " oy
I(aT)sat const.
@l_é_Pl _d_P VAPORi
ov ' orT "V dT ™ r ;

* There Is no V dependence here.

@l_ap dP S, —Sq P hy—h
ov'  oT




CIausius-CIaEexron eguation

P

dP h, —h;
dT sat T(Vg _Vf) LIQUID
= Assume Vv, >V, and that ) one
Ideal gas conditions apply: varor |
o _RT r f
97 p (P h, —h, hy,
. — = = —
" Then: dT " T(v,-v,) RTZ/P
h
dlnP'sat: hf92:> In—2 - fg(l—l)
dT RT R R T T
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