ENGRD 221: ENGINEERING THERMODYNAMICS

Lecture 17: October 23th, 2007

Reading Assignments (from Moran & Shapiro, Sixth Edition): Sections 11.1, 11.2, &
11.3. Also you will need to read carefully the attached notes.

Topics covered:

Thermodynamic property relations. How do the property tables are prepared?
Review of partial derivatives and total differentials

The reciprocity and cyclic relations

The coefficient relations

The Maxwell relations and their role in thermodynamic analysis

Coefficients of thermal expansion and compressibility and useful relations using cp, cy,
etc.






Enthalpy: H=U + PV

H =U—(-PV)=U +PV
/

Compression work

e The above transformation replaces V with P as a
natural variable.



Enthalgx
H=U+PV

* The differential of this new function is just

dH = dU + PdV -

-VdP

e |f we substitute 1n our combi
of the 1st and 2nd laws:

ned statement

dU =TdS - PaV

e \We obtalin:

dH =TdS — PdV + PdV +VdP =TdS +VdP
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Enthalgx

dH =TdS +VdP
* As we planned this has replaced V with its

conjugate pair P.

e That Is, this new function H has natural
variables of entropy S and pressure P,
H=H(S,P). This energy function Is just the
enthalpy H that we defined weeks earlier.



Enthalgx

dH =TdS +VdP

* Notice that If during a process we hold pressure
constant that
dH, =TdS

and that If the process Is carried out quasi-
statically, or reversibly in other words, that we
can equate TdS to the heat flow so that

dH P — 5qrev

. This IS consistent with what we discussed earlier
IN the course.
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Helmhotlz free energy: F=U-TS
dU =TdS — PdV

e Another transformation we could have
made Is defining a new function to replace
S with T as the natural variable.

e To do this we subtract from U the
conjugate pair TS which defines a new
function F

F=U-TS

with the natural variables of VV and T.
CORNELL
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Helmhotlz free energy: F=U-TS
F=U-TS

e TS Is the thermal work’. So we subtract
from U the thermal work’



Helmhotlz free energy F=U-TS

F=U-TS

o Taking the total derivative of this we find

hat " JF = dU —TdS — SdT

e and If we substitute in the combined
statements of the 1st and 2nd laws as we
results In

dF =TdS —PdV —TdS —SdT =—-PdV —SdT



Helmhotlz free energy F=U-TS
dF =—PdV —SdT

* The newly defined function F has natural
variables T and V. We call this new function the

Helmhotlz free energy.

* Notice that If we have a process which is carried
out reversibly (why?) at constant T then

dF =-PdV =dw,_,

e This says that the Helmholtz free energy is then
just equal to the work done on the system during
an i1sothermal process.



Gibbs free energy G=U-TS+PV

dU =TdS — PaV

* The last possible Legendre transformation
we can perform on a system with only two
Independent variables is to replace both

Independent natural variables
simultaneously. Starting from U(S,V),
we’ll create a new function with T and P

as the new natural variables.
 To do this let’s define the new function

G=G(TP)with G =U —TS + PV
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Gibbs free energy G=U-TS+PV
G=U-TS—-(-PV)

AN

Thermal energy Compression energy

o What is left after you subtract from U the
thermal and mechanical (compression)
energy?

Chemical energy

e G Is the most important state function in

thermodxnamics

CORNELL

RS Y



Gibbs free energy G=U-TS+PV
G=U-TS+PV

o Taking the total derivative of this we find
that

dG =dU —-TdS — SdT + PdV +VdP

 Substituting In the expression for the
combined 1st and 2nd laws results in:

dG =—-PdV —-SdT + PdV +VdP =-SdT +VdP



Gl1bDbs free energy

dG =-SdT +VdP

* G=G(T,P) would be the most practical energy function
In many cases since it has the most convenient pair of
natural variables, P and T which are both easy to
control in the Iaboratory.

U on the other hand, although it is theoretically
convenient (because we can connect changes in to heat
flow and work done) has the inconvenient variables of

Sand V.
dU =TdS — PdV

o Performing experiments in a constant VV chamber is
more cumbersome than using a constant P condition,
and because creating a constant S condition is not well
understood or practical to achieve in the laboratory.
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Energx functions: Enthalgx

= Above we defined three new functions using a
egendre transformation on U.

= Note that the Legendre Transformation doesn’t change
the units. That is the units of the new function are the
same as the units of the original function since they are
both made up of conjugate pairs whose products have
the same units.

= In this particular case, the three new functions have the
units of energy, as does U. We called the first new
function the enthalpy H .

H =U + PV

CORNELL.



Energy functions: Helmholtz and

Gibbs free energies

e The two new functions we hadn’t seen before In
this course, although you are probably familiar
from your chemistry classes, are G and F. The

function
F=U-TS

which we called the Helmholtz free energy
function and the function

G=U-TS+PV
which we called the Gibbs Free Energy.



Helmholtz and Gibbs free energies

e F and G are two of the most commonly
used functions because both remove S as a
natural variable and replace it with T,

which is much easier to control using
constant T baths, etc.

* All together then we have four energy
functions:

CORNELL.
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Summarx

U(S,V)
H(S,P)=U + PV
F(T,V)=U-TS

G(T,P)=U + PV —TS
Notice that we can also write that:

G(T,P)=H —TS
G(T,P)=F +PV




Differential forms (1% and 2nd laws)

o \WWe will commonly use the differential
forms of these energy functions which we
summarize here:

dU =TdS - PdV
dH =TdS +VdP
dF = —-PdV - SdT
dG =-SdT +VdP



Coefficient relations

Starting from U, using transformation ideas

dU =TdS - PdV
define H, F and G
All these four quantities are state variables.

= Note that the Legendre Transformation on
a state variable (here U) leads to state
variables (H,F,G).




State variables and total differential

oY oY oY
oX, = X, OX,

=C,dX,+C,dX, +...+C dX,

Equate coefficients to the partial derivative
coefficients to get “Coefficient relations”.

dY =

Relate state variables to other state variables
()IJ ()IJ
dU = ( ) dS + ( )S dV

as /v
dH = (;};)Pds | (%FI;T)S(XP
IF = (55, 4T + (36, aV
dG = (?)-j:)pdT G)Q-po




12 Coefficient relations from U

I ((3U) dS + (()U) AV

S
and

dU =T1dS — PdV

gives

T = (55)y- and P =—(57) ¢




22 Coefficient relations from H

AdH — (()H) ds - ((BH) AP

and
dH =TdS +VdP

gives

1 = (?—H)p? and V' = (3—?)9




32 Coefficient relations from F

dF = (%5), dT + (55),.dV

and
dF' = —=SdI" — PdV

gives

§ = — (%), and P = — (25),




42 Coefficient relations from G

dG = (9¢) ,dT + (5%),.dP

and
dG = =Sd1I'+ VdP
gives
S =—=(51)pr and V= (55),




Coefficient relations

2 relations from each equation. 4 such

eguations = 8 relations

_ (o

.

as)P
(HF\
oV )T
OG
or ) p

( oG )
OP /)T




Maxwell relations

Get all thermodynamic variables just from
easily measurable/controllable quantities

Temperature and pressure

Y(X11X2""'Xn) State function,

| | continuous
92y 9%y
0X;0X; — 0X,;0X;
Order not
Important




Maxwell relations

_ o dX1+ﬁdX2+...+ﬁdXn =
oX, oX, oX .

=C,dX, +C,dX, +..+C.dX_
0C; [ 00
X X, -\ 90X, X

J

dU =TdS — PdV (T, and — P) for dU
dH =T1dS + VdP (T, and V) for dH.
dF = —-S5d1" — PdV (—S,and — P) for dF
dG = =SdI'+ VdP (=S, and V) for dG

dY
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Maxwell relations

dU =TdS — PdV
dH =1dS 4+ VdP
df' = =5d1I"— PdV
dG = =SdI"'+ VdP

(T, and — P) for dU
(T, and V') for dH.

(=
(-

S, and
oT oP
s~ ).
(55, = (30),

(aS()V)T ((3’31{/))\/
orP/)rT oT /P

S,and — P) for dF

V) for dG




Some definitions

Isobaric heat capacity
Cp = (%)P
Isometric heat capacity
Cv = (3;)1/

Relate this to heat

(SQp,TEU — CPdTP 5(]‘/3?“8’1) — OVdTV
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Some more definitions

Volume coefficient of thermal expansion

It is the differential change in the volume for
a differential change in the temperature
under constant pressure and per unit volume

i ) |
o= 1 ( oV ) T ROt
TV \OT'J P 20°C 21°C

100 kPa 100 kPa

1 kg 1 kg




Some more definitions

Volume coefficient of compressibility

It Is the negative differential change Iin the
volume for a differential change in the
pressure under constant temperature and
per unit volume

b= \l/ (%)T



Plaxing with the definitions

Maxwell's relations + definitions

(%)T:_(%)P @ = xl/(gg)P
gives |
Va = (SE)T

What does this tell us?

Non-obvious relationship between thermal
expansion and the pressure dependence of
entropy
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Playing with the definitions

More such relations with the entropy!

1. From second law 0@e, = 1'dS

2. Total differential of entropy Iin terms of
Pand T (S — (dg) dT + (dg) dP

3. Constant pressure
dSp = (53),dT

CORNELL.



Plaxing with the definitions

4. Combining with
5qP,TE’U — TdSP — OPdT

gives
T (53),dT = CpdT

l ()‘5'

T (57)p

Relate specific heat with entropy
CORNELL
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Playing with the definitions

1. Total differential of entropy in terms of

Vand T
dS — (()SY) dT (()9) dV/

2. Constant volume
S
dSv = (gr)y T

3. Combining with ~ 6qy ;e = T'dSy = CydT
T(95),dT = OvdT = Cv =T (3;),

CORNELL.



Functional relationsto P and T

Showed functional dependence of entropy Is
related to heat capacities. Now convert

thermodynamic quantities to functions of T and
F)

First step: Write dS and dV interms of T and P
dS = (52) ,dT + (52),.dP

e R s




Functional relationsto P and T

First step: Write dS and dV interms of T and P
(]V _ (()V) (]T (()V) (]P

Substltutlng

—71 oV = 1 ()
o = V(E)T)P and 0 = —v; (5p T

gives
dV =Vadl — V3dP

CORNELL.



Functional relationsto P and T: U

Covert the four energy functions in terms
of these quantities

dU =T1dS — PdV

=T (“2dT —VadP) — P (Vadl — V3dP)

dU = (Cp — PVa)dT +V (P —Ta)dP
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Functional relationstoPand T: H

Writing the enthalpy H
dH =1dS + VdP

!

=T (%2dT — VadP) + VdP

!

dH = CpdT +V (1 —Ta)dP
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Functional relationstoPand T: F

Writing the Helmholtz free energy, F

dF = —-5d1'— PdV

!

— —SdT — P (VadT — V3dP)

!

dF = — (S + PVa)dT + PV3dP




Functional relationsto P and T

Writing the Gibbs free eneray. G
dG = =Sd1I'+ VdP

dS = (42dT — VadP)
dV = VadT — V3dP
R e B S il = )
E= R e
dF = — (S + PVa)dT + PV3dP
e e e
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